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Preface 
 

The Presence of Hydrodynamics in Modern Sciences: Optimizing Methods and Tools 

“Water is the beginning of everything” (Tales of Mileto) 
“Air is the beginning of everything” (Anaxímenes of Mileto) 

Why is it important to study Hydrodynamics? The answer may be strictly technical, 
but it may also involve some kind of human feeling about our environment, and our 
(eventual) limitations to deal with its fluidic constituents.  

As teachers, when talking to our students about the importance of quantifying 
fluids, we (authors) go to the blackboard and draw, in blue color, a small 
circumference in the center of the board, and add the obvious name “Earth”. Some 
words are then said, in the sense that Hydrodynamics is important, because we are 
beings strictly adapted to live immersed in a fluidic environment (air), and because 
we are beings composed basically by simple fluidic solutions (water solutions), 
encapsulated in fine carbon membranes. Then, with a red chalk, we draw two 
crosses: one inside and the other outside the circumference, explaining: “our 
environment is very limited. We can only survive in the space covered by the blue 
line. No one of us can survive in the inner part of this sphere, or in the outer space. 
Despite all films, games, and books about contacts with aliens, and endless journeys 
across the universe, our present knowledge only allows to suggest that it is much 
most probable that the human being will extinct while in this fine fluid membrane, 
than to create sustainable artificial environments in the cosmos”.  

Sometimes, to add some dramaticism, we project the known image of the earth on a 
wall (the image of the blue sphere), and then we blow a soap bubble, explaining that 
the image gives the false impression that the entire sphere is our home. But our 
“home” is better represented by the liquid film of the soap bubble (only the film) and 
then we touch the bubble, exploding it, showing its fragility.  

In the sequence, we explain that a first reason to understand fluids would be, then, to 
guarantee the maintenance of the fluidic environment (the film), so that we could also 
guarantee our survival as much as possible. Further, as we move ourselves and 
produce our things immersed in fluid, it is interesting to optimize such operations, in 
order to facilitate our survival. Still further, because our organisms interchange heat 
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and mass in cellular and corporal scales between different fluids, the understanding of 
these transports permits to understand the spreading of diseases, the delivering of 
medicines to cells, and the use of physical properties of fluids in internal treatments, 
allowing to improve our quality of life. Finally, the observation of the inner part of 
the sphere, the outer space and its constituents, shows that many “highly energetic” 
phenomena behave like the fluids around us, giving us the hope that the knowledge 
of fluids can help, in the future, to quantify, reproduce, control and use energy 
sources similar to those of the stars, allowing to “move through the cosmos”, and 
(only then) also to create sustainable artificial environments, and to leave this 
“limited film” when necessary. Of course, this “speech” may be viewed as a sort of 
escapism, related to a fiction of the future. In fact, the day-by-day activities show 
that we are spending our time with “more important” things, like the fighting 
among us for the dividends of the next fashion wave (or the next technical wave), 
the hierarchy among nations, or the hierarchy of the cultures of the different nations. 
So, fighters, warriors, or generals, still seem to be the agents that write our history. 
But global survival, or, in other words, the guarantee of any future history, will need 
other agents, devoted to other activities. The hope lies on the generation of 
knowledge, in which the knowledge about fluids is vital.  

Context of the present book “Hydrodynamics - Optimizing Methods and Tools” 

A quick search in virtual book stores may result in more than hundred titles involving 
the word “Hydrodynamics”. Considering the superposition existing with Fluid 
Mechanics, the number of titles grows much more. Considering all these titles, why to 
organize another book on Hydrodynamics? One answer could be: because the 
researchers always try new points of view to understand and treat the problems 
related to Hydrodynamics. Even a much known phenomenon may be re-explained 
from a point of view that introduces different tools (conceptual, numerical or practical) 
into the discussion of fluids. And eventually a detail shows to be useful, or even very 
relevant. So, it is necessary to give the opportunity to the different authors to expose 
their points of view.  

Among the historically relevant books on Hydrodynamics, some should be 
mentioned here. For example, the volumes “Hydrodynamics” and “Hydraulics”, by 
Daniel Bernoulli (1738) and his father, Johann Bernoulli (1743), respectively, present 
many interesting sketches and the analyses that converged to the so called 
“Bernoulli equation”, later deduced more properly by Leonhard Euler. Although 
there are unpleasant questions about the authorship of the main ideas, as pointed 
out by Rouse (1967) and Calero (2008), both books are placed in a “prominent 
position” in the history, because of their significant contributions. The volume 
written by Sir Horace Lamb (1879), now named “Hydrodynamics”, considers the 
basic equations, the vortex motion, tidal waves, among other interesting topics. 
Considering the classical equations and procedures followed to study fluid motion, 
the books “Fundamentals of Hydro and Aerodynamics“ and “Applied Hydro and 
Aerodynamics“ by Prandtl and Tietjens (1934) present the theory and its practical 
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applications in a comprehensive way, influencing the experimental procedures for 
several decades. Over fifty years, the classical volume of Landau and Lifschitz (1959) 
remains as an extremely valuable work for researchers in fluid mechanics. In 
addition to the usual themes, like the basic equations and turbulence, the book also 
covers themes like the relativistic fluid dynamics and the dynamics of superfluids. 
Each of the major topics considered in the studies of fluid mechanics can be widely 
discussed, generating specific texts and books. An example is the theory of 
boundary layers, in which the book of Schlichting (1951) has been considered an 
indispensable reference, because it condenses most of the basic concepts on this 
subject. Further, still considering specific topics, Stoker (1957) and Lighthill (1978) 
wrote about waves in fluids, while Chandrasekhar (1961) and Drazin and Reid 
(1981) considered hydrodynamic and hydromagnetic stability. It is also necessary to 
mention the books of Batchelor (1953), Hinze (1958), and Monin and Yaglom (1965), 
which are notable examples of texts on turbulence and statistical fluid mechanics, 
showing basic concepts and comparative studies between theory and experimental 
data. A more recent example may be the volume written by Kundu e Cohen (2008), 
which furnishes a chapter on “biofluid mechanics” The list of the “relevant books” is 
obviously not complete, and grows continuously, because new ideas are 
continuously added to the existing knowledge.  

The present book is one of the results of a project that generated three volumes, in 
which recent studies on Hydrodynamics are described. The remaining two titles are 
“Hydrodynamics - Natural Water Bodies”, and “Hydrodynamics - Advanced Topics”. 
In the present volume, efforts to improve different methods that allow to understand 
and optimize different processes and operations involving fluids are presented and 
discussed. The editors thank all authors for their efforts in presenting their chapters 
and conclusions, and hope that this effort will be welcomed by the professionals 
dealing with Hydrodynamics. 

The book “Hydrodynamics - Optimizing Methods and Tools” is organized in the 
following manner: 

Part 1: Smoothed Spheres 
Part 2: Models and Codes in Fluid Dynamics 
Part 3: Complex Hydraulic Engineering Applications 
Part 4: Hydrodynamics and Heat/Mass Transfer 

Hydrodynamics is a very rich area of study, involving some of the most intriguing 
theoretical problems, considering our present level of knowledge. General nonlinear 
solutions, closed statistical equations, explanation of sudden changes, for example, are 
wanted in different areas of research, being also matter of study in Hydromechanics. 
Further, any solution in this field depends on many factors, or many “boundary 
conditions”. The changing of the boundary conditions is one of the ways through 
which the human being affects its fluidic environment. Changes in a specific site can 
impose catastrophic consequences in a whole region. For example, the permanent 
leakage of petroleum in one point in the ocean may affect the life along the entire 
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region covered by the marine currents that transport this oil. Gases or liquids, the 
changes in the quality of the fluids in which we live certainly affect our quality of life.  
The knowledge about fluids, their movements, and their ability to transport physical 
properties and compounds is thus recognized as important for life. As a consequence, 
thinking about new solutions for general or specific problems in Hydromechanics may 
help to attain a sustainable relationship with our environment. Re-contextualizing the 
classical discussion about the truth, in which it was suggested that the “thinking” is 
the guarantee of our “existence” (St. Augustine, 386a, b, 400), we can say that we agree 
that thinking guarantees the human existence, and that there are too many warriors, 
and too few thinkers. Following this re-contextualized sense, it was also said that the 
man is a bridge between the “animal” and “something beyond the man” (Nietzsche, 
1883). This is an interesting metaphor, because bridges are built crossing fluids (even 
abysms are filled with fluids). Considering all possible interpretations of this phrase, 
let us study and understand the fluids, and let us help to build the bridge.  

 
Harry Edmar Schulz, André Luiz Andrade Simões and Raquel Jahara Lobosco 

University of São Paulo 
Brazil 
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SmoothViz: Visualization of Smoothed Particles
Hydrodynamics Data

Lars Linsen1, Vladimir Molchanov1, Petar Dobrev1, Stephan Rosswog1,
Paul Rosenthal2 and Tran Van Long3

1Jacobs University, Bremen
2Chemnitz University of Technology

3University of Transport and Communication, Hanoi
1,2Germany

3Vietnam

1. Introduction

Smoothed particle hydrodynamics (SPH) is a completely mesh-free method to simulate
fluid flow (Gingold & Monaghan, 1977; Lucy, 1977). Rather than representing the physical
variables on a fixed grid, the fluid is represented by freely moving interpolation centers
(“particles”). Apart from their position and velocity these particles carry information about
the physical quantities of the considered fluid, such as temperature, composition, chemical
potentials, etc. As the method is completely Lagrangian and particles follow the motion of the
flow, the particles represent an unstructured data set at each point in time, i.e., the particles do
not exhibit a regular spatial arrangement nor a fixed connectivity. For a recent detailed review
of modern formulations of the SPH method see Rosswog (2009).
For the analysis of the simulation results, data visualization plays an important role.
However, visualization methods need to account for the highly adaptive, unstructured data
representation in SPH simulations. Reconstructing the entire data field over a regular grid is
not an option, as it would either use grids of immense sizes that cannot be handled efficiently
anymore or it inevitably would introduce significant interpolation errors. Such errors should
be avoided, especially as they would occur most prominently in areas of high particle density,
i.e., areas of highest importance are undersampled. Adaptive grids may be an option as
interpolation errors can be kept low, but the adaptivity requires special treatments during
the visualization process.
In this chapter, we introduce visualization methods that operate directly on the particle
data, i.e., on unstructured point-based volumetric data. Section 3 introduces an approach
to directly extract isosurfaces from a scalar field of the SPH simulation. Isosurfaces extraction
is a common visualization concept and is suitable for SPH data visualization, as one is often
interested in seeing boundaries of certain features.
Because of the use of radial kernel functions in SPH computations (which is crucial for
exact conservation of energy, momentum, and angular momentum) together with a poor
a resolution, one can observe that the extracted isosurfaces may be bumpy, especially in
regions of low particle density. We approach this issue by introducing level-set methods for

1
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scalar field segmentation that include a smoothing term and extracting isosurfaces from the
smooth level-set function. Again, the level-set method is only operating on the positions of
the particles and does not use any auxiliary grid to perform the computations. In Section 4,
we describe the general approach of smooth isosurface extraction from SPH data based on
level-set segmentation and in Section 5, we detail methods for improving the speed of the
level-set approach narrow-band processing, a local isosurface extraction approach based on
variational level sets, and a non-iterative second-order approximation of the signed distance
function which is needed throughout the level-set processing.
The surfaces that are extracted from particle data are in form of a point cloud representation.
Point-based rendering methods that display such surfaces without the necessity to first
generate a triangular mesh from the point clouds have become popular in computer
graphics within the last decades. We have developed an approach that uses image-space
operations to create desired renderings of large point clouds at interactive rates without
any pre-computations, i.e., not even computing neighborhoods of points. This property is
desirable, as we want to interactively extract different surfaces and display them immediately.
Section 6 provides the description of our approach including rendering features such as
transparency and shadows.
Since SPH simulations include a multitude of fields, it is of interest to investigate them
simultaneously and to explore their correlations. In Section 7, we investigate how multi-field
features can be detected and visualized. Detection is based on a clustering in the
multi-dimensional attribute space. The hierarchy of density clusters can be investigated using
coordinated views of the cluster tree, parallel coordinates of the multi-dimensional attribute
space, and a visualization of the volumetric physical space. The features are displayed in
physical space using surface extraction and rendering.
Finally, in Section 8, we explain how multiple scalar and volume fields can be explored
interactively using a visual system based on the methods described in this chapter. In
addition to the methods already mentioned, we support some further common visualization
functionality for scalar and vector fields.

2. Related work

In the astrophysics SPH community, visualization of slices through the volume, isosurface
extraction, direct volume rendering techniques, and particle rendering as color-mapped
points are most commonly used for the display of single scalar fields (Navratil et al., 2007;
Walker et al., 2005). A tool that provides such functionality (except for isosurfaces) is the freely
available visualization tool SPLASH (Price, 2007). The direct volume rendering is executed
by a ray casting approach, where integration along the rays is performed by integrating the
SPH kernel function. The high adaptivity of the SPH data forces one to use many rays to
not lose details in densely populated regions, which makes this purely software-based direct
volume rendering approach slow. Rotation, zooming, and similar desired features cannot
be achieved at interactive framerates (requiring about 20 frames per second). Navratil et al.
(2007) apply an inverse-distance-based interpolation for resampling the data to a regular grid
prior to isosurface extraction. Also, volume rendering approaches tend to resample over a
regular grid (Cha et al., 2009). However, due to the highly varying particle density (commonly
ten orders of magnitude), the precision of these approaches that resample over a static grid is
limited.

4 Hydrodynamics – Optimizing Methods and Tools
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The generation of tetrahedral meshes from particle data also has a long tradition.
Du & Wang (2006) give an overview over various approaches. Widely accepted are the
results given by Delaunay tetrahedrization (Delaunay, 1934), whose implementation is
also included into the Computational Geometry Algorithms Library (CGAL, 2011). More
recent approaches try to improve existing Delaunay tetrahedrization algorithms with
respect to robustness, quality, and efficiency. Robustness against numerical errors during
Delaunay insertion (Pav & Walkington, 2004) or for boundary recovery (Sapidis & Perucchio,
1991) is desired. Quality criteria with respect to some design goals are often
ensured by post-processing steps (Maur & Kolingerová, 2001). The incremental insertion
method (Borouchaki et al., 1995; George et al., 1991) is one of the most efficient
implementations. Still, computational costs are high. Co & Joy (2005) presented an
approach for isosurface extraction from point-based volume data that uses local Delaunay
triangulations, which keeps the number of points for each Delaunay triangulation step low
and thus improves the overall performance. An approach that also operates locally, but is
not based on tetrahedral meshes is given by Rosenberg & Birdwell (2008). They presented
an approach based on extracting isosurfaces while marching through slices, which works
at interactive rates for smaller number of particles. Our approach (Rosenthal & Linsen,
2006) was the first to extract isosurfaces directly from SPH data, which still outperforms the
algorithms listed above.
In terms of volume rendering approaches, splatting of transparent particle sprites is a popular
technique (Fraedrich et al., 2009; Hopf & Ertl, 2003; Hopf et al., 2004). A slice-based approach
was presented by Biddiscombe et al. (2008). The approach that is closest to the volume
rendering approach we propose in here is the work by Fraedrich et al. (2010). Instead of
reconstructing the field on a static grid, they use a view-dependent grid. Hence, when the
viewing parameters change, the reconstruction is recomputed, which allows for application
to the highly adaptive structure of SPH data.
For the visualization of flow fields, direct and 2D streamline visualization methods are
supported by the SPH data visualization tool SPLASH (Price, 2007). Other flow visualization
methods for SPH data rely on reconstructing over a grid or on extracting and displaying
integral lines using the SPH kernel. Schindler et al. (2009) make use of the SPH kernel
by presenting a method for vortex core line extraction which operates directly on the SPH
representation. It generates smoother and more spatially and temporally coherent results.
The underlying predictor-corrector scheme is specialized for several variants of vortex core
line definitions.

3. Direct isosurface extraction

Isosurface extraction is a standard visualization method for scalar volume data and has been
subject to research for decades. We proposed a method that directly extracts surfaces from
SPH simulation data without 3D mesh generation or reconstruction over a structured grid
(Rosenthal, 2009; Rosenthal & Linsen, 2006; Rosenthal et al., 2007). It is based on spatial
domain partitioning using a kd-tree and an indexing scheme for efficient neighbor search.
In every point in time, the result of an SPH simulation is an unstructured point-based volume
data set. More precisely, it is a set of trivariate scalar fields f : R3 → R, whose values are given
for a large, finite set of sample points xi, whose positions are unstructured, i.e., they are not
arranged in a structured way, nor are any connectivity or neighborhood informations known
for the sample point locations. To visualize such a scalar field, our intention is to extract an
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isosurface Γiso = {x ∈ R3 : f (x) = viso} with respect to a real isovalue viso out of the range
of f .
Our approach consists of a geometry extraction and a rendering step. The geometry extraction
step computes points pk ∈ R3 on the isosurface, i.e., f (pk) = viso, by linearly interpolating
between neighbored pairs of samples. The neighbor information is retrieved by partitioning
the 3D domain into cells using a kd-tree. The cells are merely described by their index and
bit-wise index operations allow for a fast determination of potential neighbors. We use an
angle criterion to select appropriate neighbors from the small set of candidates. The output of
the geometry step is a point cloud representation of the isosurface. The final rendering step
uses point-based rendering techniques to visualize the point cloud.
In the following, all integers indexed with d, such as ad or 100d denote binary numbers. The
operator ⊕ denotes the bitwise Boolean exclusive-or operator. Finally, the operators � and
� denote the bit-shift operators, which are recursively defined by

0. ad � 0 = ad and ad � 0 = ad.

1. ad � j = (ad � (j − 1)) ∗ 2.

2. ad � j = (ad � (j − 1)) div 2.

The indexing scheme of the kd-tree represents its construction. The father of node with binary
index bd has index bd � 1 and its children have indices bd � 1 and (bd � 1)⊕ 1d. Figure 1
shows a 2D example. Thus, we can navigate through the tree using fast binary operations.
Moreover, qualitative propositions about the locations of cells can be made. For instance
the cells with index 1111d and 1000d lie in diagonally distant corners of the kd-tree. Thus,
most information is implicitly saved in the indexing scheme. We exploit this property for fast
neighbor search.

Fig. 1. Indexing scheme for two-dimensional kd-tree.

For validation, we have applied our approach to a sphere data set, which consists of randomly
distributed sample points in a 200 × 200 × 200 cube. The sample values describe the distance
to the center of a sphere. We extract an isosurface from the distance field using isovalue 70.
The generated and rendered sphere can be seen in Figure 2. Our direct isosurface extraction
algorithm for scattered data produces results of quality close to the results from standard
isosurface extraction algorithms for gridded data (like marching cubes). In comparison to
3D mesh generation algorithms (like Delaunay tetrahedrization), our algorithm is about one
order of magnitude faster for our examples.

4. Smooth isosurface extraction

SPH uses radial smoothing kernels since they ensure the exact conservation of the physically
conserved quantities (Rosswog, 2009). This has as a side effect that the particles are constantly
re-adjusting their positions which can lead to “noise” in the particle velocities. Moreover,

6 Hydrodynamics – Optimizing Methods and Tools
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Fig. 2. Isosurface extracted from an example 16M particles.

in particular in sparsely sampled regions the radial kernels can produce some “bumpiness”
when direct isosurface extraction from SPH scalar fields is applied. Figure 3(a) shows the
result of direct isosurface extraction from SPH data. Here, points on the extracted isosurface
are rendered as circular splats to show the noise issue. Hence, it is desirable to add a
controllable smoothing term to the isosurface extraction procedure. Smooth surface extraction
using partial differential equations (PDEs) is a well-known and widely used technique for
visualizing volume data. Existing approaches operate on gridded data and mainly on regular
structured grids. When considering unstructured point-based volume data, where sample
points do not form regular patterns nor are they connected in any form, one would typically
resample the data over a grid prior to applying the known PDE-based methods. We proposed
an approach that directly extracts smooth surfaces from unstructured point-based volume
data without prior resampling or mesh generation (Rosenthal & Linsen, 2008b).
When operating on unstructured data one needs to quickly derive neighborhood information,
which we retrieve from the kd-tree. We exploit neighborhood information to estimate
gradients and mean curvature at every sample point using a four-dimensional least-squares
fitting approach. This procedure finally results in a closed formula for the gradient
approximation. For a one-dimensional function ϕ, represented through the points
(x1, ϕ1), . . . , (xn , ϕn), we get

dϕ

dx
=

n
n

∑
i=1

xi ϕi −
n

∑
i=1

xi

n

∑
i=1

ϕi

n
n

∑
i=1

x2
i −

(
n

∑
i=1

xi

)2 . (1)

It can be shown that this scheme is a generalization of common finite differencing schemes.
Having gradients ∇ϕ of the level-set function ϕ and mean curvature κϕ computed, one can
apply a PDE-based method that combines hyperbolic advection to an isovalue of a given
scalar field and mean curvature flow. A time step is performed with respect to the equation

∂ϕ

∂t
=
(
a ( f − fiso − ϕ) + bκϕ

) |∇ϕ| , (2)

which models hyperbolic normal advection, weighted with factor a > 0, and mean curvature
flow, weighted with factor b > 0. This leads to a level-set segmentation algorithm. Since we
are solving a partial differential equation by means of an explicit time integration scheme, the
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time step is restricted by the Courant-Friedrichs-Lewy (CFL) stability criterion Courant et al.
(1928). Due to different conditions in different parts of the fluid, the allowed time steps can
vary considerably between different particles. In order to avoid the computational burden
of advancing all particles globally on the shortest allowed time step, one can also advance
different elements on their own individual time steps, a technique that is commonly used in
expensive SPH simulations.
We extract a smooth surface by successively fitting a smooth level-set function to the data set.
This level-set function is initialized as a signed distance function. For each sample and for
every time step we compute the respective gradient, the mean curvature, and a stable time
step. With this information the level-set function is manipulated using an explicit Euler time
integration. The process successively continues with the next sample point in time. If the
norm of the level-set function gradient in a sample exceeds a given threshold at some time,
the level-set function is reinitialized to a signed distance function. After convergence of the
evolution, the resulting smooth surface is obtained by extracting the zero isosurface from the
level-set function using direct isosurface extraction from unstructured point-based volume
data (as described above) and rendering the extracted surface using point-based rendering
methods. Figure 3(b) shows the result of our smooth isosurface extraction for the same data
set as in Figure 3(a) and using the same splat-based rendering method. It can be observed that
the objective of extracting a smooth version of an isosurface has been achieved (especially in
the zoomed-in view).

(a) (b)

Fig. 3. Comparison between (a) direct isosurface extraction and (b) smooth isosurface
extraction for an SPH simulation data set.

5. Acceleration of smooth isosurface extraction

5.1 Narrow-band processing
The global processing of the level-set function can be slow when dealing with unstructured
point-based volume data sets containing several million data points. We developed an
improved level-set approach that performs the process of the level-set function locally
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(Rosenthal et al., 2010). Since for isosurface extraction we are only interested in the zero
level set, values are only updated in regions close to the zero level set. In each iteration
of the level-set process, the zero level set is extracted using direct isosurface extraction
from unstructured point-based volume data and a narrow band around the zero level set
is constructed. The band consists of two parts: an inner and an outer band. The inner band
contains all data points within a small area around the zero level set. These points are updated
when executing the level-set step. The outer band encloses the inner band providing all those
neighbors of the points of the inner band that are necessary to approximate gradients and
mean curvature. As before, neighborhood information is obtained using an efficient kd-tree
scheme, gradients and mean curvature are estimated using a four-dimensional least-squares
fitting approach.
The construction of the two-layer band around the zero level set is shown in Figure 4. The zero
level set (colored blue) is extracted in form of a point cloud representation. Then, all sample
points with distance to the zero level set less than a distance dα are marked as belonging to
the inner layer of the band (green). Thereafter, all additional sample points needed for the
gradient computations within the level-set process are marked as belonging to the outer layer
of the band (red points). All other sample points (grey) are not used for the current level-set
step. The distance dα can be estimated using the CFL condition that bounds the level-set step.

Fig. 4. Narrow-band construction for more efficient level-set processing.

How the level-set function is updated after having executed a level-set iteration on the
narrow band with size dα is shown in Figure 5: Points (green) with minimum distance to
the zero-level-set points (blue) smaller than dα

4 have been in the α-band in the preceding time
step and, thus, their level-set function values have been updated in the level-set iteration step.
Points (red) in the outer band or with distance to the zero level set greater than dα

2 might have
not be included in the computations of the last level-set iteration step. We assign their level-set
function value to the signed distance to the zero-level-set points. For all points in the α-band

with a distance to the zero level set in the range
[

dα
4 , dα

2

]
, the new level-set function value is

interpolated between the level-set function value from the preceding level-set step and their
signed distance to the zero-level-set points.
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Fig. 5. Narrow-band update during level-set procedure (dα denotes the size of the narrow
band).

For performance analysis we applied it to an unstructured point-based volume data set with
eight million randomly distributed samples. The data set was generated by resampling the
regular Hydrogen data set of size 128 × 128 × 128 to the random points. Illustrations of the
evolution process for this data set are shown in Figure 6 (Data set courtesy of Peter Fassbinder
and Wolfgang Schweizer, SFB 382 University Tübingen.). For each time step, a splat-based
ray tracing of the zero level set is shown on the right-hand side. On the left-hand side, a point
rendering of a slab of the data set is shown illustrating the narrow band. Extracted surface
points of the zero level set are colored black, sample points in the α-band are colored green,
and sample points in the outer band are colored red. Sample points not belonging to the
narrow band are not rendered.
The whole local level-set process for extracting a smooth isosurface from the Hydrogen data
set with eight million sample points and given nearest neighbors needed 24 steps and was
performed in 6 minutes. For the four million version of the data set, the overall computation
time for the entire level-set approach including pre-computations dropped to 84 seconds.
This is a significant speed-up in comparison to the time of 13 minutes needed without
the narrow-band processing. Still, it produces equivalent results in terms of quality and
correctness.

5.2 Variational level-set detection of local isosurfaces
Another acceleration of the level-set approach can be achieved by only operating locally on a
region of interest. We derived a variational formulation for smooth local isosurface extraction
using an implicit surface representation in form of a level-set approach, deploying a moving
least-squares (MLS) approximation, and operating on a kd-tree (Molchanov et al., 2011). The
locality of our approach has two aspects: First, our algorithm extracts only those components
of the isosurface, which intersect a subdomain of interest. Second, the action of the main
term in the governing equation is concentrated near the current isosurface position. Both
aspects reduce the computation times per level-set iteration. As for most level-set methods
a reinitialization procedure is needed, but we also consider a modified algorithm where this
step is eliminated. The final isosurface is extracted in form of a point cloud representation.
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Step 9 Step 15

Step 21 Step 24

Fig. 6. Narrow-band level-set evolution.

We also presented a novel point completion scheme that allows us to handle highly adaptive
point sample distributions.
A variational approach is used to derive the local level-set updates. We start with a
construction of an error functional E, which is the target function that we want to minimize.
The error depends on the given data f , the constant fiso representing the isovalue, and a
level-set function ϕ together with its derivatives of first order, i.e., E = E(ϕ,∇ϕ; f , fiso). The
total error consists of two weighted terms

E = E1 + λE2, (3)

measuring accuracy and smoothness of the solution, respectively. We propose to use

E1 =
1
4

∫
D
(sgn(ϕ(x))− sgn( f (x)− fiso))

2 dx, (4)

and
E2 =

∫
D

δ(ϕ(x)) |∇ϕ(x)|dx. (5)

Here, we use the standard definitions of the sign function sgn(x) and the Dirac function δ(x)
and the derivative is used in the sense of distributions.
A function ϕ∞ minimizing some functional of the form

∫
L(ϕ,∇ϕ)dx should satisfy the

Euler-Lagrange equation (
∂L
∂ϕ

− ∑
i

∂

∂xi

∂L
∂ϕi

) ∣∣∣∣
ϕ=ϕ∞

= 0, (6)
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where ϕi is the i-th component of ∇ϕ. We derive the Euler-Lagrange equations for functionals
E1 and E2. The idea of a level-set approach is to detect ϕ∞ as a fixed point of an evolution
equation for ϕ = ϕ(x, t) minimizing E. Here, t is an artificial time parameterizing the
minimization process ϕ(x, t) → ϕ∞(x) as t → ∞. To construct the PDE, one equates the
left-hand side of Euler-Lagrange Equation with −∂ϕ/∂t. For the functional E, it reads

∂ϕ

∂t
= δ(ϕ) (sgn( f − fiso)− sgn(ϕ)) + λ δ(ϕ) ∇ ·

( ∇ϕ

|∇ϕ|
)

. (7)

Subsequently, this equation is regularized and discretized in space and time leading to an
iterative process for the value of ϕ at each sample point. Using an explicit Euler time
integration, we obtain the iteration step

ϕk+1 = ϕk + Δt

[
δε(ϕk) (sgn( f − fiso)− sgnε(ϕk)) + λ δε′ (ϕk) ∇ ·

(
∇ϕk

|∇ϕk|

)]
(8)

which is applied to all sample points xi, where the upper index k stands for the k-th layer
in time. This update rule can be applied locally. Figure 7 shows how smooth isosurface
components are extracted locally within a given region of interest.

(a) (b) (c)

Fig. 7. Local level-set evolution of isosurfaces within a region of interest for multi-component
data sets: (a) selecting region of interest; (b) extracted isosurface components; (c) same
procedure applied to extract one component of an isosurface from the density field of an SPH
simulation of a white dwarf.

5.3 Non-iterative second-order approximation of signed distance function
Signed distance functions are an obligatory ingredient to the level-set methods. When
assuming that the underlying function is a signed distance function, several simplifications
and speed-ups of the level set approach can be achieved. Usual approaches for the
construction of signed distance functions to a surface are either based on iterative solutions of
a special partial differential equation or on marching algorithms involving a polygonization
of the surface. We propose a novel method for a non-iterative approximation of a signed
distance function and its derivatives in a vicinity of a manifold. We use a second-order scheme
to ensure higher accuracy of the approximation (Molchanov et al., 2010).
The manifold is defined (explicitly or implicitly) as an isosurface of a given scalar field, which
may be sampled at a set of irregular and unstructured points. We use a spatial subdivision in
form of a fast kd-tree implementation to access the samples and perform transformations on
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the data. We derive a novel moving least-squares (MLS) approach for a second-order algebraic
fitting to locally reconstruct the isosurface. Stability and reliability of the algorithm is achieved
by a proper scaling of the MLS weights, accurate choices of neighbors, and appropriate
handling of degenerate cases. We obtain the solution in an explicit form, such that no iterative
solving is necessary, which makes our approach fast. The accuracy relies on second-order
algebraic fitting.
We propose to perform the following steps to construct a signed distance field around an
implicitly given isosurface:
1. Given a scalar field f (x) on samples xi, extract a set of isopoints pj corresponding to the

isovalue fiso; estimate normals on isopoints nj using kd-tree and MLS technique. Skip this
step if the isosurface is given explicitly.

2. For a given α > 0 mark all samples xi lying in α-neighborhood of the isosurface; jointly
establish lists of neighboring isopoints for the marked samples.

3. For each sample yk in the band find its neighbors and check two angles to detect a layer
sheet.

4. If the sample lies between isosurface components, compute the distances to both of them
as in the next step, compare the values found and take the minimal one.

5. If the criterion for a layer is not fulfilled:
• perform a local sphere fitting to reconstruct a part of the isosurface close to yk,
• if the sphere degenerates to a plane, compute a distance between the sample and the

surface (taking into consideration its orientation),
• if the sphere is not degenerated, use the isopoint normals to analyse its convexity and

compute the distance between the sample and the sphere.
An accurate computation of the distance between a sample and an isosurface is hard if the
isosurface is represented as a sparse set of isopoints. Therefore a (local) reconstruction of
the smooth surface is required. In our approach we find an implicit algebraic surface to fit
the discrete data which includes isopoints positions and associated normals. We consider
algebraic spheres of the form

s(x) = a0 + a · x + a4x · x, (9)

where a = (a1, a2, a3) and x = (x1, x2, x3). The solution may naturally degenerate to a plane as
a4 vanishes and therefore is exact for flat surfaces. However, a direct enrichment of the class is
problematic: there exist no analytic formula for distance to algebraic ellipsoids. We utilize an
approach of algebraic sphere fitting using positional and derivative constraints. First, we find
m + 1 isopoints nearest to the point of interest y. Let h be the distance from y to the farthest
neighbor. This parameter will define the support size of the weighting function

ωy(p) = max

{(
1 − ‖y − p‖2

h2

)4

, 0

}
. (10)

Now we look for the optimal algebraic sphere, whose zero-isosurface {x ∈ R3 : s(x) = 0}
optimally fits the positions of the isopoints, i.e., s(pj) = 0, and their normals, i.e., ∇s(pj) = nj.
The best fit is defined by parameters a0, . . . , a4 minimizing the cost function

E(a0, . . . , a4) =
m

∑
j=1

ωj

[
|s(pj)|2 + β‖∇s(pj)− nj‖2

]
(11)
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with ωj = ωy(pj). The minimization problem

sopt(x; a0, . . . , a4) = arg min E (12)

has the following explicit solution

a4 =
β

2
∑ ωjpj · nj − ∑ ωjpj · ∑ ωjnj/Ω

∑ ωjpj · pj − ∑ ωjpj · ∑ ωjpj/Ω
, (13)

a = ∑ ωjnj/Ω − 2a4 ∑ ωjpj/Ω, (14)

a0 = a · ∑ ωjpj/Ω − a4 ∑ ωjpj · pj/Ω, (15)

where Ω = ∑ ωj.
Figure 8 shows the result when extracting different isosurfaces from a signed distance field
to a surface in explicit point cloud representation. Isosurfaces for different isovalues fiso of
the signed distance function field constructed for the bunny data set with 35k surface points,
(Data set courtesy of the Stanford University Computer Graphics Laboratory.).

fiso = 4.0 fiso = 2.0 fiso = 0.0 fiso = −3.5

Fig. 8. Isosurfaces extracted from a non-iterative second-order approximation of the signed
distance function to a surface in point cloud representation.

We proposed a novel method for the efficient computation of a signed distance function
to a surface in point cloud representation. This allows us to develop a fast level-set
approach for extracting smooth isosurfaces from point-based volume data, as we can use
any point cloud surface as initial zero level set. Since for most applications a rough
estimate of the desired surface can be obtained quickly, the overall level-set process can
be shortened significantly. Additionally, we can avoid the computational overhead and
numerical difficulties of PDE-based reinitialization.
In summary, putting all acceleration methods together we achieved to reduce the computation
costs for the entire level-set approach including all components by about two orders of
magnitude. For data sets with 16 million particles, the processing time dropped from tenths
of minutes to tenths of seconds.

6. Image-space point cloud surface rendering

The extracted surfaces are given in point cloud surface representation, i.e., points on the
surfaces with no structure or neighborhood known. Reconstructing a triangular mesh from
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these point clouds can be very time consuming. Instead, point-based rendering approaches
have gained a major interest in recent years, basically replacing global surface reconstruction
with local surface estimations using, for example, splats or implicit functions. Crucial to
their performance in terms of rendering quality and speed is the representation of the local
surface patches. We presented a novel approach that goes back to the original ideas of
Grossman & Dally (1998) to avoid any object-space operations and compute high-quality
renderings by only applying image-space operations (Rosenthal & Linsen, 2008a).
Starting from a point cloud including normals (obtained from gradients of the underlying
scalar field), we render a lit point cloud to a texture with color, depth, and normal information.
Subsequently, we apply several filter operations. In a first step, we use a mask to fill
background pixels with the color and normal of the adjacent pixel with smallest depth.
The mask assures that only the desired pixels are filled. We use the eight masks shown in
Figure 9, where the white pixels indicate background pixels and the dark pixels could be both
background or non-background pixels. For each background pixel, we test whether the 3 × 3
neighborhood of that pixel matches any of the cases. In case it does, the pixel is not filled.
Otherwise, it is filled with the color and depth information of the pixel with smallest depth
out of the 3 × 3 neighborhood.

Fig. 9. Filters with size 3 × 3 for detecting whether a background pixel is beyond the
projected silhouette of the object. If one of the eight masks matches the neighborhood of a
background fragment, it is not filled. White cells indicate background pixels, dark cells may
be background or non-background pixels.

Similarly, in a second pass, we fill the pixels that display occluded surface parts. The resulting
piecewise constant surface representation does not exhibit holes anymore and is smoothed
by a standard smoothing filter in a third step. The same three steps can also be applied to
the depth channel and the normal map such that a subsequent edge detection and curvature
filtering leads to a texture that exhibits silhouettes and feature lines. Anti-aliasing along the
silhouettes and feature lines can be obtained by blending the textures. When highlighting
the silhouette and feature lines during blending, one obtains illustrative renderings of the
3D objects. The GPU implementation of our approach achieves interactive rates for point
cloud renderings without any pre-computation. Figure 10 shows the individual steps of the
proposed pipeline including illustrative rendering. Figure 13(a) shows such another rendering
result for a data set with 883k surface points. The rendering is performed at 52 frames per
second (fps).
For a realistic visualization of the models, transparency and shadows are essential features.
We propose extensions to our method for point cloud rendering with transparency and
shadows at interactive rates (Dobrev et al., 2010a;b). Again, our approach does not require
any global or local surface reconstruction method, but operates directly on the point cloud.
All passes are executed in image space and no pre-computation steps are required. The
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(a) (b) (c)

(d) (e) (f)

Fig. 10. Image-space point cloud surface rendering pipeline applied to the Dragon data set
(Data set courtesy of Stanford University Computer Graphics Lab.): (a) Lit points; (b) after
filling background pixel; (c) after filling occluded pixels; (d) after smoothing; (e) extracted
feature lines; (f) illustrative rendering.

underlying technique for our approach is a depth peeling method for point cloud surface
representations. The idea of depth peeling is to successively remove the front layer to extract
hidden layers. Hence, one virtually renders the object and all visible parts represent the first
layer. This is removed and the process is iterated to successively extract all hidden layers. For
surfaces in point cloud representation, another challenge arises, as shown in Figure 11. When
projecting the first layer (blue) in point cloud representation to the screen, the layer exhibits
holes such that hidden layers (red) or the background (grey) become visible. To overcome
the problem we use, again, the image-space masks presented above to produce layers without
holes. Figure 12 shows four different layers of the Blade data set that are extracted using depth
peeling.

Fig. 11. Depth peeling for point cloud surfaces.

Having detected a sorted sequence of surface layers, they can be blended front to back with
given opacity values to obtain renderings with transparency. These computation steps achieve
interactive frame rates. Figure 13(b) shows a rendering with transparency. The rendering is
performed at 17.5 fps.
To determine which parts of a surface are directly lit by a light source and which parts fall into
the shadow of the light source, we determine and mark all points that are visible from the light
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(a) (b) (c) (d)

Fig. 12. Four successive layers extracted using depth peeling on point cloud surface
representations.

source similar to “pre-baking” irradiance textures for polygonal mesh scenes. We use point
cloud shadow textures, which are basically Boolean arrays that store which points are lit. Once
the shadow texture is determined, lit points are drawn properly illuminated with ambient,
diffuse, and specular reflection components using Phong’s illumination model (Phong, 1975),
while unlit points are only drawn using the ambient reflection component. This illumination
creates the effect of shadows, as only those points are marked unlit where the light source is
occluded by other surface parts.
To determine which points are visible from the light source, we render the scene with the
light source’s position being the viewpoint with depth testing enabled. All visible points are
marked in an array. However, we observe that, due to the high point density, it is not unusual
that several adjacent points of one surface layer project to the same fragment position. The
suggested procedure would only mark the closest point for each fragment as lit, which would
lead to an inconsistent shadow textures. Again, depth peeling is the key to solve this problem,
but we apply it differently. While for transparent surface rendering our goal was to extract
different surface layers, now we use it to find all the points that belong to a single surface
layer, namely the closest one.
For the shadow texture computation, we also apply a Monte-Carlo integration method to
approximate light from an area light source, leading to soft shadows. Shadow computations
for point light sources are executed at interactive frame rates. Shadow computations for area
light sources are performed at interactive or near-interactive frame rates depending on the
approximation quality. Figure 13(c) shows a rendering with shadows using the Monte-Carlo
approach. The rendering with 5 Monte Carlo samples is performed at 9 fps, while the
rendering without Monte-Carlo sampling, i.e., with 1 sample, is performed at 25 fps.

(a) (b) (c)

Fig. 13. (a) Image-space point cloud surface rendering applied to the Blade data set (courtesy
of Visualization Toolkit). (b) Rendering with transparency using depth-peeling approach. (c)
Rendering with shadows using Monte-Carlo integration.
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We also investigated the use of ray tracing techniques for high-quality rendering based on
splat representations, but the complexity of this approach impedes interactivity (Linsen et al.,
2007).

7. Surface extraction from multiple fields

As the data sets resulting from SPH simulations typically contain a multitude of physical
variables, it is desirable that visualization methods take into account the entire multi-field
volume data rather than concentrating on one variable. We presented a visualization approach
based on surface extraction from multi-field particle volume data (Linsen et al., 2008). The
surfaces segment the data with respect to the underlying multi-variate function. Decisions
on segmentation properties are based on the analysis of the multi-dimensional attribute
space. The attribute space exploration is performed by an automated multi-dimensional
hierarchical clustering method, whose resulting density clusters are shown in the form of
density level sets in a 3D star coordinate layout (Long, 2010; Long & Linsen, 2011). In the star
coordinate layout, the user can select clusters of interest. A selected cluster in attribute space
corresponds to a segmenting surface in object space. Based on the segmentation property
induced by the cluster membership, we extract a surface from the volume data. We directly
extract our surfaces from the SPH data without prior resampling or grid generation. The
surface extraction computes individual points on the surface, which is supported by an
efficient neighborhood computation. The extracted surface points are, again, rendered using
point-based rendering operations. Our approach combines methods in scientific visualization
for object-space operations with methods in information visualization for attribute-space
operations.

7.1 Attribute space visualization
Given the multi-dimensional attribute space with a large number of d-dimensional points
lying in that attribute space, each point corresponds to one sample of the volumetric data field
and each dimension represents one data attribute (typically one scalar value) stored at that
sample. In order to understand the distribution of the points in attribute space, we propose to
compute a density function and to determine the number of clusters as well as the high density
region of each cluster. Given a multivariate density function f (x) in d dimensions, modes of
f (x) are positions where f (x) has local maxima. Thus, a mode of a given distribution is more
dense than its surrounding area. We want to find the attraction regions of modes. To do
so, we choose various values for constants λ (0 < λ < supx f (x)) and consider regions of
the particle space where values of f (x) are greater than or equal to λ. The λ-level set of the
density function f (x) denotes a set S( f , λ) = {x ∈ Rd : f (x) ≥ λ} . The set S( f , λ) consists of
a number q of connected components Si( f , λ) that are pairwise disjoint. The subsets Si( f , λ)
are called λ-density clusters (λ-clusters for short). A cluster can contain one or more modes
of the respective density function. Let the domain of the data set be given in the form of a
d-dimensional hypercube, i. e., a d-dimensional bounding box. To derive the density function,
we spatially subdivide the domain of the data set into cells of equal shape and size. Thus,
the spatial subdivision provides a binning into d-dimensional cells. For each cell we count the
number of points lying inside. The multivariate density function f (x) is given by the number
of points per cell divided by the cell’s area and the overall number of data points. As the
area is equal for all cells, the density of each cell is proportional to the number of data points
lying inside the cell. The cell should be small enough such that local changes of the density
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function can be detected but also large enough to contain a large number of points such that
averaging among points is effective. Because of the curse of dimensionality, there will be many
empty cells. We do not need to store empty cells such that the amount of cells we are storing
and dealing with is (significantly) smaller than the number of the d-dimensional points. The
λ-clusters can be computed by detecting regions of connected cells with densities larger than
λ. As we identify density with point counts, the densities are integer values. Hence, we start
by computing density clusters for λ = 1. Subsequently, we process each detected λ-cluster
individually by iteratively removing those cells with minimum density, where the minimum
density increases in steps of 1. If this process causes a cluster to fall into two subclusters,
the subclusters represent higher-density clusters within the original cluster. If a cluster does
not fall into subclusters during the process, it is a mode cluster. This process generates a
hierarchical structure, which is summarized by the high density cluster tree (short: cluster
tree). The root of the cluster tree represents all points. Figure 14(a) shows a cluster tree with
4 mode clusters represented by the tree’s leaves. Cluster tree visualization provides a method
to understand the distribution of data by displaying the attraction regions of modes of the
multivariate density function. Each cluster contains at least one mode.

(a) (b) (c)

Fig. 14. (a) Cluster tree of density visualization with four modes shown as leaves of the tree.
(b) Nested density cluster visualization based on cluster tree using 3D star coordinates. (c)
Right-most cluster in (b) is selected and its homogeneity is evaluated using parallel
coordinates.

Having computed the d-dimensional high density clusters, we need to project them into a
three-dimensional space for visualization purposes. In order to visualize the high density
clusters in a way that allows clusters to be correlated with the d dimensions, we need to use
a coordinate system that incorporates all d dimensions. Such a coordinate system can be
obtained by using star coordinates. When projecting the d-dimensional high density clusters
into a three-dimensional star coordinate representation, clusters should remain clusters. Thus,
points that are close to each other in the d-dimensional feature space should not be further
apart after projection into the three-dimensional space. Let O be the origin of the 3D star
coordinate system and (a1, . . . , ad) be a sequence of d three-dimensional vectors representing
the axes. The mapping of a d-dimensional data point x = (x1, . . . , xd) to a three-dimensional
data point Π(x) is determined by the average sum of vectors ak of the 3D star coordinate
system multiplied with its attributes xk for k = 1, . . . , d, i.e.,

Π(x) = O +
1
d

d

∑
k=1

xkak. (16)
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Since it can be shown that
||Π(x)− Π(y)||1 ≤ ||x − y||1 (17)

for any d-dimensional points x and y, the distance of the images of two d-dimensional points
is lower than or equal to the distance of the points with respect to the L1-norm. Therefore,
two points in the multi-dimensional space are projected to 3D star coordinates preserving the
similarity properties of clusters (at least with respect to the L1-norm). In other words, the
mapping of d-dimensional data to the 3D visual space does not break clusters. The second
property that our projection from multi-dimensional feature space into three-dimensional
star coordinate systems should fulfill is that separated clusters should not be projected into
the same region. The projection into star coordinates may cause severe cluttering of clusters
when not carefully choosing the axes (a1, . . . , ad). To alleviate the problem of overlapping
clusters we introduce a method which chooses a "good" coordinate system. Assume that a
hierarchy of high density clusters have q mode clusters, which do not contain any higher level
densities. Let mi be the barycenter of the points within the ith cluster, i = 1, . . . , q. We want to
choose a projection that maintains best the distances between clusters. Let {v1, v2, v3} be an
orthonormal basis of the candidate three-dimensional space of projections. The desired choice
of a 3D star coordinate layout is to maximize the distance of the q projected barycenters VTmi
with V = [v1, v2, v3]

T, i.e. to maximize the objective function

∑
i<j

||VTmi − VTmj||2 = trace(VTSV) (18)

with
S = ∑

i<j
(mi − mj)(mi − mj)

T . (19)

Thus, the three vectors v1, v2, v3 are the three unit eigenvectors corresponding to the three
largest eigenvalues of matrix S. This step is a principal component analysis (PCA) applied to
the barycenters of the clusters. As a result, we choose the d three-dimensional axes of the 3D
star coordinate system as ai = (v1i, v2i, v3i), i = 1, . . . , d.
Obviously, we can also project into 2D coordinates in the same way. However, when
comparing and evaluating projections to 2D and 3D visual space (Poco et al., 2011), a
quantitative analysis confirms that 3D projections outperform 2D projections in terms of
precision. Moreover, a user study indicates that certain tasks can be more reliably and
confidently answered with 3D projections. Nonetheless, as 3D projections are displayed on
2D screens, interaction is more difficult.
After having computed the projected clusters, we can display them using star coordinates by
rendering a point primitive for each projected data point. A less cluttered and more beautiful
display is to render the boundary of the clusters. Considering the cluster that is described by
the set of points {pi = (xi, yi, zi) : i = 1, . . . , m} after being projected into the 3D space.
In order to compute the boundary of this group of points,we need to have a continuous
representation of the group. Therefore, we consider the function

fh(p) =
m

∑
i=1

K
(

p − pi

h

)
, p ∈ R3 , (20)

where K is a kernel function and h is the bandwidth. Then, we can reconstruct the field over a
regular grid and render the boundary set of the points by using standard isosurface extraction

20 Hydrodynamics – Optimizing Methods and Tools



SmoothViz: Visualization of Smoothed Particles Hydrodynamics Data 19

methods to extract the boundary surface of the set S(h, c) = {p ∈ R3 : fh(p) ≥ c}, where c
is an isovalue. We choose parameter h and c to guarantee that S(h, c) is connected and has a
volume of minimum extension. The kernel function should be sufficiently smooth and have
a small compact support. For example, we can choose K(p) = (1 − ||p||2)2 for ||p|| ≤ 1 and
K(p) = 0 otherwise and the bandwidth h to be equal to the longest length of the minimum
spanning tree of these m points. In Figure 14(b) we show the visualization of the clusters by
rendering such boundary surfaces, where it can be shown that for the chosen kernel isovalue
c = 9

16 is appropriate. In order to visualize all clusters of the cluster tree, we render the
surfaces in a semi-transparent fashion. The resulting visualization shows sequences of nested
surfaces, where the inner surfaces represent higher density levels. Figure 14(b) shows the
nested density cluster visualization with respect to the cluster tree in Figure 14(a).

7.2 Coordinated views
Generating all clusters and displaying them in star coordinates allows for further analysis
of the detected clusters. The simplest interaction method is to select individual clusters by
just clicking at the boundary surface. When a cluster is selected, intra-cluster variability is
visualized using parallel coordinates, see Figure 14(b) and (c). In both pictures the relation
between the selected cluster with the dimension can be observed.
Moreover, we visualize the coordinated view in physical space, which exhibits the spatial
location of the selected feature. The rendering in physical space can be preformed by just
plotting all particles that belong to the selected feature or by extracting a boundary surface
of that feature, i.e., a surface that separates all particles that belong to the feature from all
particles that do not belong to the feature. Figure 15 shows an attribute-space rendering of the
detected clusters in 3D optimized star coordinates (a), a color-coded object-space rendering
of the clustered particles (b), and a separation surface of clusters in object space (c). The
underlying SPH simulation is that of tidal disruption and ignition of a white dwarf by a
moderately massive black hole (Rosswog et al., 2009).

(a) (b) (c)

Fig. 15. (a) Seven-dimensional attribute space visualization of SPH data set using optimized
3D star coordinates. (b) Object space visualization of cluster distribution. (c) Object space
visualization of a separating surface.

For the visualization of enclosing surfaces in attribute as well as in object space, we looked
into an alternative approach of enclosing surfaces for point clusters using 3D discrete Voronoi
diagrams (Rosenthal & Linsen, 2009). Our system provides three different types of enclosing
surfaces. By generating a discrete distance field to the point cluster and extracting an
isosurface from the field, an enclosing surface with any distance to the point cluster can be
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generated. As a second type of enclosing surfaces, a hull of the point cluster is extracted. The
generation of the hull uses a projection of the discrete Voronoi diagram of the point cluster
to an isosurface to generate a polygonal surface. Generated hulls of non-convex clusters are
also non-convex. The third type of enclosing surfaces can be created by computing a distance
field to the hull and extracting an isosurface from the distance field. This method exhibits
reduced bumpiness and can extract surfaces arbitrarily close to the point cluster without
losing connectedness. Figure 16 shows the idea of the different approaches starting from
an isosurface from the distance field to the point cluster (a), connecting the neighbors that
contribute to the surface in (a) to form a non-convex hull (b), and computing surfaces that
are equidistant to the computed non-convex hull (b). Figure 17 shows a comparison of the
different enclosing surfaces when applied to a cluster of points when projected into optimized
star coordinates.

a) b)

Fig. 16. (a) Extracting an isosurface from the distance field to the point cluster. Voronoi
regions on the isosurface induce neighborhoods. (b) Neighbors are connected to form a hull.
The image also shows an isosurface extracted from the distance field to the hull.

We extended our work on interactivity by explicitly encoding the cluster hierarchy in a
tree that is visually encoded in a radial layout. Coordinated views between cluster tree
visualization and parallel coordinates as well as object-space visualizations allow for an
interactive analysis of multi-field SPH data (Linsen et al., 2009). The cluster tree allows for the
selection of detected clusters, the parallel coordinate plots show the properties of the selected
clusters, and object-space visualizations in form of extracted surfaces or particle distributions
exhibit the location of the respective clusters in physical space. Figure 18 shows such a visual
analysis set-up when applied to the IEEE Visualization Contest data (Rosenthal et al., 2008).
We also proposed a method to integrate the parallel coordinates into the cluster tree
visualization. The MultiClusterTree approach (Long & Linsen, 2011) uses circular parallel
coordinates for the embedding into the radial hierarchical cluster tree layout, which allows
for the analysis of the overall cluster distribution. This visual representation supports the
comprehension of the relations between clusters and the original attributes. The combination
of the 2D radial layout and the circular parallel coordinates is used to overcome the
overplotting problem of parallel coordinates when looking into data sets with many records.
Figure 19 shows how integrated circular coordinates can provide a good overview of the
cluster distribution.
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Fig. 17. Different visualizations of two point clusters (colored red and blue) from the 2008
IEEE Visualization Design Contest data. The clusters were found using density-based
clustering of multidimensional feature space and were projected to a 3D visual space using a
linear projection. Additionally to the cluster points (a), three types of enclosing surfaces are
shown. (b) Isosurface extraction from distance field computed using a 3D discrete Voronoi
diagram of resolution 256 × 256 × 256. (c) Hull of the cluster computed from the isosurface
of the distance field. (d) Isosurface extraction from distance field to hull.

Fig. 18. Coordinated views allow for selecting clusters in cluster tree and investigating
properties in attribute space (using parallel coordinates) as well as locations in physical
space.

8. Interactive visual system for exploration of multiple scalar and flow fields

Our research results are combined in the SmoothViz software system that is offered to the SPH
community via our website (http://vcgl.jacobs-university.de/software). Not all presented
features are included yet. Currently, the system consists of three modules responsible
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Fig. 19. Integrated circular parallel coordinates in clusters tree visualization for data set with
hierarchical clusters.

for time-varying data manipulation, scalar field exploration, and flow field visualization.
An intuitive graphical user interface (GUI) allows for easy processing and interaction.
Additional functionalities and visualizations that are common in the SPH community have
been included.
First, the user can load SPH data containing time-varying particle positions and time-varying
multiple scalar and vector field values sampled at the particles. A 3D view of the particle
distribution at a chosen time step allows the user to adjust the viewing parameters using
arbitrary rotation and translation of camera. Loading of successive or preceding time steps
from the time-varying series of data sets is as easy as play or rewind in a standard media
player. Extracted pathlines can show evolution in time of an individual particle or sets of
particles. Figure 20(a) shows the GUI and a particle distribution plot for a chosen time step.
There are two options to represent the structure of a selected scalar field: Maximal intensity
projection plots can render any of the scalar fields using one of the build-in color maps and
allowing for manually modifying the transfer function. Figure 20(b) shows the GUI for the
transfer function modification and the respective maximum intensity plot of a chosen scalar
field. Alternatively, isosurfaces can be extracted for interactively selected isovalues and shown
using a point splatting technique or a dense point cloud rendering. Figure 20(c) shows a
number of nested isosurfaces using point cloud renderings.
Finally, a specified number of streamlines can be computed with respect to the vector field
chosen by the user. Combined views are possible to explore multiple fields simultaneously,
e.g. multiple isosurfaces together with stream- or pathlines. Figure 20(d) shows an isosurface
rendering using point splatting combined with a rendering of selected streamlines. For more
details on the system, we refer to the user manual that comes with the SmoothViz software
package.
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(a) (b)

(c) (d)

Fig. 20. Screenshots of SmoothViz software system for SPH data exploration: (a)
Three-dimensional particle distribution modeling a White Dwarf passing close to a Black
Hole. (b) Maximal intensity projection plot of the density field of a White Dwarf with user
defined transfer function; (c) Several density isosurfaces of two White Dwarfs in point-based
representation. (d) Interplay of a velocity field (shown with streamlines) and a temperature
field (shown as splatted isosurface).

9. Conclusion

We have presented approaches for visualization of SPH data. All methods operate directly
on the particles that are distributed in a highly adaptive and irregular manner and that do
not have any connectivity. Operating on the particles avoids the introduction of errors that
occur when resampling to a grid. Our visualizations focus on surface extractions from such
data. We first presented an isosurface extraction from any scalar field of the SPH data. It
exploits a fast navigation through a kd-tree via an indexing structure and allows for fast
isosurface extraction of high quality. Because of approximations made during simulation, it
is desirable to add a smoothing term to the isosurface extraction method. This is achieved
by the use of level-set methods. Again, the method operates on the particles only. We
have presented several ways on how to accelerate the computations including a narrow-band
approach, a local variational approach, and a signed distance function computation to any
isosurface representation. Extracted isosurfaces are given in form of point clouds. We
presented how they can be rendered using an image-space point cloud rendering approach
that avoids any pre-computation and thus can immediately applied to any extracted surface.
Shadows and transparency are supported at interactive rates. We further extended the
work to the extraction of boundary surfaces of features in multi-field data. The attribute
space of the multi-field data is being explored using clustering and cluster visualization
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methods. Coordinated or integrated views to parallel or circular coordinates, respectively,
allow for further visual analysis of the properties of the extracted clusters. Coordinated views
to object space allow for the investigation of the spatial distribution of detected features.
Enclosing surfaces show the cluster boundaries. The presented functionality has partially
been incorporated into the SmoothViz software package including further features such as
geometric flow visualization. It allows for interactive exploration and integrated analysis of
multiple fields of SPH data.
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1. Introduction

There is no doubt that the dynamics of solid particles is the center of interest in the mineral
processing industry, including crushing, grinding, classification, mineral separation, and
leaching, just to name a few. But most processes involve fluid as a carrier and/or media,
making the study of fluid dynamics and coupling between fluid dynamics and particle motion
essential part for such a particulate flow. Various modeling and coupling approaches capable
of considering particle behaviors, fluid dynamics and coupling effects, have been actively
pursued, researched and developed in recent years.
By name, particulate flows usually include one or more continuous fluid phase, and one or
more type of particles, or say generally, discrete phases. The discrete particles/bubbles/
droplets are often dispersed in a continuous phase, so a discrete phase is also called a
disperse phase in continuum multiphase modeling. There may be strong interactions between
discrete phases and continuous phase, and strong interactions among discrete phases for
dense particulate flows. The coupling physics pose a huge challenge to researchers, since
coupling physics between fluid dynamics and particle motion requires coupling numerical
modeling approaches. There is no one-fits-all solution for all applications especially after
considering limitations, accuracy, computational costs of various numerical models.
As computer technology for hardware and software advances so rapidly, it also push scientific
and engineering simulations to high standards of requirement with respects to accuracy,
fidelity, efficiency. There is increasing research activity of using Discrete Element Method
(DEM) in particulate flow simulations.
Discrete Element Method (DEM) (Cundall & Strack, 1979; Landry et al., 2003; Walton, 1992)
is a Lagrangian model and is well accepted nowadays to model solid particle behavior. In
principle, the DEM is based on the concept that individual particles, each of which is usually
assumed to be semi-rigid, are considered to be separate and are connected at boundaries by
appropriate contact laws. DEM naturally captures characteristics of each particle, therefore
further dynamics like breakage and wear can be modeled locally at the small scale. Using
DEM to track dynamics of particles, although the computing cost is high, eliminates the
need of modeling fluid dynamics of particle phase, therefore improves fidelity of simulations.
Interactions among discrete phases can be addressed more accurately inside DEM, thank to
that microscopic physics has been clearly understood and described at most times.
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For fluid dynamics modeling, the terminology Computational Fluid Dynamics (CFD) is
well-known dedicated to it. A conventional CFD is usually based on continuum mechanics
principles and control volume methods. After decades of intensive research, conventional
CFD is a well-developed technology with a series of mature well-defined numerical and
physical models for single phase, turbulence and multiphase flows. It is basically a grid-based
Eulerian model and is usually computationally efficient, especially for single phase flows.
In practice, using CFD is not as easy as expected, since most mineral processing applications
involve complex geometry and free surface flows. Generating appropriate volume mesh for
complex geometry is a challenge even with help of commercial programs. Free surface flow
also adds cost and difficulty to simulations. In the commonly used VOF method, the entire
possible physical domain, even the space that is to be occupied by fluid occasionally, has to
be meshed, and interface capturing and reconstruction scheme have to be implemented (Gao
et al., 2003).
Among CFD approaches, the one named Eulerian–Eulerian model, or say, multi-fluid model,
has been extensively studied, implemented in MFIX (Syamlal, 1998; Syamlal et al., 1993),
CFX, and FLUENT, and applied to simulations of fluidized beds (Gera et al., 2004; Sun &
Battaglia, 2006a). The formulation of this model is essentially based on the continuum fluid
dynamics. It considers both the fluid phase and solid particles to be interpenetrating continua
whose dynamics are governed by the Navier-Stokes equations (Goldhirsch, 2003; Huilin et al.,
2003; Savage, 1998). The particle mixture can be divided into several disperse phases with
different properties. Closure of the model requires formulation of constitutive equations for
each phases and inter-phase momentum transfer models, where often the most difficulties are
encountered and approximations are made (Jenkins & Savage, 1983; Srivastava & Sundaresan,
2003). From the difficulty of building continuum models for granular flows (Gao et al., 2006;
Savage, 1998), people realized that many of the physics–based governing equations work
well at small scale, but non-linear physics makes derivations of those equations at a larger
scale based on simplifications and assumptions no longer valid. For particulate flows with
a wide property distribution, modeling errors are easily accumulated and computation costs
are largely amplified.
The major drawback of the Eulerian–Eulerian approach is that it cannot capture essential
characteristics of individual solid particles regarding size and shape, and thus cannot
effectively identify influence of these characteristics on process performances. Contact of
individual particles with structure is often the major source of wear and erosion. Size-
and shape-change processes, such as breakage and chemical reaction of individual particles,
usually are core features of the mineral processing industry.
However, the extensive Eulerian–Eulerian research laid solid foundation for coupling DEM
with CFD. Lots of ideas and equations can be adopted in DEM-CFD full coupling. DEM-CFD
assumes the high theoretical fidelity, since each phase is kept to have its natural properties.
We treat fluid as continuous continuum, and particles as discrete entities. The basic concepts
of interpenetrating phases for multiphase flows still hold, although we only need to model
and compute fluid phase. Instead of modeling several disperse particle phases in kinetic
theory (Savage, 1998), we derive particle motions directly from DEM, therefore improves
modeling accuracy.
Smooth Particle Hydrodynamics (SPH) has been used to simulate fluid dynamics for
years (Monaghan, 1988; 1994; Morris et al., 1997). In SPH, a fluid field is represented
by particles, each of which is associated with a mass, density, velocity, viscosity, pressure
and position. Particles are moved by averaging (smoothing) their interaction with spatial
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neighbors based on the theory of integral interpolants using kernel functions which can be
differentiated without use of the grid. SPH, as a Lagrangian particle–based method, has its
particular characteristics. It has some special advantages over conventional grid–based CFD.
The most significant one is the meshfree feature. SPH does not require a pre-defined mesh
to provide connections between particles when solving the governing equations. The SPH
particles themselves are adaptive to geometry and free surface confinement.
From a numerical implementation point of view, DEM–SPH, a Lagrangian–Lagrangian
model, is the best incorporation for particulate flows because it can totally eliminate the need
for a volume mesh. The meshfree feature is very attractive to the mineral processing industry,
where geometry is complex and free surface flow is typical in many applications.
However, SPH is not without problems. While Eulerian–Eulerian approaches, modeling
naturally discrete particles as continua, have difficulty to give correct constitutive equations,
similarly, SPH, modeling naturally continuous media as particles, compromises accuracy in
some aspects. It resolves the dissipative term poorly in comparison with grid–based methods.
SPH has a limited ability to deal with steep density gradient or other large property changes.
Boundary conditions do not fit naturally in the particle approach, so they are difficult to
implement in SPH. It is hard to capture fluid dynamics where complex boundary conditions
are of critical importance.
In summary, there is no single one-fits-all solution. Every model has strengths on some aspects
and weaknesses on others, especially considering accuracy and cost factors. People have to
be able to, based on preliminary understanding of the physical characteristics of a system
of interest, pick up the right models, combine them together, and develop/use appropriate
models for the specific system to capture major phenomena to discover and investigate the
controlling mechanisms behind them. In this work we present three numerical coupling
approaches to capture the physics of interest: one-way coupling with CFD, DEM-CFD
coupling, DEM-SPH coupling.
A one-way coupling is basically to run fluid dynamic solver separately from DEM, then
import fluid flow solution to DEM, where the fluid effect on particles is considered. The
one-way approach is practically important for industry applications, because at complex
situations full coupling modelings are hard to converge, if not impossible. It has the
advantages of using commercial package. This advantage may become very attractive in
industry applications where the flow condition is very complex and density of particles is not
very high. A one-way coupling can be extended to so-called 1.5-way coupling if multiphase
fluid solver is used instead of single phase solver. We applied one-way coupling to a slurry
pump, where solid particles and fluid are well mixed so that it is appropriate to treat slurry as
a kind of single phase mixture, and the FLUENT is used to solve the flow field. But the CFD
solver cannot give direct answers to our concerns: wear effect of particles on pump structure
and particle breaking probability, therefore CFD results are imported into our DEM code to
simulate the detailed behavior of individual particles.
For the strong coupling physics, the full coupling of DEM-CFD or DEM-SPH is necessary. In
the DEM-CFD coupling, we employ a lot of widely accepted Eulerian–Eulerian multi-fluid
models that have been intensively studied in the continuum multiphase fluid dynamics.
Convergence of the coupling models is usually a huge challenge. The numerical methods are
discussed in each section of model descriptions. The segregation of different sizes of particles
in a fluidization bed is controlled by both particles motion and fluid dynamics. Due to the
simple geometry of a bed, DEM-CFD is the best candidate for this application.
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In the DEM-SPH coupling, a multiphase DEM-SPH model is proposed and described in
detail. The coupling between the solid particles and the fluid phase are considered via
volume fraction, pressure and drag force. In mills, particles are so dense that the behaviors
of solid particles dominate the overall physics, and separation of solid particles from fluid
is apparent. But fluid dynamics cannot be neglected because fluid damping/drag may
change particle–particle contacts and particle–boundary contacts. Furthermore, the rotating
nature, presence of a free surface flow, and liner geometry make CFD simulations of mills
prohibitively expensive. Numerical scheme is simple at this stage, time stepping scheme
could be either explicit Euler or lower order Runge-Kutta for more accuracy. The DEM-SPH
is applied to a preliminary study of a mill.

2. DEM model with flow effect

The DEM simulation is based on a 3D soft particle model (Cundall & Strack, 1979; Silbert
et al., 2001; Walton & Braun, 1986) where small deformations and multiple contacts on a
particle are allowed, and friction and rotation are also taken into account. Each particle has
six degrees of freedom of motion. For simplification of the description of the DEM model,
spherical particles are assumed, although in our real application and implementation, we
use spherical, tetrahedral and irregular convex shape particles together. The complex shapes
definitely add difficulty to the computational geometric and solving for particle rotation, but
the basic theory behind it is the same as for all spherical particles. Although our program is
fully parallelized for a distributive memory machine, this work is not intended to cover the
parallelization scheme and readers who are interested are referred to Plimpton (1995), which
is the framework we follow.
The movement of a particle with mass m, moment of inertia I can be described by Newton’s
law and the kinematic relation:

mi
d ui
d t

= ∑
j

Fc,ij + Fsf,i + mi g , (1)

Ii
d ωi
d t

= −∑
j

Ri nij × Fc,ij , (2)

d ri
d t

= ui , (3)

where subscripts i and j are for identifying particles, u is the velocity of the mass center, ω the
angular velocity, r the position, R the radius of the particle, Fc,ij the contact force of particle
j acting on i, Fsf,i the fluid–solid interaction which is assumed to act at the mass center of
particles, and nij the normal direction of the contact pointing to particle i from j.
The governing equations are simply ordinary differential equations in time. Each particle is
evolved by integrating the governing equations and applying the initial condition. The major
task of modeling and simulation thus becomes actually formulating and calculating the force
terms.
The implementation of contact forces is essentially a reduced version of that employed
by Walton & Braun (1986), developed earlier by Cundall & Strack (1979). Contact force
Fc,ij = {Fn,ij, Ft,ij} is first calculated from the deformation through the spring-dashpot model,
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assuming soft particles:

Fn,ij = knδn,ij − λn meff un,ij , (4)

Ft,ij = ktδt,ij − λt meff ut,ij , (5)

where meff = (mi mj)/(mi + mj), subscript n denotes the normal direction and t the
tangential direction, k is the spring coefficient, λ the damping coefficient, and δ the elastic
displacement for a contact, respectively. The damping effect in the tangential direction can
be neglected. The tangential displacement δt between particles is obtained by integrating
surface relative velocities over time during deformation of the contact. Actually just this
history dependent feature makes the computation, especially parallel computation, more
expensive. The magnitude of δt is truncated as necessary to satisfy a local Coulomb yield
criterion |Ft| ≤ μ|Fn|.
In the above DEM model, the normal compression between two particles is easily written as:

δn,ij = [(Ri + Rj)− rij]nij, (6)

here,
rij = ri − rj, rij = |rij| , (7)

The normal direction and tangential direction are defined as:

nij = rij/rij , (8)

nij × tij = 1 . (9)

The value of the spring constant should be large enough to avoid particle interpenetration,
but not too large to require an unreasonably small time step Δt, since an accurate simulation
typically requires Δt ∼ tc/50, here tc is the characteristic contact time during a collision
process between particles. The amount of energy lost in collisions is characterized by the
inelasticity through the coefficient of restitution e. For the linear spring-dashpot model, the
following relations can be taken as guidance to find the damping coefficient λn

en = exp(−λntc/2) , (10)

tc = π(kn/meff − λ2
n/4)−1/2 . (11)

After contact force is calculated, the equations of motion, which are ordinary differential
equations, can be numerically integrated to get the particle trajectories. The boundary surfaces
are represented by triangles. Any meshing tool generating surface triangles can be used here.
In comparison with particle–particle contact, the only difference is the geometry resolution for
the particle–triangle contact. The overlap δn is equal to a particle radius minus the distance to
a triangle.
The advantage of DEM is that it can capture behaviors of individual particles, and collect
detailed contact information, such as velocity, contact force, shear and impact energy
spectrum, so that it can model wear more accurately. Most severe wear happens in particulate
flows when solid particles collide on a surface. We model the particle wear effect on a
boundary triangle as:

Δh A = ∑
i

Cwr,iEsh,i, (12)
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where subscript i denotes the particle groups, Δh is the thickness to be worn off the surface, A
is the triangle area, Esh,i is the cumulative shear energy over the time period of interest, and
Cwr,i is the wear coefficient that is a function of the triangle and particle material properties
and the particle size.
Similarly, we model the particle breakage as

Bri = Cbr,iEimp,i/mi, (13)

where Bri is the breakage percentage (probability) of the group i of particles when passing
through a process, Eimp,i is the cumulative impact energy over the retention time of the
process, and Cbr,i is the breakage coefficient that is a function of the material properties and
the particle size. The constants Cwr,i and Cbr,i are to be determined from the calibration
with experiment or operational data in this work. See the reference for details and recent
developments about the wear model (Hollow & Herbst, 2006; Qiu et al., 2001) and particle
breakage model (Herbst & Potapov, 2004; Potapov et al., 2007).

3. CFD coupling with DEM

The basic conceptual theory for CFD coupling with DEM comes from the Eulerian–Eulerian
multi-fluid model, where the fluid phase and the solid particle mixture are described as
interpenetrating continua. The particle mixture can be divided into a discrete number of
phases, each of which can have different physical properties. Generally, n sets of governing
equations have to be solved for a multiphase flow with n phases, and an exponentially
increasing number of constitutive equations are required for closure of the model.
The approach of CFD coupling with DEM is proposed to overcome the closure difficulty. The
Eulerian control-volume multiphase CFD governing equation is used to describe the fluid
dynamics, while the DEM is used to model the solid mixture dynamic behaviors.
The governing equations for incompressible flow, continuity and momentum equations, for
the fluid phase, are:

∂

∂t
(ρθf) +∇ · ρθfuf = 0 , (14)

∂

∂t
(ρθf)uf +∇ · (ρθfufuf) = −ρ∇ P + Fd +∇ · T + ρθfg , (15)

where ρ is the fluid density, uf the fluid velocity, θf the fluid volume fraction, and P the
pressure, and Fd the drag force, and T the viscous stress tensor.
The drag force Fd between particles and fluid phase is generally defined as

Fd = β(us − uf), (16)

where β is the drag force coefficient, us the velocity vector of solid particles, and (us − uf) is
the slip velocity between the two phases. The volume fraction θs and velocity fields us of the
solid phase are obtained through averaging particle data from DEM simulation, thus θf can
be obtained from θf = 1 − θs.
Without losing generality, in the DEM-CFD coupling, the drag correlation by Syamlal et al.
(1993) is adopted:

β =
3
4

Cd

V2
r

ρ|us − uf|
dp

θsθf , (17)

Cd =
(

0.63 + 4.8
√

Vr/Re
)2

, (18)
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where Cd is drag coefficient, and the particle Reynolds number Re is defined as

Re =
d̄p|us − uf|ρ

μ
, (19)

where d̄p is the average diameter of particles, and Vr is the ratio of the falling velocity to the
terminal velocity of a single particle. The following form for Vr is used

Vr = 0.5
(

A − 0.06 Re +
√
(0.06 Re)2 + 0.12 Re(2B − A) + A2

)
, (20)

A = θ4.14
f (21)

B =

{
0.8 θ1.28

f if θf ≤ 0.85
θ2.65

f if θf > 0.85.
(22)

From the above governing equations and drag force calculation, we can see volume fractions
appear allover everywhere. This is the core modeling concept for interpenetrating disperse
flow, whereas the exact particle shape has not been followed, rather the volume/mass
conservation must be maintained. This multiphase modeling approach is a perfect
compromise for large scale particulate flows with a huge number of small (relative to flow
characteristic length) particles.
The volume fraction and velocity of the solid phase are needed for each cell. It sounds
simple at the first glance. It may be simple for regular mesh, not for irregular mesh and
irregular particles. As we mentioned, particle shape is not of importance at modeling particle
fluid interaction, nor should be mesh geometry. We compromise the geometry details for
the efficiency of numerical calculation. Many researchers use kernel function to calculate the
volume fraction to avoid handling complex mesh and particle geometry. The volume fraction
of each cell is obtained from the particle spatial distribution and the volume of each particle
through the averaging processes:

θs =
1

Vc

∑
Np

i=1 K(|xi − xc|)Vi

∑
Np

i=1 K(|xi − xc|)
(23)

where the subscript c denotes a cell and i denotes a particle. Np is the total number of particles
in the system. K is a kernel function, which should be bell-shape function with local support,
such as Gaussian function K(ξ) = exp[−(ξ/w)2], where ξ = (|xi − xc|)/w and w is the
bandwidth. In this study, the following kernel function is used:

K(ξ) =

{[
1 − ξ2]4 if |ξ| < 1

0 if |ξ| ≥ 1
(24)

This function is very close to Gaussian function (with scaled bandwidth w = 0.45), and it is
more efficient to compute than Gaussian function, because it only requires to loop over the
particles in the neighbor cells. Recently, Xiao & Sun (2011) dedicated a big portion of their
paper to the particle volume fraction calculation. Please refer to that for details.
Similarly, the solid phase velocity is obtained via the following coarse-graining procedure:
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us =
∑

Np

i=1 K(|xi − xc|)Viui

∑
Np

i=1 K(|xi − xc|)Vi

(25)

On the DEM side, two major solid–fluid interaction terms acts on a particle. In Equation 1
force Fsf,i equals the sum of buoyancy force and drag force acting on particle i:

Fsf,i = −Vi ∇P − Fd,i , (26)

The drag of Equation 16 is the aggregate drag force acting on all the particles in a cell. For
the motion equation 1 of a solid particle, the drag force on each particle is needed. There
are many ways of redistributing the aggregate force back to individual particles. This can be
obtained from the cell whose center is nearest to the particle, or from the neighboring cells
whose contribution portion is determined by distances between particles and cell centers.
Each particle shares the drag force proportional to its surface area, or proportional to its
volume, or as functions of other properties. The uncertainty also occurs with buoyancy force.
There is no sure answer to the question of where pressure values are used in calculation of
buoyancy force on a particle. Here in the application of DEM-CFD full coupling, we take the
simple scheme by distributing the nearest cell force according to surface areas of particles.
For the one-way coupling applications, particles are small and well mixed with fluid phase,
so that one-way coupling is justified, and Wen-Yu drag relation (Li & Kuipers, 2002; Rong &
Horio, 1999) is used. Thus, the drag force calculation can be as simple as:

Fsf,i = −Vi ∇P − 3
4

Cd|ui − uf|ρθ−1.65
f Vi

Di
(ui − uf) , (27)

where Vi is the volume, and Di the hydraulic diameter of particle i. For the drag coefficient
Cd, please refer to DEM–SPH coupling section.
For DEM-CFD coupling, the fluid equations are solved using a solver provided by a library
in the OpenFOAM (Open Field Operation and Manipulation) toolbox (Rusche, 2002). This
solver is used in the current study with modifications to accommodate the fact that only
the fluid phase is solved and the disperse phase is tracked in the Lagrangian framework.
Finite volume method is used to discretize the equations on an unstructured mesh. For the
time integration, Euler implicit scheme is used, which has only first order accuracy but is
unconditionally stable. The convection and diffusion terms are discretized with a blender of
central differencing (second-order accurate) and upwind differencing (first order accurate).
The advantage of blended differencing is that high accuracy is achieved while the boundness
of the solution is ensured. A sophisticate stepping control and interpolation over time was
brought up by (Xiao & Sun, 2011) to enhance accuracy and convergence of the DEM–CFD
coupling solver.
The velocity-pressure coupling is handled with the modified PISO algorithm (Rhie & Chow,
1983). In this algorithm, momentum equation is first solved to get a predicted velocity field,
and then the pressure equation (obtained by combining momentum equation into continuity
equation) is solved for a corrected velocity field. This process is repeated until the velocity
field satisfies continuity equation. The PISO algorithm prevents from the decoupling of
pressure-velocity and the oscillation in the solution, eliminating the necessity of a stagger
grid. Therefore, a collocated grid is used in the models, where all the variables are stored in
the cell centers, thus it is a significant simplification over a stagger grid.
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4. SPH coupling with DEM

SPH equations are obtained by interpolating fluid dynamics governing equations over
disordered mass points in the influence range of an interpolation kernel function (Monaghan,
1988). The kernels are analytical functions which can be differentiated without using a mesh.
Although control volume CFD can be tuned to get accurate solutions of physical problems, it
requires tremendous work, including generating the mesh, in order to couple with DEM to
account for the multiphase flows. On the other hand, SPH is a method which gives reasonable
accuracy and couples well with the particle method DEM without requiring a mesh.
Monaghan & Kocharyan (1995) originally built SPH multiphase models for interpenetrating
multi-fluids. In the later work, Monaghan (1997) improved the multiphase SPH solver
by using an implicit drag technique. In this work, we will modify the interpenetrating
multiphase SPH model to couple SPH for fluid dynamics with DEM for solid particles. SPH
is only used to model fluid phase, and particles are represented and evolved by DEM
The governing equations, continuity and momentum equations, for the fluid phase are:

d ρ̂

d t
= −ρ̂∇ · u , (28)

d u
d t

= −∇ P
ρ

+
β

ρ̂
(us − u) +

∇ · T
ρ̂

+ g , (29)

where β is the drag force coefficient, us the velocity vector of solid particles and T the viscous
stress tensor. The fluid density ρ̂ in the multiphase model is related to the fluid volume fraction
θ and actual fluid density ρ by

ρ̂ = ρ θ . (30)

The equation of state has to be defined in order to fully describe the dynamics of the fluid.
The actual equation of state of incompressible flow is very stiff, requiring extremely small
time steps. In SPH, the fluid pressure is an explicit function of local fluid density. Therefore, it
is necessary to use a quasi-compressible equation of state and an artificial speed of sound as a
reference value. Monaghan (2000) used the equation of state similar to that defined for water:

P =
ρ0c2

0
γ

[(
ρ

ρ0

)γ

− 1
]

(31)

≈ c2
0 (ρ − ρ0) , (32)

where ρ0 is the reference density, c0 the speed of sound at ρ0, and γ a constant with physical
meaning of the ratio of specific heat for ideal gases. Monaghan (2000) took γ = 7 for
incompressible flows. The choice γ = 7 results in large changes in pressure from small
changes or perturbations in density. We confirmed that Equation 31 works well for single
phase flow SPH. However, in this work considering multiphase free surface flow, the density
changes could also be exaggerated by changes or errors in calculation of volume fraction (see
below). We also follow suggestions of Morris et al. (1997) regarding choosing appropriate
values of γ and c0. The speed of sound is:

c =

√
γP
ρ

(33)
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SPH is based on the theory of integral interpolants. If the kernel functions are some types of
delta functions, then a field variable A(r) can be approximated by the weighted averaging
over a limited range of neighboring particles as:

A(r) =
∫

A(r′)W(r − r′, h)d r′ � ∑
a

Aa
ma

ρa
W(r − ra, h) , (34)

where ma denotes mass of SPH particle a at the position ra, and similar notations for ρa, Aa.
W(r − ra, h) is the kernel which is a function of smoothing length h and distance between
positions r and ra.
For clarification of the description, the subscripts a and b are used for the SPH fluid particles,
and i and j for the DEM solid particles. Integrating the governing equations and simplifying
the integrals as above, we can get the overall SPH governing equations:

d ρ̂

d t
= ∑

b
mbuab ·∇aWab (35)

d ua

d t
= −∑

b
mb

(
Paθa

ρ̂2
a

+
Pbθb

ρ̂2
b

)
∇aWab

−∑
j

Pa Vj

ρ̂a
∇aWaj

+
1
3 ∑

j

βajVj

ρ̂aθj

(
uja · rja

rja

)
Wja

rja

rja

+τab + ga , (36)

where Vj is the volume of DEM particle j, θj the solid phase volume fraction at the position of
DEM particle j, θa the fluid phase volume fraction at the position of SPH particle a, and τab the
viscous term. The solid–fluid inter-phase interaction force is represented by the second and
third group of terms on the right hand side of Equation 36. The second term is the pressure
gradient on a solid particle, and third term is the drag force. The drag force between two
particles acts along their center line, working like dashpot damping in the DEM models. Thus
the inter-phase interaction in Equation 1 can be written as:

Fsf,j = −∑
a

ma
Pa Vj

ρ̂a
∇jWja − 1

3 ∑
a

ma
βajVj

ρ̂aθj

(
uja · rja

rja

)
Wja

rja

rja
. (37)

In the above equations, we have used the notation

uaj = ua − uj ,

for a vector, and

Wab = W(rab) ,

∇aWab =
rab
rab

d W
d r

(rab) =
rab
rab

(
d W
d r

)
ab

,

for a kernel and a kernel derivative, where rab is the distance between particle a and b. Similar
notation is used for other terms.
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The kernel function is the commonly used cubic spline function

W(r, h) =
1

πh3

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1 − 3
2

q2 +
3
4

q3 if 0 ≤ q < 1
1
4
(2 − q)3 if 1 ≤ q < 2

0 otherwise

(38)

where q = r/h and r is the distance between particles.
The Gidaspow drag correlation, which combines the Wen-Yu relation and the Ergun equation,
is commonly used in CFD multiphase modeling (Gera et al., 1998; 2004; Li & Kuipers, 2002;
Rong & Horio, 1999) and it is used here:

βaj =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

3
4
|ua − uj|Cdθ−2.65

a

Dj
ρaθaθj θj ≤ 0.2[

150(1 − θa)μa

θ2
a ρaD2

j
+

1.75|ua − uj|
θaDj

]
ρaθaθj θj > 0.2

(39)

Cd =

{ 24
Re

(1 + 0.15Re0.687) 10−4 < Re < 1000

0.44 Re ≥ 1000
(40)

Re =
ρaθa|ua − uj|Dj

μa
(41)

where Dj is solid particle effective hydraulic diameter. The ρa, θa and θj terms are intentionally
grouped together as factors, because these terms will be canceled when βaj is substituted back
to Equations 36 and 37.
From the comparison of governing equations of DEM–CFD to those of DEM–SPH, one
apparent difference is that DEM–CFD calculates aggregate coupling force first, and distributes
back to particles, while the DEM–SPH calculates coupling force for individual particles and
collects the total force on SPH particle. Due to the high cost the drag force calculation, the cost
of DEM–SPH may be much higher than DEM–CFD. Further modification to the DEM–SPH
by adopting DEM–CFD approach is the future work of authors.
No matter which way of coupling, we have to obtain the collective volume fractions θj and
θa. Using kernel function for volume fraction calculation is the most natural way in the SPH
framework. Please refer to Monaghan (1997); Monaghan & Kocharyan (1995) for more theory
support. The most simple form of fluid fraction in the SPH type of kernel functions can be
defined as follows:

θa = 1 − ∑
j

VjW∗
aj (42)

where W∗ is a kernel function that can be different from W, and a different smoothing length
should be used. The smoothing length should be at least twice the maximum particle size.
After that, θj can be obtained by smoothing over SPH particles and using the same smoothing
length as in SPH equations.
One can use the same way as in the above DEM–CFD, Equation 23, for volume fraction
calculation, however, using a imaginary sphere as Vc, because there is no real mesh in SPH.
The imaginary sphere radius should be at least twice the maximum particle size. In this work,
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we use a combination of both approaches. We first obtain the intermediate volume fraction in
a way like Equation 23, then smooth it over SPH particles in the normal way as

θb = ∑
a

θa
ma

ρ̂a
Wab . (43)

We have to go back to formulate the viscous term in order to complete the set of modeling
equations. This work employs a SPH viscous diffusion model used by Morris et al. (1997):

τab = ∑
b

mb(μa + μb)rab ·∇aWab

ρaρb r2
ab

uab

= ∑
b

mb(μa + μb)uab
ρaρb rab

(
d W
d r

)
ab

(44)

where μ is the dynamic viscosity. This expression uses only the first order kernel derivative. It
conserves translation momentum accurately, while angular momentum is only approximately
conserved. For applications with low fluid velocities like in this work, this formulation is
appropriate.
In this work, several practical approaches suggested in a series of SPH publications by
Monaghan (1989; 1994; 2000) are employed in order to build a stable, robust solver. First,
the so-called XSPH velocity correction is employed:

d ra

d t
= uxsph,a = ua − 0.5 ∑

b

mb
0.5(ρa + ρb)

Wabuab . (45)

The XSPH variant is used to move the particles and also in the continuity equation for
consistency. The adjustment is important for free surface flows and useful for high speed
flows. It basically keeps the particles more ordered and moves particles in a velocity similar
to the average velocity in their neighborhood to prevent fluid penetration. Second, artificial
pressure is introduced into the momentum equation to avoid SPH particle clustering. See
Monaghan (2000) for details.
The overall time advancing scheme for a DEM and SPH coupling system is: 1) calculate
the solid and fluid coupling terms based on the old field values, 2) calculate the fluid–fluid
interactions and integrating SPH particles. 3) calculate the solid–solid contact forces and move
solid particles.
Two different time stepping schemes for SPH particle integration have been applied and tested
in this work. One scheme is analogous to the explicit method of control volume CFD for
incompressible flow, where the source term of pressure and force terms are calculated based
on the old velocity field at tn, then the pressure equation is solved, and finally the new pressure
field is used to update the velocity to tn+1. Similarly in the SPH solver, at the first sweep, the
density changes and force terms are calculated based on fields at tn; at the second sweep, the
pressure and density are updated; at the third sweep, the velocity fields are updated and the
particles are moved. The method is enhanced by incorporation of the leap-frog approach:
velocities are updated at intervals midway, tn+1/2, between time steps tn and tn+1.
The other scheme is the simple predictor-corrector (Monaghan & Kocharyan, 1995), or, the
second order Runge-Kutta method. First, values (velocity, density, position) at tn+1/2 are
predicted from tn and tn−1/2. Then, force and other changes under the predicted conditions
are calculated. After that, field values at tn+1/2 are corrected using the new changes. Finally,
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values at tn+1 can be obtained using the trapezoidal rule. This method can achieve second
order accuracy.
Boundary conditions for SPH particles are similar to that for solid DEM particles:
spring-dashpot contact models are applied to the particles assuming spherical particles with
diameter equal to the initial separation distance. The contact coefficients are taken from DEM
parameters for the same size of DEM particle.

5. Applications

5.1 One-way coupling for a pump
For slurry in pump operation, solid particles are well mixed with fluid, the particle volume
fraction is usually not very high, velocity is high but streamlines do not interweave together,
so that the particle–particle collision probability is low, thus the particle–boundary collision is
the main interest here since particle–boundary interaction is the major source of wear and the
reason for particle breakage under these conditions. DEM simulations were also performed
to estimate the breakage percentage and liberation percentage of the particles during the
operation of the pump at different conditions. The commercial software FLUENT is used
to obtain the fluid dynamics solutions assuming single phase mixture flow.
The CFD simulation of a pump is not easy and straightforward like pipe flow. First of all,
for high fidelity we use the manufacturer’s geometry files in IGES format. These geometry
files need a lot of cleaning, merging, and smoothing work in Gambit before appropriate CFD
meshes can be generated. Moreover, due to the rotating part, the multiple reference frame
technique has been used. Due to the unsymmetrical geometry, time dependent solutions have
to be pursued, thus the sliding mesh method has been used.
Fluid field solutions including pressure and velocity fields are imported into our DEM
program, where DEM tracer particles are created and evolved as described above. During the
simulations, particles are first set at the inlet segment of the pump, then particles flow along
with fluid to enter the pump. Particles leaving the pump from the outlet are re-inserted at
the inlet as in semi-periodic boundary condition, so that particle dynamics gradually reaches
steady state. Once steady state is reached, shear and impact energy data are collected and
recorded for at least three revolutions of the pump.
We performed the wear study on the Metso slurry pump HM300. Ultrasonic measurements of
lining thickness as a function of location number is marked on Fig. 1. One hundred thousand
(100,000) ore particles from size 0.5 mm to 3 mm are generated for DEM. Shear energy spectra
are used in wear analysis as described by Equation 12. The prediction error was found to be
less than 4%. The comparison of the wear prediction with measurements is shown in Fig. 2.
We performed the ore breakage and valuable particle liberation study on Metso slurry pump
MM300. We employed 5 different sizes (1.4 mm, 5.2 mm, 8.17 mm, 10.6 mm and 15 mm)
of DEM particles to represent valuable particles, respectively. There are a total of 400,000
particles for ore, and 1000 particles for each of the 5 groups of valuable particles. Based on
the impact energy spectra, the particle breakage percentage can be calculated according to
Equation 13. The liberation percentage is proportional to be the breakage rate of the ores. The
valuable particle breakage percentages and liberation percentages are estimated as shown in
Table 1. The valuable particle liberation percentages are under 5% and the valuable particle
breakage percentages are very small (< 0.1%) at the pump conditions under consideration.
The trend of liberation percentages changing with flow rate and with solid concentration meet
the qualitative expectation. As the volume flowrate increases, although the increased velocity
enhances the collision of particles, but the retention time decreases, therefore, the liberation

41Using DEM in Particulate Flow Simulations



14 Will-be-set-by-IN-TECH

Fig. 1. The slurry pump with location numbers marked.

Fig. 2. Wear study result for the pump.

percentage decreases from the combination of two effects. This result may show us that the
probability of collision, which increases with retention time, outweighs the collision strength
increase with velocity at the current conditions.

5.2 DEM-CFD coupling for a fluidization bed
The DEM-CFD coupling has been applied to a study of particle segregation due to size. Here,
we simulated and presented the segregation of two different sizes of particles in a model
fluidization bed with inlet velocity of 1.5 m/s, which is larger than the minimum fluidization
of the large particles reported in the experiments (Goldschmidt, 2001).
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Solid mass frac- Flowrate valuable-part valuable-part
tion in slurry m3/s liberate-% break-%

64% 0.278 3.79% 0.06%
72% 0.278 3.68% 0.06%
80% 0.278 3.62% 0.07%

72% 0.250 4.64% 0.06%
72% 0.278 3.68% 0.06%
72% 0.306 2.97% 0.06%

Table 1. Valuable particle liberation and breaking analysis in slurry pump.

To quantify the bed expansion, an average particle height is defined as

< hp >=
∑

Np

i mihi

∑
Np

i mi

, (46)

here, mi is the mass of particle i.
To reduce computational cost while still keeping the essential physics of the process, a smaller
bed as shown in Fig. 3, thus a smaller number of particles, is used, while the aspect ratio of
the bed is kept the same as in the experiment (Goldschmidt, 2001).
Two types of particles with the same density but different sizes were perfectly mixed initially.
The simulation was conducted for 10 seconds. The results in Fig. 4 show the close to zero
segregation percentages, which agrees with the experimental results.
The initial bed configuration as well as those at t = 6 s are presented in Fig. 5. The left panel
shows that initially the particles are perfectly mixed and randomly packed. At t = 6 s, the
two types of particles are still well mixed without visible segregation. The results are better
than the multi-fluid modeling results (Sun & Battaglia, 2006b).

5.3 DEM–SPH coupling for a mill
We applied the DEM–SPH coupling multiphase solver described in section 2 and 3 to the
modeling of a SAG mill. The mill operating conditions are: mill diameter 10 m; mill effective
length 4 m; mill volume 386 m3; total filling 31.7%; ball filling 15.4%; ore density 2700 kg/m3;
ball density 7850 kg/m3; rotation speed 10.1 RPM; solid feed 1977 mt/h (mt = metric tons);
solid mass percentage in feed 70%. We first ran the PBM model (Herbst & Pate, 2001) to
estimate the size distribution under steady operation conditions. Due to the high cost of the
particle methods, we use a truncated size distribution list that cuts the PBM size range to keep
only the 5 coarsest sizes. We also assume that 25% solid fine particles are totally mixed with
water to form a dilute slurry. The slurry has density 1380 kg/m3 and dynamics viscosity
5.0E-3 kg/m s. Based on these practical treatments, we employ 6 groups of ore particles:
43 mm (in diameter) sphere, and 43 mm, 62 mm, 88 mm, 124 mm, 176 mm tetrahedron, and
4 groups of balls with diameter equal to 78 mm, 100 mm, 125 mm. At initialization, a total
of 750,024 ore particles from the 6 ore groups according to the truncated size distribution
are generated in the mill, and a total of 48,000 balls, 12,000 in each ball group, are set in the
mill. Assuming 0.4 voidage of dense packing, we set up 868,158 SPH particles, with spacing
distance 50 mm to make the fluid charge level about the same as that of the solid particles.
Fig. 6 shows the initial setup of the particles in the mill. Due to the high density, all particles
are initially packed regularly at the mill belly part.
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Fig. 3. Geometry of the pseudo 3D computational domain and boundary conditions.
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Fig. 5. Two-dimensional snapshots of particle mixtures. Dark dots denote large particles and
light ones denote small particles. Left: Initial configuration. Right: configuration after 6
seconds.

Fig. 6. The initial setting of the particles
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The computation is expensive. The case has been running for 20 days using 16 processes but
it only simulates 6 seconds of physical time, still not reaching steady state. We also realized
the simulation is unstable due to explicit particle stepping, so time-step need to be controlled
to be small. Here, we only can present some preliminary results.

Fig. 7. A view with particle shapes at the mill center cross section.

Figure 7 shows the DEM and SPH particles at 5.68 seconds after the mill starts rotating from
the initial setup. The light blue color represents SPH particles, red or brown denotes DEM
ore particles, and black demotes steel balls. We can see the profiles of DEM and SPH particles
spatial distribution that meet our expectation. In the figure DEM particles overshadow the
SPH particles, so that it creates false impression that there are no SPH particles in most area.
The initial setup as shown in Fig. 6 may cause the segregation shown in Fig. 7. Please note at
5.68 seconds, the mill has finished less than one revolution.
The potential power draw can be calculated as ∑i,a g × r, where the sum is over all DEM and
SPH particles. The change of this potential power with time is shown in Fig. 8, reflecting how
close a mill is reaching the steady–state. The fluid power draw is less than 10% of the total
power draw. It is understandable, at the first half revolution, potential power draw increases
to its highest value because particles have to be lifted up by a mill. Unfortunately we do
not have operational data to compare with. In another way, the power draw is calculated
by ∑ F · u, where the sum is over all contact work acting on the boundary. At the time 5.68
seconds, power draw calculated in the second way is 9.18 MW. This value can be thought to
be gross power draw, because it includes energy loss between inelastic contacts and viscous
dissipation.
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Fig. 8. The calculated power draw variation with time

The advantage of the DEM–SPH solver, a total particle method, can be shown in Fig. 9, where
small solid and SPH particles pass through the grid. We can imagine the difficulty of meshing
a mill with a grid for a conventional CFD solver, considering the multi-scale challenge here:

Fig. 9. A view of the mill discharge end.
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the mill main body diameter is 10 m while grid size is 75 mm. But with SPH, it is flexible to
control the solver by assigning SPH particle probability of passing through, or by applying
different sets of triangles to SPH and DEM particles.

6. Conclusions

Three approaches to couple solid particle behavior with fluid dynamics have been described
and three applications have been provided. For full coupling approaches DEM-CFD and
DEM-SPH, they are physically equivalent, but may appear in different forms of equations.
The governing equations have been carefully formulated. Numerical methods, difficulties
and possible problems have been discussed in detail. The one-way coupling of CFD with
DEM has been used in analysis of wear on lining structure and particle breaking probability
during a pump operation. The DEM–CFD coupling has been applied to modeling fluidization
bed. The multiphase DEM–SPH solver has been used in a wet grinding mill simulation. Each
numerical approach has its strength and weakness with respect to modeling accuracy and
computation cost. The final choice of best models should be made by application specialists
on a case by case basis based on dominant features of physical phenomena and numerical
models.
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1. Introduction 
The study of wave fluid flows is now under special consideration in view of serious effects, 
caused by dams breaking and consequent formation of moving waves, their interaction with 
solids and structures, uprush on shore, etc. Thereby solving the problem of hydrodynamic 
loads estimation is important for designing the shape and stiffness of the structures, 
interacting with oncoming waves. Such problems, due to large deformations of free 
surfaces, are very complex, and meshless methods proved to be the most suitable for 
numerical simulation of them. 
Particle methods form the special class of meshless methods, which mainly based on the 
strong form of governing equations of gas dynamics and fluid dynamics. The peculiar 
representatives of particle methods are Smoothed Particle Hydrodynamics (SPH) (Lucy, 
1977; Gingold & Monaghan, 1977) and Incompressible SPH (ISPH) (Cummins & Rudman, 
1999; Shao & Lo, 2003; Lee et al., 2008). 
Large amount of papers, devoted to numerical simulations of free surface flows using SPH 
or ISPH, demonstrated a high degree of efficiency of both methods in obtaining the 
kinematic characteristics of flows, though it has been revealed, that ISPH shows a larger 
particle scattering at the stages, following the water impact, in comparison with the classic 
SPH, where particles are more ordered. However, dynamic characteristics of flows are still 
hard to compute, especially it concerns the classic SPH. 
The objective of the chapter is to analyze the capacity of the methods to compute pressure 
fields and hydrodynamic loads subsequently. 

2. Governing equations 
The governing equations of fluid dynamics, including the Navier-Stokes equations and the 
continuity equation, in the case of the Newtonian viscous compressible fluids, are of the 
following form: 
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where a b 1 2 3     – numerical indices of coordinates, av  – components of the velocity 
vector, aF  – components of the vector of volumetric forces density, ab  – Kronecker 
symbols, p  and   – pressure and density of the fluid, correspondingly. Here the Einstein 
summation convention is assumed. The viscous stress tensor components are calculated by 
the formula (   - dynamic viscosity):  

 2
3

a b c
ab ab

b a c
v v v

T
x x x

 
   

        
 (3) 

For enclosing the system (1)-(3) one should make some assumptions about fluid properties. 
The original SPH method assumes the fluid to be weakly compressible, and therefore is 
applied to the system (1)-(3)  with certain equation of state for enclosure. The most often used 
equation of state is the Theta form equation for barotropic processes (Monaghan et al., 1994): 
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Selecting the coefficient of volume expansion B  one can obtain the effect of incompressible 
fluid. 
The ISPH method in contrast to the original SPH uses the model of incompressible fluid, 
what means d dt/ 0  . In that case the equation of state shouldn’t  be considered and the 
enclosed system of governing equations takes the following form: 
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3. Smoothed particle methods 
3.1 The basis of the methods 
The key idea of smoothed particle methods lies in discretization of the problem domain into 
a set of Lagrangian particles, which play the role of nodes in function approximation. For 
construction of approximation formulas in smoothed particle methods the exact integral 
representation with the Dirac  -function is used: 

 f f d( ) ( ) ( )




    r r r r r  (7) 

The Dirac  -function is changed here by a compactly supported function W , called the 
kernel function, what allows to obtain the integral formula about the bounded domain: 

 
D
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The value h  determines a size of support domain D  of the function W  and is called a 
smoothing length. Having a set of particles scattered about the problem domain   we 
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can estimate the value of the above integral with the quadrature (Lucy, 1977; Gingold & 
Monaghan, 1977):  

 
n

j
s i j i j

jj

m
f f W h

1

( ) ( ) ( )


   r r r r  (9) 

where n  is a number of particles, determined as “nearest neighbours” of the i -th particle 
within the support domain D . Two particles i  and j  are called neighbouring or 
interacting particles, if the distance between their centers does not exceed kh , where k  
depends on the type of kernel function and i jh h h( ) / 2  . j j jm  r  - radius-vector, mass 
and density of the j -th particle, correspondingly. A simple formula for the gradient of a 
function has the form:  
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3.2 Kernel function 
As kernel function is a keystone of smoothed particle methods a great attention is paid to 
construction of new types of kernels. Till now a large amount of different types of kernel 
functions have been developed. All of them should satisfy the following basic conditions: 
- W h kh( ) 0       r r r r   

- W h d( ) 1


     r r r   

- 
0

lim ( ) ( ).
h

W h 


    r r r r   

Here for the problems, simulated with SPH, the original Monaghan’s cubic spline is utilized  
(Monaghan et al., 1994):  
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h
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

r r .  

As it was pointed out (G.R. Liu & M.B. Liu, 2008)  the approximations of functions based on 
the kernels that haven’t smooth second derivative are too sensitive to particle scattering.  It 
plays a crucial role for the ISPH method as elliptic Poisson equation is solved for obtaining a 
pressure field. That is why in numerical simulations using ISPH the fourth-order spline has 
been used (Morris, 1996; Lee et al., 2008): 
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3.3 Approximation of governing equations 
For approximation of gradient terms in equations (1) or (5)  the original formula (10) may be 
applied. However, it is usually implemented for derivation of new forms of gradient 
approximations. In numerical simulations the following form is commonly used: 
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This formula has an advantage of being symmetric in relation to interacting particles and 
thus conserves total momentum of a system of particles, representing the problem domain. 
Besides it gives more stable results of numerical simulations in comparison to (10). 
For a divergence of a velocity field in the continuity equation (2) the following expression is 
usually applied:  
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The above form gives a zero-valued first derivatives for a constant field. 
Using (13) for approximation of gradient of a function one can obtain the following discrete 
representation for viscous term in equation (1): 
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Normal and tangent components of viscous stress tensor Ti  are defined by following 
expressions similar to (14) (G.R. Liu & M.B. Liu, 2008): 
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As it will be pointed out in section 3.4 the pressure Poisson equation need to be solved in the 
ISPH method. There are some ways to obtain the approximations of  second derivatives in 
smoothed particle methods. One way consists in directly deriving the formula in a similar 
manner as for first derivative (10). The idea of the other is in subsequent implementation of 
a gradient formula (13) and a divergence of vector field (14). However these ways proved to 
be too sensitive to inhomogeneous particle distribution and result in non-physical 
oscillations of pressure field.  So the approximation of the first derivative in terms of the 
SPH method and its finite difference analogue are usually applied together according to 
Brookshaw’s idea (Brookshaw, 1985). Based on it some different forms of Laplacian operator 
were derived (Cummins & Rudman, 1999; Shao & Lo, 2003; Lee et al., 2008). Here for 
numerical simulations the form of Lee (Lee et al., 2008) is used: 
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The approximation formulas for viscous forces in ISPH are obtained in a similar way and 
may take different forms (Cleary & Monaghan, 1999;  Shao & Lo, 2003). Here for 
numerical simulations the following viscous term by Morris (Morris et al., 1997) is 
utilized:  

  
n i j i j i i j

j i j
i jji i j

W h
m 2

1
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  
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 (18) 

3.4 Time integration 
In the original SPH method for time integration the "predictor-corrector" scheme is 
commonly used: 
"predictor":  
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"corrector":  
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The new radius-vectors of particles on ( 1)n  -th time step are calculated using the Euler 

integration scheme: 

 
n n n
i i it dt1 1 2( )      r r v  (21) 

For time integration of motion equations in the ISPH method the split step scheme is 
applied (Yanenko, 1960; Chorin, 1968). According to its idea time integration process is 
splitted into convection-diffusion and pressure contribution. So the first step of the scheme 
for preliminary velocity values takes the from: 
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Projecting the preliminary velocity values onto a null-divergence field one can obtain: 
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provided the pressure field on n( 1) -th time step is calculated through the pressure 

Poisson equation (Lee et al., 2008): 
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where the velocity divergence at right hand side of above equation is calculated using 
formula (14). The radius-vectors of particles on n( 1) -th time step can be get out of the 
following formula according to Euler explicit integration scheme: 

 n n n
i i i t1 1   r r v  (25) 

The equation (24) is reduced to the system of linear algebraic equations with symmetric 
matrix. For solving this system the preconditioned generalized minimum residual method 
(PGMRES) is applied (Saad, 2003). 

3.5 Free surface 
For identification of particles on the free surface, one can apply some different ways. One of 
such ways is using the geometrical Dilts algorithm (Dilts, 2000), based on the fact, that each 
particle has its size, commonly determined by the smoothing length. 
The other way is detection of particles, satisfying the inequality (Lee et al., 2008): 
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i j i i j

jj

m
W h 
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as free surface particles have less nearest neighbors in comparison with the inner ones. 
Here the Dilts algorithm is used for the original SPH method and the formula (26) for ISPH. 
For free surface particles the Dirichlet condition is imposed: p 0 . For the original SPH it 
means that free surface particles has the zero pressure, not the pressure obtained out of the 
equation of state as for inner fluid particles. As the pressure Poisson equation (PPE) is 
solved in the ISPH method for obtaining pressure field, the Dirichlet condition is embedded 
into the matrix of the system of linear algebraic equations (SLAE), which is the discrete 
representation of PPE. This procedure conserves the symmetry of matrix of SLAE. 

3.6 Solid boundary 
In smoothed particle methods the most commonly way of imposing conditions at solid 
boundaries is the virtual particle method, divided into two basic types. 
The first type – Monaghan virtual particles method (Monaghan et al., 1994). The virtual 
particles are located along the solid boundary in a single line, don’t change their characteristics 
in time, and effect on the fluid particles by means of a repulsive force, based on certain 
interaction potential. The most popular among researchers is the Lennard-Jones potential. 
The second type – Morris virtual particles (Morris et al., 1997). These particles are located 
along the solid boundary in several lines. The number of the lines depends on the smoothing 
length of particles of the fluid. This allows solving one of the main problems of the SPH 
method – asymmetry of the kernel function near the boundaries. The effect of the Morris 
particles on the fluid ones differs from the effect of Monaghan particles by the fact, that there is 
no need in using any interaction potential. Instead of this, values of the characteristics in the 
Morris particles are calculated on the basis of their values in particles of the fluid. Here for 
imposing solid boundary conditions on velocity the Morris virtual particles are used for both 
methods. In ISPH the Morris virtual particles are also implemented for imposition of 
Neumann boundary conditions on solid walls, that is / 0p n    (Koshizuka et al., 1998; Lee 

et al., 2008). The procedure of embedding these conditions into the matrix of SLAE breaks its 
symmetry. Therefore, as it was mentioned in section 3.4, the PGMRES solver is utilized. 
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3.7 Pressure field in the original SPH method 
In the SPH method barotropic condition for pressure p p( )  is supposed . For the first 
time Monaghan (Monaghan et al., 1994) applied equation for pressure in the Theta form: 

 p B
0

1





     
   

 (27) 

where B gH200 /   – gravitational constant,  - density, 0 - initial density, H – initial 
height of fluid, 7  . 
Monaghan applied this equation for free surface flow simulations, such as breaking dam 
problems. But research of the calculation of pressure by (27) shows that pressure field in 
fluid has a significant oscillations. 
To reduce pressure oscillations we smooth density field. For free surface problems in the 
case of the system being at rest under the action of gravity force at the initial time the 
hydrostatic pressure distribution is true: p g H y0 0 ( )  . Then we can define the corrected 
value for the initial density from equation of state (27): 
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Besides in time integration scheme for density computation the equation for density 
smoothing is added based on the formula (9) following Chen’s idea (Chen et al., 2001): 
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Using (27) and (29), we can obtain smoothed pressure field smooth smoothp p( ) . The pressure 
at solid boundary particles can be determined out of the following expression: 
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Thus the pressure at solid boundary particles is calculated using the values of the pressure 
at neighbouring fluid particles by formula (9). 

4. Hydrodynamic loads 
Hydrodynamic loads onto the solid boundary   is the integral characteristic of the wave 
pressure. Here the following formula is used (Afanasiev & Berezin, 2004):  

  sP p T p d( ) (0)


    (31) 

where p(0)  is initial pressure and p T( )  is the pressure at any other moment T .  
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In the numerical computations the value of the integral (31) is estimated by the formula:  
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s j j
j P

P p T p( ) (0)


    (32) 

where bP  is a set of solid boundary particles. 

5. Nearest neighbour search 
In numerical simulations using the smoothed particle methods it is necessary to determine 
for every particle j  its interacting particles, as all physical characteristics of the fluid are 
estimated over the values at neighbouring particles according to the formula (9). For each 
fluid particle j  its smoothing length jh  is set, determining the radius of interaction with 
neighbours. As it is clear from section 3.1 in smoothed particle methods if particle i  
interacts with particle j  then particle j  interacts with particle i  too, so forming the 
interacting pair. Thus it is necessary to solve a geometrical problem of determination of 
points which are in the circle of radius kh  with the center at the point j  (fig. 1 a). 
 
 

       
a)     b) 

Fig. 1. Nearest neighbour search: a) search area, b) cells for search 

Direct search algorithm has time complexity about O N2( )  operations for procedure of 

determination of all interacting pairs, where N  is the total number of particles in problem 
domain. Here the efficient algorithm, based on rectangular grid construction is 
implemented. 
The idea of the method consists in construction of a grid on each time step which fully 
covers the problem domain. The linear size of grid cells is constant and equals  to: 

 l kh(1 )   (33) 

where 0   and 1  . At next step for each particle its belonging to one of the cells of a 
grid is defined. Then nearest neighbours for particle j  are determined using direct search 
algorithm but only within the adjacent cells (fig. 1 b). 
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In fig. 2 the results of testing the speed of both algorithms are presented (X-axis corresponds 
to total number of particles and Y-axis corresponds to full time search procedure). 
Test calculations were carried out on uniprocessor system: AMD Athlon 2000+, 512 Mb 
RAM. Time of nearest neighbour particle search depending on number of particles for 1000 
time steps was measured. It can be noted that grid algorithm is very efficient and, for 
example, calculations with 8000 fluid particles gives acceleration of about 100. 
 

   
a)     b) 

Fig. 2. Search time for: a) direct search, b) grid algorithm 

For the grid algorithm it is shown that its analytic time complexity is about O N( ) operations 

(Afanasiev et al., 2008)  that agrees well with obtained numerical data (see fig. 2 b).  

6. Testing the methods 
6.1 Poiseuille flow 
This problem is one of the classical tests for viscous fluid flows, because of well-known 
analytical solution for velocity profile. Here two-dimensional non-stationary viscous fluid 
flow between two parallel solid walls is considered. Initially the fluid in the infinite channel, 
bounded with solid walls Г2  and Г4 , is at rest. Motion of fluid particles occurs in 
rectangular domain  , representing the infinite channel, due to difference of pressure at 
opposite open boundaries Г1  and Г3  (fig. 3). On horizontal solid walls Г2  and Г4  the slip 
condition is set (the zero-valued velocity vector).  
 

 
Fig. 3. Problem domain for Poiseuille flow 

Within the problem domain   the fluid motion is described with the simplified momentum 
equation: 
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 out inP Pdv d v

dt L dy
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 

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where in outP  P,  - the pressure at Г1  and Г3  accordingly; , L,   are the density, dynamic 
viscosity and the channel length, H  is the height of the channel. The infinity of the channel 
is simulated by cyclic returning of particles, passed through the right open boundary Г3 , on 
left boundary Г1  with the obtained physical characteristics. Pressure difference is simulated 
by the horizontal volumetric force F, directed from Г1  to Г3 : 
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The analytical solution of above ordinary differential equation with slip boundary 
conditions takes the form (Leonardo et al., 2003): 
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where d H / 2  is the half-height of the channel, /    is the kinematic viscosity and 
the first term in the right hand side is the stationary velocity in the channel when t  . 
For simulations the following values of parameters have been used: 
L H d  d  m42 , 5 10    , the fluid density 3kg/m1000  , the kinematic viscosity 

2 m /s610   (that corresponds to the real viscosity of water 310  kg/(m s)   ) and 
external horizontal force 2F  m/s410 . 
As the velocity profiles for Poisseuille flow obtained with the original SPH method and 
ISPH are very similar, the results are presented only for the original SPH method. In fig. 4 
the velocity profiles for two moments of time are given, where line describes the analytic 
solution (36) and the points show the results by SPH for 2500 fluid particles. Approximately 
at t  s0.6 (fig. 4 b) flow within the channel becomes stationary. In table 1 the numerical 
errors by SPH and ISPH are compared.  
 
 

             
a)     b) 

Fig. 4. Velocity profile for Poiseuille flow: a) t  s0.02 , b) t  s0.6  
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N 225 400 625 900 1600 2500 3600 

Numerical 
error by 
SPH (%) 

12.9 6.9 5.0 3.3 1.4 0.85 0.71 

Numerical 
error by 
ISPH (%) 

2.12 1.67 1.38 1.01 0.86 0.7 0.62 

Table 1. Numerical errors by SPH and ISPH  for different sets of particles 

6.2 Laminar fluid flow along the infinite inclined plane 
The problem is of special interest because it is one of few problems for viscous free surface 
flows, that have an analytic solution. The problem domain is shown in fig. 5 a. The fluid 
flow takes place in a rectangular infinite region  , bounded with solid wall Г1  inclined at 
an angle   to the horizontal surface. Г2  is free surface and initially fluid flow is at rest. 
Fluid flow occurs under gravity force, directed vertically to the horizontal surface. On solid 
boundary Г1  the slip condition is set. 
The formulation can be simplified by performing rotation of the coordinate axes by angle   
so that the X -axis coincides with the horizontal surface.  Considering that the velocity of 
the fluid depends only on the vertical coordinate y : xv v y( ) , the action of gravity can be 
replaced by volumetric horizontal force F , which is the projection of gravity onto X -axis. 
Thus, the problem domain is changed to shown in fig. 5 b. 
For numerical simulations the problem domain has a finite length L  along the X -axis and 
finite height H  along the Y -axis. 
 
 

       
a)     b) 

Fig. 5. Problem domain: a) initial, b) simplified 

The infinity of the channel is modeled by the algorithm described for Poiseuille flow in 
section 6.1. Provided xF gsin , equation of motion with slip boundary conditions is 
written as: 
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 Гv
1

| 0  (38) 

As was mentioned above the problem has stationary analytic solution, that has the 
following form (Slezkin, 1995): 
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   (39) 

In simulations by the smoothed particle methods the non-stationary equations were used 
and the convergence of the non-stationary solutions obtained by SPH and ISPH methods to 
the stationary analytic solution (39) are considered. Parameters used in numerical 
simulations: L H  m310  , density of the fluid 3kg/m1000  , kinematic viscosity 

2 m /s610  , volumetric horizontal force 2
xF  m/s410 . As for previous problem the 

velocity profiles are provided only for the original SPH method (see fig. 6) , where line 
represents the analytic solution and points by SPH for 2500 fluid particles. As it can be seen 
from fig. 6 b the flow becomes stationary approximately at t  s4 . The comparison of 
numerical errors given by SPH and ISPH is presented in table 2 for t  s4 . 
 
 

   
a)     b) 

Fig. 6. Velocity profiles for laminar flow along the incline plane: a) t  s0.075 , b) t  s4  

 
 

N 225 400 625 900 1600 2500 3600 

Numerical error by 
SPH (%) 

11.45 6.28 4.34 2.08 1.11 0.82 0.75 

Numerical error by 
ISPH (%) 

6.89 5.73 4.46 3.62 2.76 2.12 1.79 

Table 2. Numerical errors by SPH and ISPH  for different sets of particles 

6.3 Droplet problem 
At initial moment of time the problem domain   is a circle of incompressible fluid with 
radius r 1  and with center located at the origin of the coordinates (Ovsyannikov, 1967). 
Deformation of a circle into ellipse with semi-axes a t( )  (along y 0 ) and b t( )  (along x 0 ) 
is initiated by the non-zero velocity field:  
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 u t a t a t x v t a t a t y( ) ( ) ( ) ( ) ( ) ( )           x x  (40) 

Incompressibility is provided by constancy of ellipse’s square for any moment of time, that 
is a t b t( ) ( ) 1  . So at any moment of time the form of ellipse is described with the following 
equation: 

 
x

a t y
a t

2
2 2

2 ( ) 1
( )

    (41) 

where a t( )  is taking from the system of ordinary differential equations: 

 
a c

c c a a2 52 ( )

  
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    

 (42) 

with appropriate initial conditions:  

 t ta t c t0 0( ) 1 ( ) 1        (43) 

In simulations using the ISPH method parameter   (in free surface detecting algorithm, see 
section 3.5) and parameter h dx  were varied. The best results were obtained for h dx 1 1    
and 0 75   . The results are provided for these values of mentioned parameters.  
Fourth-order Runge-Kutta method was used for obtaining sample results. The results of 
numerical simulations are provided only for the ISPH method as the results of the original 
SPH are very similar (Afanasiev et al., 2006). The comparison with solution by Runge-Kutta 
is presented on fig. 7. Thin points represent the result by ISPH, thick points – by Runge-
Kutta method. Table 3 shows the comparison of numerical errors by the original SPH 
method and by ISPH for t  s0.8  with different numbers of fluid particles, which 
corresponds to the moment of time for the relation of semi-axes of ellipse 1:2. 
 
 

  
                                           a)                   b) 
 

  
                                           c)                   d) 

Fig. 7. Droplet problem: a) t  s0 43  , b) t  s0 8  , c) t  s1.16 , t  s1.51  
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N 721 1261 2791 4921 7651 

Numerical error by 
SPH (%) 

1.56 0.69 0.21 0.17 0.15 

Numerical error by 
ISPH (%) 

0.56 0.42 0.3 0.22 0.17 

 

Table 3. Numerical errors by SPH and ISPH for different sets of particles 

7. Dam breaking problem 
Dam breaking problem is a classical test for benchmarking the meshless methods. The 
equations (1)-(2) or (5)-(6) are solved depending on the method. The formulation of the 
problem is following (see fig. 8). 
 
 
 
 

 
 

Fig. 8. The problem domain for dam breaking 

At the initial moment of time viscous fluid column gets broken under gravity force and 
starts its motion towards the opposite solid wall of the basin. When the fluid flow reaches 
the wall the wave is forming at the backoff and at a certain moment of time it breaks. For 
numerical simulation of the problem the following values of physical characteristics were 
used: 3 kg/m1000   – the fluid density, 6 210  m /s   – the kinematic viscosity. Fig. 9 
presents flow charts, colored by pressure field and obtained using SPH (a, c, e) and ISPH (b, 
d, f) at different moments of time: t  s0.195  (a, b), t  s0.278  (c, d) and t  s0.593  (e, f). 
The obtained smooth pressure field allows to estimate the hydrodynamic loads on the left 
and right solid walls of the basin, the time charts of which are shown in fig. 10. In the 
simulations by the ISPH method the turbulent viscous forces were taken into account. As it 
is pointed out by Lee (Lee et al., 2008), the additional turbulent viscosity makes pressure 
field smoother. Here the Boussinesq assumption for enclosure Reynolds-averaged Navier-
Stokes equations was used along with mixing length model of Prandtl for the turbulent 
viscosity coefficient (Lee et al., 2008). Stability of calculations by the original SPH method 
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are provided by the additional artificial viscosity. Smooth pressure field is a result of 
utilizing the special techniques, proposed in section 3.7. The difference between the time 
charts of hydrodynamic loads obtained by SPH and ISPH may be explained probably by the 
effect of turbulence in the ISPH method. However this is the subject for future work. 
 
 
 
 
 
 

   
a)      b) 

 

   
c)     d) 

 

    
e)     f) 

 
 
 

Fig. 9. Flow charts colored by pressure field: a, c, e) by SPH; b, d, f) by ISPH 
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a)     b) 

 

   
c)     d) 

 

   
e)     f) 

Fig. 10. Time charts of hydrodynamic loads: a, c, e) on the left wall; b, d, f) on the right wall 

8. Conclusion 
As it follows from the results of simulation of dam breaking problem using SPH and ISPH, 
the both methods demonstrate good results in pressure field calculation. The time charts of 
hydrodynamic loads on the solid walls of the basin show good agreement, what proves 
their correctness. It can be concluded that the smoothed particle methods allow obtaining 
correct hydrodynamic loads in the case of large deformations of free surface and can be used 
for problems of that type. As some differences between hydrodynamic loads obtained on 
one side by SPH and on the other side by the ISPH method is observed, explanation of this 
fact becomes a subject for future work. It is also planned to analyse the influence of 
turbulent forces onto the hydrodynamic loads. 
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1. Introduction 
Fluid motion is often numerically reproduced by means of grid-based methods such as 
Finite Difference Methods (FDMs) and Finite Elements Methods (FEMs). However, these 
techniques exhibit difficulties, mainly related to the presence of time-dependent boundaries, 
large domain deformations or mesh generation. This chapter describes a relatively recent 
meshfree and pure Lagrangian technique, the Smoothed Particle Hydrodynamics (SPH) 
method, which overcomes the above mentioned limitations. Its original frame has been 
developed in 1977 by (Gingold and Monaghan, 1977) and independently by (Lucy, 1977) for 
astrophysical applications. Since then, a number of modifications to ensure completeness 
and accuracy have been yielded, in order to solve the main drawbacks of the primitive form 
of the method.  
Because a calculation is based on short-range particle interactions, it is essential to limit the 
computational costs related to the neighbourhood definition. Available searching algorithms 
are then presented and discussed.  
Finally, some practical applications are presented, primarily concerning free surface flows. 
The capability to easily handle large deformations is shown. 

2. Basic formulation of the SPH method 
Governing equations describing the motion of fluids, are usually given as a set of Partial 
Differential Equations (PDEs). These are discretized by replacing the derivative operators 
with equivalent integral operators (the so called integral representation or kernel 
approximation) that are in turn approximated on the particle location (particle 
approximation). 
Next paragraph 2.1 gives further details about these two steps, with reference to a generic 
field f(xሬԦ	) depending on the location point xሬԦ		nd, whereas paragraph 2.2 provides more 
specific details concerning the treatment of Navier-Stokes equations. 

2.1 Approximation of a field f(x) and its spatial gradient 
Following the concept of integral representation, any generic continuous function f(xሬԦ) can be 
obtained using the Dirac delta functional  , centered at the point xሬԦ (Fig. 1) as 
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Fig. 1. Dirac delta function centered at the point x (for one dimensional problems). 

 fሺxሬԦሻ =׬ fሺyሬԦሻ ൫xሬԦ	- yሬሬሬԦ൯dy (1) 

where  represents the domain of definition of f and  x,y . Replacing  with a smoothing 
function W(x - y, h), eq. (1) can be approximated as 

 fIሺxሬԦሻ =׬ fሺyሬԦሻ W൫xሬԦ	- yሬሬሬԦ,	h൯dy (2) 

in which W is the so called smoothing kernel function or simply kernel and h, acting as 
spatial scale, is the smoothing length defining the influence area where W is not zero. While 
eq. (1) yields an exact formulation for the function f(xሬԦ), eq. (2) is only an approximation. The 
definition of W is a key point in the SPH method since it establishes the accuracy of the 
approximating function f(xሬԦ) as well as the efficiency of the calculation. Note that the kernel 
approximation operator is marked by the index I. 
The kernel function W has to satisfy several properties (Monaghan, 1988; Vila, 1999). The 
following condition 

׬  W൫xሬԦ	- yሬሬሬԦ,	h൯dy = 1 (3) 

is known as partition of unity (or the zero-order consistency) as the integration of the 
smoothing function must yield the unity. Since W mimics the delta function, eq. (3) can be 
rewritten as a limit condition in which the smoothing length tends to zero 

 limh→0 W൫xሬԦ	- yሬሬሬԦ, h൯→ δ൫xሬԦ	- yሬሬሬԦ൯ (4) 

Still, W has to be defined even, positive and radial symmetric on the compact support (Fig. 2) 

 W൫xሬԦ	-	yሬሬሬԦ, h൯ = W൫yሬԦ	-	xሬሬԦ, h൯ = W൫หxሬԦ	-	yሬሬሬԦห, h൯ > 0 หxሬԦ	-	yሬሬሬԦห < φ·h (5a) 

 W൫xሬԦ	-	yሬሬሬԦ, h൯ =0 otherwhise	 (5b) 

where  is a positive quantity. A large number of kernel functions are examined in 
literature, e.g. quadratic to quintic polynomials, Gaussian etc. Among the others (Liu & Liu, 
2003), a smoothing function satisfying the above condition is the cubic spline based kernel 
(Monaghan & Lattanzio, 1985) defined as: 
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W = Aሺndሻ ቀ2

3
-q2+ q3

3
ቁ 0 ≤ q < 1

W = Aሺndሻ൫2-q൯3
1 ≤ q < 2

W = 0 otherwise (6) 

where  = 2, A(nd), depending on the number of dimensions nd, denotes a scaling factor that 
ensures the consistency of eq. (3) whereas q denotes the dimensionless distance หxሬԦ	-	yሬሬሬԦห h⁄ . 
 
 

 
 
Fig. 2. Typical shape of the smoothing function W 

Knowing the function f carried by a collection of moving particles, the integral 
representation given by eq. (2) can be converted into a discretized summation over all 
particle N within the compact support (Fig. 2), yielding the particle approximation 

      
N

k
a k k

kk 1

m
f   f W     , h



 
x x x x

   
 (7) 

where the index k refers to particles within the compact support (see bold ones in Fig. 2), 
with mass mk and density k being carried. Note that in this case the particle approximation 
is marked by the index a. The subscript will be avoided from now on. 
The presence of these two variables allows SPH to be easily and conveniently applied to 
hydrodynamics problems. The smooth estimate eq. (7) can be referred to a generic particle 
occupying the position xሬԦi, as follow 

  
N

k
i i k ik

kk 1

m
f   f   f W



 
x


 (8) 
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where Wik is the abbreviation of  i kW     , hx x
 

. Particle approximation of spatial derivatives 
of a field function, such as divergence and gradient, is determined using the gradient of the 
kernel function rather than from the derivatives of the function itself 

 
N

k
i k i ik

kk 1

m
W

ρ

   f f
  

 (9) 

  
N

k
i i k i ik

kk 1

m
f     f   f W

ρ

   x
  

 (10) 

where the nabla operator is referred to the location of particle I. The symbol “·” denotes the 
dot product. Eqs. (9)-(10) offer the great advantage of estimating their left hand side in term 
of the kernel gradient, i.e. allowing no special hypotheses on the particular field function 
(vector in the first case, scalar in the latter). 
A different formulation of the spatial derivative in eq. (9) can be achieved introducing the 
following identity (Liu and Liu, 2003) 

       1
     –         

f x f x f x
      

 (11) 

inside the integral in eq. (2), yielding in this case 

  
N

i k k i i ik
i k 1

1
m   W



    
 f f f

   
 (12) 

Likewise the divergence, another particle approximation of the gradient can be derived, 
taking into account the following equation 

      
2

f f
f        

       
   

x x
x

   
 (13) 

yielding 

 
N

k i
i i j i ik2 2

k 1 k i

f f
f   ρ m W

ρ ρ

 
     

 


 
 (14) 

Since the field function on the right hand side of Eqs. (12) and (14) appears in the form of 
paired particles, such equations are conveniently employed in fluid dynamics, allowing the 
conservation of linear and angular momentum. 

2.2 SPH-form of governing equations 
The mostly used governing laws ruling fluid motion are the Navier-Stokes equations, which 
specify that mass and linear momentum (also expressed in Newton’s second law which state 
that the rate of change of the momentum of a particle is proportional to the resultant force 
acting on the particle) are preserved. Conservation laws in Lagrangian form are in the 
following provided 
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d

   
dt

 v

 
 (15a) 

 
d p

   
dt


   


v

v f
 

 (15b) 

in which  and vሬԦ are respectively the density and velocity field, p is the isotropic pressure,  
the laminar kinematic viscosity and fԦ the external force. 
Different approaches (Monaghan, 1994; Liu and Liu, 2003; Oger et al., 2007) are available in 
order to derive the density particle approximation of the continuity equation (15.a) and 
momentum equation (15.b). For instance, referring to eq. (12), the density rate at particle i 
can be approximated as follows 

  
N

i
k k i i ik

k 1

dρ
  m   W

dt 

   v v
 

 (16) 

The SPH formulation of the velocity variation can be deduced from eq. (14) 

 
N

ki i
k i ik2 2

k 1 k i

pd p
  m W

dt ρ ρ

 
      

 
v

f
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 (17) 

An artificial viscosity term (Monaghan & Gingold, 1983) can be added in eq. (14), allowing 
shock waves to be properly simulated (Liu et al., 2003a), damping spurious oscillation near 
the fronts 

 
N

ki i
k ik i ik2 2

k 1 k i

pd p
  m W

dt ρ ρ

 
        

 
v

f
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 (18) 

The dissipative term above introduced is the most general viscosity used in SPH 
computations, since it provides good results when modelling shock fronts and prevents 
interparticle penetration ( term in eq. (19)). It is defined as 

 

2
ik ik ik

ik ik ik
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ik

     
  when       0 

ρ
 0 otherwise

c




   
  



v x
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 (19) 

where 

 ik ik
ik 2 2

ik

h    
   
 

 
 

v x
x


  (20) 

The notation aത୧୩= ሺai+akሻ 2⁄ , b୧୩=bi-bk is introduced above. Term c refers to the speed of sound 
which magnitude has conveniently to be at least ten times greater than the maximum estimate 
of the scalar velocity field (Monaghan, 1994),  = 0.1h is employed to prevent numerical 
divergences when two particle are approaching.  typically ranges from 0 to 0.01, depending 
on how viscous is the fluid. When other approaches for reproducing shear stresses are taking 
in, e.g. (Cleary, 1998), then it is not necessary to employ the first term inside eq. (19). 
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Problem closure is achieved by combining conservation equations in discrete form (16), (18) 
with an equation of state, when the weakly compressible scheme is adopted (Lee et al., 
2010). A relationship between pressure and density is given by (Dymond & Malhotra, 1988) 

 
2
0 0 i

i
0

c    
p      1

      
    

 (21) 

where c0 is the reference speed of sound, large enough to guarantee Mach numbers lower 
than 0.1 0.01, γ = 7, ρ0 = 1000kg/m3, if the liquid is water. 

3. Completeness and accuracy of the SPH method 
In SPH the consistency order of a function (or more properly completeness or reproducing 
conditions) means the order of a polynomial required to evaluate the function exactly, when 
using values carried by particles. Next section 3.1 deals with how restoring consistency to j-
th order, while section 3.2 provides some aspects related to the spatial scale h, which has a 
strong influence on the accuracy. 

3.1 J-th order consistency 
Zero-order consistency for particle approximation is attained when the smoothing kernel 
satisfies eq. (3) in discrete form 

  
N

k
k

kk 1

m
W     , h  1



 
 x x

 
 (22) 

together with 

  
N

k
i k

kk 1

m
W     , h  0



  
 x x
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 (23) 

Eqs. (22), (23) are satisfied when a corrected smoothing function, e.g. the Shepard function 
(Bonet et al., 2004) is adopted. 

    kW  S x W     , hS  x x
 

 (24) 

where    
N

1 k
k

kk 1

m
S W     , h



 
x x x

  
. Still, Eqs. (22), (23) are not satisfied in the case of the 

evaluation near the boundaries, where kernel truncation yields a lack of interpolation or 
when particles are exceedingly disordered.  
There are several ways to restore higher order consistency conditions. j-th order consistency 
(j ≥ 1) is achieved with updated versions of the original SPH method, e.g. Reproducing 
Kernel Particle Method (Chen et al., 2000; Liu et. al., 1995), Element Free Galerkin Mehod 
(Belytschko et. al., 1994; Krongauz & Belytschko 1997), Moving Least Square Particle 
Hydrodynamics (Dilts, 1999). An interesting method to ensure j-th order consistency has 
been proposed by (Liu et al., 2003b). Using the Taylor series expansion for the kernel  
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and introducing the above equation in the following set, representing the reproducing 
condition of a function to the j-th accuracy in integral form (Liu and Liu, 2003) 
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a discretized consistency condition to j-th order is ensured by the resulting set 
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posing 
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eqs. (27) can be rewritten in a matrix fashion, such as 
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which solution yields the j+1 coefficients G୨ሺxሬԦ, hሻ. While the restoring condition to j-th 
order is ensured by eqs. (27), still some open issues arise. First of all, the corrected kernel 
may not be symmetric, in contrast with the requirements stated in eq. (5.a). Second, it 



 
Hydrodynamics – Optimizing Methods and Tools 76

might be negative somewhere, which may produce unphysical field results (e.g. non 
positive density). Finally, it might show secondary peaks aside the central (see Fig. 2), 
hence affecting the internal force between two approaching particles. Consequently, 
special care has to be taken when simulating flows with corrected version of SPH. 
Concerning the stability of SPH, a pioneering work is given by (Swegle et al., 1994), whose 
results have then been confirmed by (Randles et al., 1999) and independently by 
(Belytschko,  & Xiao, 2002). 

3.2 Variable smoothing length 
The introduced smoothing length h is crucial for the accuracy of the particle approximation. 
When h is too large, carried particle properties are excessively smoothed out in space, 
affecting the accuracy. Vice versa, too small values determine a little number of computing 
particles inside the compact support, determining a lack of interpolation. In SPH 
computations, h may be kept fixed or variable in time and space. Since the carried particle’s 
mass is usually constant, the number of neighbouring particles inside the support domain 
should not vary, according to the following 

 
d

1
n

0
0h  h
 

   
 (30) 

where h0 and 0 are respectively the reference smoothing length and density. When h is 
chosen to be variable, special concern must be taken with reference to the third law of 
Newton (action – reaction principle). Indeed, if computing particles a and b have different ha 
and hb, then their compact supports are not the same, causing different exerting forces 
between such pairs. Symmetry of particle interactions must then be preserved. This 
condition can be achieved, taking into account a symmetrised smoothing length, as 
proposed by (Benz, 1989) 

 a b
ab

h h
h  

2


  (31) 

Others approaches exist to ensure symmetry (e.g. the geometric average instead of the 
arithmetic average). 

4. Neighbouring search methods 
A limitation of SPH is that a single computation becomes very demanding in terms of 
running time as the number of particle increases. For each particle, since the integration of 
the governing equations is carried out on a limited number of adjacent particles located 
inside a cut-off distance rc = h, a large part of the computational burden depends on the 
actual searching procedure of the neighbouring particles. It is therefore crucial that efficient 
methods are adopted for such a search. The cut-off radius is indeed  much lower than the 
typical domain’s spatial dimension, hence the number of neighbouring particles N is a little 
fraction of the total number Ntot. Straightforward determination of which particles are inside 
the interaction range would require the calculation of all pair-wise distances, a procedure 
whose computational burden would be  of the order O(Ntot2), and therefore unpractical or 
totally impossible for large problems. 
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Two main approaches have been developed  in the past in order to reduce the unnecessary 
computation of distances: the first based on dynamically storing each particle’s 
neighborhood list, namely the Verlet list (Verlet L, 1967), and the second based on a 
framework of fixed cells (Allen and Tildesley, 2000). The first dataset gathers  the NV,i , i = 
1,…,N, neighbours contained in a range rv slightly greater than the cut off distance rc (Fig. 3). 
 

 
Fig. 3. Verlet list definition for the fluid particle “i”; particles marked with a cross  between 
rc and rv, are included in the list but they do not give any contribution to the hydrodynamics 
properties of the targered particle. 

The condition NV,i << Ntot, will still hold, as long as  rv is small enough, even though – 
obviously – the  number of neighbouring particles stored in the list is greater  than those 
strictly required. The difference rv – rc = Vskin represents a sort of safety  “skin” around the 
cut-off distance rc and contains some elements which are initially unnecessary for the 
definition of the ith particle’s properties, as shown by particles marked with a cross in Fig. 3. 
This takes into account the possibility that some or all of them will cross the interaction 
sphere and thus become part of the neighbourhood in the following time steps. 
With this approach the list is kept unchanged for some time steps, till a “refresh condition” 
is established. A number of criteria have evolved over the years as a condition to activate the 
list refresh operation, mostly based on the maximum possible distance traveled by the 
particle (Chialvo & Debenedetti, 1983; Blink and  Hoover, 1985). The latter approach sets a 
partition of the physical space into fixed cells so that, for each particle, the neighbouring 
search only has to be performed within the surrounding particles, i.e. those inside the cell 
where the current particle is located and in the 8 (for 2D problems) or 26 (3D) adjoining 
ones. In order to define the neighbourhood, a data structure must be created so that each 
moving particle is connected to the grid cell it is located in; such a structure (linked-cell list) 
must be renewed at each time step, a relatively straightforward operation of O(Ntot) 
complexity.  
For this approach, as for the Verlet list method, the overall efficiency depends very much on 
the choice of parameters, balancing the size of the cells against their total number. Large 
cells imply a longer neighborhood search, while a greater number requires a longer data 
structure reconstruction. (Viccione et al., 2008) carried a numerical sensitivity analysis on the 
efficiency of the two procedures as function of the key spatial parameters, that is the Verlet 
list skin and the cell size. The most relevant results are shown in the following figures 

i
rcrv

j
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=rv/rc s s/s,b tot tot/tot,b

 

1 16.36 1.00 18.23 1 
1.1 14.75 0.90 16.65 0.91 
1.2 12.43 0.76 14.36 0.79 
1.3 11.57 0.71 13.48 0.74 
1.4 13.74 0.84 15.63 0.86 
1.5 15.23 0.93 17.17 0.94 

Fig. 4.a 

=rv/rc s s/s,b tot tot/tot,b

 

1 9.45 0.58 11.27 0.62 
1.1 8.23 0.50 10.07 0.55 
1.2 7.65 0.47 9.48 0.52 
1.3 6.84 0.42 8.69 0.48 
1.4 7.85 0.48 9.61 0.53 
1.5 8.98 0.55 10.83 0.59 

Fig. 4.b 

=rv/rc s s/s,b tot tot/tot,b

 

1 4.78 0.29 6.57 0.36 
1.1 4.38 0.27 6.23 0.34 
1.2 3.66 0.22 5.5 0.30 
1.3 3.19 0.19 5.03 0.28 
1.4 3.86 0.24 5.71 0.31 
1.5 4.55 0.28 6.39 0.35 

Fig. 4.c 

=rv/rc s s/s,b tot tot/tot,b

 

1 3.11 0.19 4.94 0.27 
1.1 2.99 0.18 4.81 0.26 
1.2 2.78 0.17 4.62 0.25 
1.3 2.64 0.16 4.47 0.25 
1.4 2.85 0.17 4.68 0.26 
1.5 3.05 0.19 4.89 0.27 

Fig. 4.d 

Fig. 4.a. refers to the case with no fixed cell structure. Here obviously the “Verlet list” 
procedure is highly beneficial, even though it appears that the size of the list must be 
carefully chosen, in order to fully exploit it effects. Figs. 4.b to 4.d show different 
computational times, depending on the cell size. Figure 5, gives a better insight of the 
results, showing the non-dimensional running cost trend s/s,b. As can be seen, minimum 
is achieved for a certain grid size.  
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Fig. 5. Comparison among different cell sizes. 

It appears that while both the linked cell list and the Verlet list do relieve the computational 
time, the comparative advantage of the linked cell increases to the point where it is 
practically of no use whatsoever.  
Later on, (Domínguez et. al., 2010) proposed an innovative searching algorithm based on a 
dynamic updating of the Verlet list yielding more satisfying results in term of computational 
time and memory requirements. 

5. Applications of the SPH method 
Smoothed Particle Hydrodynamics has been applied to a number of cases involving free 
surfaces flows.  

5.1 Slamming loads on a vertical structure 
The case of a sudden fluid impact on a vertical wall (Peregrine, 2003) has been  examinated on 
a geometrically simple set up. (Viccione et al., 2009) shown how such kind of phenomenon is 
strongly affected by fluid compressibility, especially during the first stages. A fluid mass, 
0.50m high and 4.00m long, moving with an initial velocity v0 = 10m/s is discretized into a 
collection of 20.000 particles whith an interparticle distance d0 = 0.01m. The resulting mass is at 
a close distance to the vertical wall, so the impact process takes place after few timesteps (Fig. 
6). Timestep is automatically adjusted to satisfy the Courant limit of stability. 
 

 
Fig. 6. Initial conditions with fluid particles (blue dots) approaching the wall (green dots) 

The following Fig. 7 shows the results in terms of pressure at different times.  
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t = 0.0005sec    t = 0.001sec   

 

 
t =  0.002sec    t = 0.005sec   

 

 
t =  0.009sec    t = 0.020sec   

Fig. 7. Pressure contour as the impact progress takes place. 

The rising and the following evolution of high pressure values is clearly evident. The order 
of magnitude is about 106 Pa, as it would be expected according to the Jokowski formula p 
= ρ C0 Δv, with v = v0 = 10m/s. After about 1/100 seconds most of the Jokowsky like 
pressure peak, generated by the sudden impact with the surface, disappeared, following 
that, the pressure starts building up again at a slower rate. 

5.2 Simulating triggering and evolution of debris-flows with SPH 
The capability into simulating debris-flow initiation and following movement with the 
Smoothed Particle Hydrodynamics is here investigated. The available domain taken from an 
existing slope, has been discretized with a reference distance being d0=2.5m and particles 
forming triangles as equilateral as possible. A single layer of moving particles has been laid 
on the upper part of the slope (blue region in Fig. 8). 
Triggering is here settled randomly, releasing a particle located in the upper part of a slope, 
while all the remaining ones are initially frozen. Motion is then related to the achievement of 
a pressure threshold plim (Fig. 9). The resulting process is like a domino effect or a cascading 
failure. While some particles are moving, they may approach others initially still, to the 
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point for which the relative distance yields a pressure greater than the threshold value. Once 
reached such point, those neighbouring particles, previously fixed, are then set free to move. 
Runout velocity is instead controlled by handling the shear stress bed with the fixed bed.  
 

 
Fig. 8. Spatial discretization. Red circles represent the area where local triggering is imposed. 
 

 
Fig. 9. Neighbour particle destabilization. a) Particle “i” is approaching the neighbour 
particle “j”. b) Despite the relative distance “|rij|” is decreased, particle “j” is still fixed 
because pij< plim. c) Particle “j” is set free to move because the pressure “pij” has reached the 
threshold value “plim”. 

Next Figures show three instants for each SPH based simulation, with the indication of the 
volume mobilized. 
 

      
Fig. 10. PT1 Particle triggered zone, limit pressure plim = 300kgf /cm2(left side), plim = 200kgf 
/cm2 (right side), viscosity coefficient bed=0.1. 

PT1
PT2

PT3

t = 50 secs t = 150 secs t = 100 secs t = 50 secst = 100 secs t = 150 secs 
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Fig. 11. PT2 Particle triggered zone, limit pressure plim = 300kgf /cm2(left side), plim = 200kgf 
/cm2 (right side), viscosity coefficient bed=0.1. 
 

         
Fig. 12. PT3 Particle triggered zone, limit pressure plim = 300kgf /cm2(left side), plim = 200kgf 
/cm2 (right side), viscosity coefficient bed=0.1. 

As can been seen from the above Figures 10 to 12, by varying the location of the triggering 
area and the limit pressure plim, the condition of motion are quite different. More 
specifically, the mobilized area increases when the isotropic pressure plim decreases. 

6. Conclusion 
Recent theoretical developments and practical applications of the Smoothed Particle 
Hydrodynamics (SPH) method have been discussed, with specific concern to liquids. The 
main advantage is the capability of simulating the computational domain with large 
deformations and high discontinuities, bearing no numerical diffusion because advection 
terms are directly evaluated. 
Recent achievements of SPH have been presented, concerning (1) numerical schemes for 
approximating Navier Stokes governing equations, (2) smoothing or kernel function 
properties needed to perform the function approximation to the Nth order, (3) restoring 
consistency of kernel and particle approximation, yielding the SPH approximation accuracy. 

t = 50 secs t = 100 secs t = 150 secs t = 50 secs t = 100 secs t t = 150 secs 

t = 50 secs t = 100 secs t = 150 secs t = 50 secs t = 100 secs t = 150 secs 
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Also, computation aspects related to the neighbourhood definition have been discussed. Field 
variables, such as particle velocity or density, have been evaluated by smoothing interpolation 
of the corresponding values over the nearest neighbour particles located inside a cut-off radius 
“rc” The generation of a neighbour list at each time step takes a considerable portion of CPU 
time. Straightforward determination of which particles are inside the interaction range 
requires the computation of all pair-wise distances, a procedure whose computational time 
would be of the order O(N2), and therefore unpractical for large domains.  
Lastly, applications of SPH in fluid hydrodynamics concerning wave slamming and propagation 
of debris flows have been discussed. These phenomena – involving complex geometries and 
rapidly-varied free surfaces - are of great importance in science and technology. 
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1. Introduction 
The importance of modeling liquid drops collisions (see figure 1) is due to the existence of 
natural and engineering process where it is useful to understand the droplets dynamics in 
specific phenomena. Examples of applications are the combustion of fuel sprays, spray 
coating, emulsification, waste treatment and raindrop formation (Bozzano & Dente, 2010; 
Bradley & Stow, 1978;Park & Blair, 1975; Rourke & Bracco, 1980; Shah et al., 1972). 
In this study we apply the Smoothed Particle Hydrodynamics method (SPH) to simulate for 
the first time the hydrodynamic collision of liquid drops on a vacuum environment in a 
three-dimensional space. When two drops collide a circular flat film is formed, and for 
sufficiently energetic collisions the evolution of the dynamics leads to a broken interface and 
to a bigger drop as a result of coalescence. We have shown that the SPH method can be 
useful to simulate in 3D this kind of process. As a result of the collision between the droplets 
the formation of a circular flat film is observed and depending on the approach velocity 
between the droplets different scenarios may arise: (i) if the film formed on the droplets 
collision is stable, then flocks of attached drops can appear; (ii) if the attractive interaction 
across the interfacial film is predominant, then the film is unstable and ruptures may occur 
leading to the formation of a bigger drop (permanent coalescence); (iii) under certain 
conditions the drops can rebound and the emulsion will be stable. Another possible scenario 
when two drops collide in a vacuum environment is the fragmentation of the drops. 
Many studies has been proposed for the numerical simulation of the coalescence and break 
up of droplets (Azizi & Al Taweel, 2010; Cristini et al., 2001; Decent et al., 2006; Eggers et al., 
1999; Foote ,1974; Jia et al., 2006; Mashayek et al., 2003; Narsimhan, 2004; Nobari et al., 1996; 
Pan & Suga, 2005; Roisman, 2004; Roisman et al., 2009; Sun et al., 2009; Xing et al., 2007; 
Yoon et al., 2007). In these studies, the authors propose different methods to approach the 
dynamics of liquid drops by a numerical integration of the Navier-Stokes equations. These 
examine the motion of droplets and the dynamics that it follows in time and study the liquid 
bridge that arises when two drops collide. The effects of parameters such as Reynolds 
number, impact velocity, drop size ratio and internal circulation are investigated and 
different regimes for droplets collisions are simulated. In some cases, those calculations 
yield results corresponding to four regimes of binary collisions: bouncing, coalescence, 
reflexive separation and stretching separation. These numerical simulations suggest that the 
collisions that lead to rebound between the drops are governed by macroscopic dynamics. 
In these simulations the mechanism of formation of satellite drops was also studied, 
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confirming that the principal cause of the formation of satellite drops is the “end pinching” 
while the capillary wave instabilities are the dominant feature in cases where a large value 
of the parameter impact is employed.  
Experimental studies on the coalescence process involving the production of satellite 
droplets has been reported in the literature (Ashgriz & Givi, 1987, 1989; Brenn & Frohn, 
1989; Brenn & Kolobaric, 2006; Zhang et al., 2009). These authors found out that when the 
Weber number increases, the collision takes the form of a high-energy one and results of 
different type may arise. In these references the results show that the collision of the 
droplets can be bouncing, grazing and generating satellite drops. Based on data from 
experiments on the formation and breaking up of ligaments, the process of satellite droplets 
formation is modeled by these authors and the experiments are carried out using various 
liquid streams. On the other hand, for Weber numbers corresponding to a high-energy 
collision, permanent coalescence occurs and the bigger drop is deformed producing satellite 
drops. Experimental studies on the binary collision of droplets for a wide range of Weber 
numbers and impact parameters have been carried out and reported in the literature 
(Ashgriz & Poo, 1990; Gotaas et al., 2007b; Menchaca-Rocha et al., 1997; Qian & Law, 1997). 
These authors identified two types of collisions leading to drops separation, which can be 
reflexive or stretching separation. It was found that the reflexive separation occurs for head-
on collisions, while stretching separation occurs for high values of the impact parameter. 
Carrying out Experiments, the authors reported the transition between two types of 
separation, and also collisions that lead to coalescence. In these references experimental 
investigations of the transition between different regimes of collisions were reported. The 
authors analyzed the results using photographic images, which showed the evolution of the 
dynamics exhibited by the droplets. As a result of these experiments were proposed five 
different regimes governing the collision between droplets: (i) coalescence after a small 
deformation, (ii) bouncing, (iii) coalescence after substantial deformation, (iv) coalescence 
followed by separation for head-on collisions, and (v) coalescence followed by separation 
for off-center collisions. 
Li (1994) and Chen (1985) studied the coalescence of two small bubbles or drops using a 
model for the dynamics of the thinning film in which both, London-van der Waals and 
electrostatic double layer forces, are taken into account. Li (1994) proposes a general 
expression for the coalescence time in the absence of the electrostatic double layer forces. 
The model proposed by Chen (1985), depending on the radius of the drops and the physical 
properties of the fluids and surfaces, describes the film profile evolution and predicts the 
film stability, time scale and film thickness. 
The dynamics of collision between equal-sized liquid drops of organic substances has also 
been reported in the literature (Ashgriz & Givi, 1987, 1989; Gotaas et al., 2007a; Jiang et al., 
1992; Podgorska, 2007). They reported the experimental results of the collision of water 
and normal-alkane droplets in the radius range of 150 m. These results showed that for 
the studied range of Weber numbers, the behavior of hydrocarbon droplets is more 
complex than the observed for water droplets. For water droplets head-on collisions, 
permanent coalescence always result. Experimental studies on the different ways in which 
may occur the coalescence of drops, have been performed by different authors (Gokhale et 
al., 2004; Leal, 2004; Menchaca-Rocha et al., 2001; Mohamed-Kassim & Longmire, 2004; 
Thoroddsen et al., 2007; Wang et al., 2009; Wu et al., 2004). In these studies are reported 
the evolution in time of the surface shape as well as a broad view of the contact region 
between the droplets.  
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Tartakovsky & Meakin (2005) have shown that the artificial surface tension that emerge 
from the standard formulation of the Smoothed Particle Hydrodynamics (SPH) method 
(Gingold & Monaghan, 1977) could be eliminated by using SPH equations based on the 
number density of particles instead of the density of particles in the fluid. The contribution 
of Tartakovsky & Meakin (2005) could be very useful when modeling the hydrodynamic 
interaction of drops in liquid emulsions. Combining these schemes with some continuous-
discrete hybrid approach (Cui et al., 2006; Koumoutsakos, 2005; Li et al., 1998; Nie et al., 
2004; O’Connell & Thompson, 1995) it could be constructed an interesting model to discuss 
the collapse and disappearance of the interfacial film in emulsion media (Bibette et al., 1992; 
Ivanov & Dimitrov, 1988; Ivanov & Kralchevsky, 1997; Kabalnov & Wennerström, 1996; 
Sharma & Ruckenstein, 1987). Ivanov & Kralchevsky (1997) conducted a study on the 
possible outcomes for the collision of liquid droplets in emulsions. According to this study, 
when the collision between two drops occurs, an interfacial film of flat circular section is 
formed, and coalescence or flocculation may arise (Ivanov & Kralchevsky, 1997). These 
authors did not carry out the hydrodynamical modeling of collision between drops. Instead, 
they discuss thermodynamics and hydrodynamics aspects of the problem and raise some 
possible outcomes when two liquid droplets collide. 
In this work we apply the SPH method to simulate for the first time in three-dimensional 
space the hydrodynamic coalescence collision of liquid drops in a vacuum environment. 
This method is employed in order to obtaining approximate numerical solutions of the 
equations of fluid dynamics by replacing the fluid with a set of particles. These particles 
may be interpreted as corresponding to interpolation points from which properties of the 
fluid can be determined. Each SPH particle can be considered as a system of smaller 
particles. The SPH method is particularly useful when the fluid motion produce big 
deformations and a large velocity of the whole fluid.  
All our calculations were performed defining inside the SPH code two drops composed by 
4700 SPH particles, running on a Dell Work Station with 8 processors Intel Xeon of 3.33 Ghz 
with 32.0 GB of RAM memory. 

2. Smoothed particle hydrodynamics method  
The SPH method was invented first and simultaneously by Lucy, (1977) and Gingold & 
Monaghan (1977) to solve astrophysical problems. This method has been used to study a 
range of astrophysical topics including formation of galaxies, formation of stars, 
supernovas, stellar collisions, and so on. This method has the advantage that if you want to 
model more than one material, the interface problems arising can be modeled easily, while 
they are hard to model using other methods based on finite differences. An additional 
advantage is that SPH method can be considered as a bridge between continuous and 
fragmented material, which makes it one of the best method to study problems of 
fragmentation in solids (Benz & Asphaug, 1994, 1995). Another feature that makes the SPH 
method attractive is that it yields solutions depending on space and time, making it versatile 
for treating a wide variety of problems in physics. Furthermore, given the similarity 
between SPH and molecular dynamics, combination of these two methods can be used to 
treat complex problems in systems that differ considerably in their length scales. The 
easiness of the method to be adaptable and their Lagrangian character make of SPH one of 
the most popular among existing numerical methods used for modeling fluids. On the other 
hand, the SPH method can be used to describe the dynamics of deformable bodies (Desbrun 
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& Gascuel, 1996). Currently there are several applications of SPH in different areas related to 
fluid dynamics, such as: incompressible flows, elastic flows, multiphase flows, supersonic 
flows, shock wave simulation, heat transfer, explosive phenomena, and so on (Liu & Liu, 
2003; Monaghan, 1992). A major advantage of SPH is that their physical interpretation is 
relatively simple. 
In the SPH model, the fluid is represented by a discrete set of N particles. The position of the 
ith particle is denoted by the vector ri, i=1,…, N. We start introducing the function As(r), that 
is the smoothed representation of any arbitrary function A(r) (the function A(r) is any 
physical quantity of the hydrodynamical model and As(r) is the smoothed version of this 
quantity). The SPH scheme is based on the idea of a smoothed representation As(r) of the 
continuous function A(r) that can be obtained from the convolution integral 

   .),()()( rrrrr dhWAsA  (1) 

Here h is the smoothing length, and the smoothing function W satisfies the normalization 
condition 

 .1),(  rrr dhW  (2) 

The integration is performed over the whole space. In the limit of h tending to zero, the 
smoothing function W becomes a Dirac delta function, and the smoothed representation 
As(r) tends to A(r).  
In the SPH scheme, the properties associated with particle i, are calculated by 
approximating the integral in eq. (1) by the sum  

 

Ai  V jA jW (ri  r j ,h)
j


 m j
A j
 jj

 W (ri  r j ,h).
 (3) 

Here ∆Vj is the fluid volume associated with particle j, and mj and j are the mass and 
density of the jth particle, respectively. In equation (3), Aj is the value of a physical field A(r) 
on the particle j, and the sum is performed over all particles. Furthermore, the gradient of A 
is calculated using the expression 

 Ai  m j
A j
 jj

 iW (ri  r j ,h).  (4) 

In the equation (3), i/mi can be replaced by the particle number density ni=i/mi, so that 

 Ai 
A j
n j

W (ri  r j ,h).
j
  (5) 

The particle number density can be calculated using the expression 

 ni  W (ri  r j ,h).
j
  (6) 
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The mass density is given by 

 i  m jW (ri  r j ,h)
j
 .  (7) 

Similarly, the gradient can be calculated using the expression 

 Ai 
A j
n j

iW (ri  r j ,h)
j
 . (8) 

The SPH discretization reduces the Navier-Stokes equation to a system of ordinary 
differential equations having the form of Newton's second law of motion for each particle. 
This simplicity allows taking into account a variety of chemical effects with relatively little 
effort in the development of computational codes. Also, since the number of particles 
remains constant in the simulation and the interactions are symmetrical, the mass, 
momentum and energy are conserved exactly, and the systems like dynamic boundaries and 
interfaces can be modeled without too much difficulty. Hoover (1998), and Colagrossi & 
Landrini (2003), used the SPH method to model immiscible flows and found that the 
standard formulation of SPH proposed by Gingold & Monaghan (1977) creates an artificial 
surface tension on the border between the two fluids. Colagrossi & Landrini (2003) put 
forward an SPH formulation for the simulation of interfacial flows, that is, flow fields of 
different fluids separated by interfaces. The scheme proposed for the simulation of 
interfacial flows starts considering that the fluid field is represented by a collection of N 
particles interacting with each other according to evolution equations of the general form 

 

di
dt

 i Mij
j
 ,

dui
dt

 
1
i

Fij
j
  fi ,

dxi
dt

 ui .

 (9) 

The terms Mij and Fij arise from the mass and momentum conservation equations. In the 
equations (9) appear the density i, the velocity ui of the particles, and the force fi can be any 
body force. When there are fluid regions with a sharp density gradient (interfaces), the SPH 
standard formulations must be modified in order to be applied to treat such systems. This 
difficulty can be circumvented using the following discrete approximations 

 

div(ui )  (u j  ui )
j
 W ji

m j
 j

,

Ai  (A j Ai )
j
 W ji

m j
 j

.

 (10) 

Here W is the Kernel or Smoothing Function and A can be any scalar field or continuous 
function. The small difference between the equation (10) and the standard equation that uses 
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mj/i instead mj/j is important for the treatment of the case of small density ratios. On the 
other hand, it can be shown that the pressure gradient can be written as  

 pi  ( p j  pi )
j
 W jidV j .  (11) 

The equation (11) is variationally consistent with eq. (10). In this scheme the terms Mij and Fij 
appearing in eq. (9) are given by the expressions 

 

Mij  (u j  ui ) W ji
m j
 j

,

Fij  ( p j  pi )W ji
m j
 j

.

 (12) 

 
Fig. 1. Definition of the problem: head-on coalescence collision in three dimensions between 
two drops of equal size approaching with a velocity of collision Vcol and radius R in empty 
space. Each drop is composed by 4700 SPH particles. 

A density re-initialization is needed when each particle has a fixed mass, and when the 
number of particles is constant the mass conservation is satisfied. Yet if one uses eq. (9) for 
the density, the consistency between mass, density and occupied area is not satisfied. To 
solve this problem, the density is periodically re-initialized applying the expression  

 i  m jWij
j
 . (13) 
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In this formulation special attention must be paid to the kernel. In fact depending on which 
kernel is used, eq. (13) could introduce additional errors. For this reason a first-order 
interpolation scheme is suitable to re-initialize the density field by using the equation 

 i   jW j
MLS (xi )

j
 dV j  m jW j

MLS (xi )
j
 ,  (14) 

Where MLS
jW  is the moving-least-square kernel.  

The XSPH (Extended Smoothed Particle Hydrodynamics, which is a variant of the SPH 
method for the modeling of free surface flows (Monaghan, 1994)) velocity correction ui is 
introduced to prevent particles inter-penetration (Colagrossi & Landrini, 2003), which takes 
into account the velocity of the neighbor particles using a mean value of the velocity, 
according to the equations  

 ui  ui ui , ui 
 '
2

m j
ijj

 (u j  ui )W ji ,  (15) 

where ij is the mean value of density between the ith and jth particle, and ' is the relative 
change of an arbitrary quantity between simulations (Colagrossi & Landrini, 2003).  
The velocity and acceleration fields are (Liu & Liu, 2003) 

 

dri
dt

 vi ,

dvi


dt
 m j

 i


i
2 

 j


 j
2















j  1

N
 Wij

h ,
 (16)  

where  is the total stress tensor. 
The internal energy evolution is given by the expression (Liu & Liu, 2003) : 

 
dEi
dt


1
2

m j
pi
i

2 
p j

 j
2















j  1

N
 vi

  v j








Wij

xi
 

i
2i

i
i

 ,  (17) 

In the above equation p is the pressure,  is the dynamic viscosity and  is the shear strain 
rate. 
In the present work, our calculations are performed in three dimensions and we use the 
cubic B-spline kernel (Monaghan, 1985). We consider water drops, and the equation of state 
that we use in the hydrodynamical code was a general Mie-Gruneisen form of equation of 
state with different analytic forms for states of compression (/0-1)>0 and tension (/0-
1)<0 (Liu & Liu, 2003). This equation has several parameters, namely the density , the 
reference density 0, and the constants A1, A2, A3, C1 and C2 . The pressure P is 

 P  A1

0

1








A2


0

1










2
A3


0

1










3
if 

0
1









 0  (18) 
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and 

 P C1

0

1








C2


0

1








 if 

0
1









 0. (19) 

In all our calculations we use the following values for the constants: A1=2.20x106 kPa, 
A2=9.54x106 kPa, A3=1.46x107 kPa, C1=2.20x106 kPa, C2=0.00 kPa, and 0=1000.0 Kg/m3. 

3. Coalescence, fragmentation and flocculation of liquid drops in three 
dimensions 
In order to model the collision of liquid drops several calculations were carried out. We 
have varied the velocity of collision for modeling the permanent coalescence of droplets in 
the three dimensional space (3D) in a vacuum environment using the SPH method. In order 
to proceed we have defined drops with diameter of 30μm and 4700 SPH particles for each 
drop with a collision velocity of 1.0 mm/ms. 
In figure 2 is illustrated a sequence of times showing the evolution of the collision between 
two drops (permanent coalescence) with Vcol = 1.0 mm/ms and We= 4.5. The evolution of 
time is shown in milliseconds. It can be seen in this figure that at t=0.0009 ms a flat circular 
section appears (Ivanov & Kralchevsky, 1997), which increases its diameter as dynamics 
progresses. The appearance of this flat circular section has been reported for the case of 
collision of drops in emulsion media (Ivanov & Kralchevsky, 1997), yet in this reference the 
hydrodynamic modeling of the collision of liquid drops is not considered. In the dynamics 
we observe that at t = 0.0053 ms a bridge structure between the two drops appears in the 
region of contact (this bridge is the structure that joins the drops through their flat circular 
interfaces placed in the center of the droplets coalescence), which disappears at a later time 
due to the penetration of particles of one drop into the other. After that, a process of 
coalescence occurs (see figure 2 at t=0.0069 ms) and a bigger drop is formed (see figure 2 at 
t=0.0077ms).  
Figure 3 shows the velocity vector field inside the droplets and in the region of contact 
between them at t=0.004ms. Notice that inside the drops, the fluid tends to a velocity value 
lower than the initial velocity of 1.00 mm/ms, while in the area of contact between the drops 
we observe an increase in the fluid velocity to a value of 1.436 mm/ms. Once the 
coalescence process occurs, the velocity of the fluid inside the drops tends to zero, i.e. the 
largest drop size that is formed after some time tends to equilibrium. This can be seen in 
figure 4 where it is illustrated the time evolution of the kinetic and internal energy of the 
bigger drop. When two drops collide the possible results of the collision (coalescence, 
flocculation or fragmentation of drops) depends only on the kinetic energy and the Weber 
number (We) (Foote, 1974), which is given by  
 

 
2

.
V drWe



  (20) 

 

Here Vr is the difference between the velocities of the drops, d the diameter of the drop, and 
  the surface tension.  
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Fig. 2. Sequence of times showing the evolution of the collision between two drops 
(permanent coalescence) with Vcol = 1.0 mm/ms and We = 4.5. The time scale is given in 
milliseconds. 
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From the values of density, relative velocity, droplet diameter and surface tension we obtain 
the Weber number. The Surface tension  is determined using the Laplace equation 

 p r  0  p r    R .  (21) 

The first term p (r = 0) on the left side of the equation (21) is determined at the drop center 
and the second term p (r → ∞) is taken as the vanishing pressure far away from the drop. 
The calculations were made in a vacuum environment and only head-on collisions were 
considered. The value of the pressure at the drop center is 1.78kPa and the Weber number 
for the coalescence collision is We=4.5. Values of the Weber number in the range 1We19 
have been chosen, which corresponds to the range reported by Ashgriz & Poo (1990) for 
experimental head-on collisions and coalescence of water drops.  
 

 
Fig. 3. Velocity vector field for the collision between two drops at t=0.004 ms (permanent 
coalescence process) with Vcol = 1.0 mm/ms and We = 4.5. The time scale is given in 
milliseconds. 

The coalescence processes occurring in droplets collision at low Weber numbers illustrated 
in the figures 1, 2 and 3 are governed by the competition between stretching and drop 
drainage. This drainage occurs when the liquid flows from the high-pressure drop region 
toward the point of contact to form a liquid bridge. 
For larger values of We, the initially merged droplets would subsequently split apart, with 
the simultaneous production of smaller satellite droplets. It can be observed in our 
simulations (see figure 2) that the circular flat section disappears. Also, due to the effect of 
the surface tension a structure having the form of bridge is observed at t=0.0053ms and the 
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permanent coalescence occurs. The outcomes reported by Qian & Law (1997) are in good 
agreement with our results. In our SPH calculation, the relative velocity is not enough to 
produce fragmentation of the bigger drop and subsequently to produce small satellite 
droplets. In this calculation, the coalescence is permanent and the bigger drop that is formed 
reaches the equilibrium (see figure 4). On the other hand, the experiments of Qian & Law 
(1997) do not have a sufficient resolution to show in detail the deformation of the drops just 
before the formation of the bridge. However, the appearance of the flat circular section 
shown in figure 2 is in good agreement with the experimental and theoretical outcomes 
reported in the literature (Bibette et al., 1992; Ivanov & Dimitrov, 1988; Ivanov & 
Kralchevsky, 1997; Kabalnov & Wennerström, 1996; Sharma & Ruckenstein, 1987). 
 

 
Fig. 4. Evolution of the Kinetic and Internal energy for the collision between two equal-sized 
drops with Vcol = 1.0 mm/ms and We = 4.5. 

On the other hand, it is observed that if we choose a Weber number for the collision greater 
than the range of values producing permanent coalescence, the phenomenon of 
fragmentation arises, i.e. the regime 2 reported by Qian & Law (1997) occurs giving rise to 
coalescence followed by separation into small satellite drops. The following calculations 
were performed for droplets with 30μm of diameter, 4700 SPH particles for each drop, and a 
collision velocity of 10.0 mm/ms (We=450) which is a characteristic velocity for the elements 
of a liquid spray (Choo & Kang, 2003). In the first stage of the calculation at t=2.0x10-4ms the 
collision of the two droplets is shown in figure 5. It can be seen the formation of a flat 
circular section between the drops (Ivanov & Kralchevsky, 1997). This circular section 
vanishes completely at t = 5.6 x10-4ms. At this time a portion of fluid appears to form a wave 
front propagating in the plane x = 0.  
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This wave front begins to form little satellite drops and increases its amplitude until 
t=1.8x10-3ms. There is no substantial growth of these satellite drops and the structure tends 
to a flatten form as the dynamic runs. Figure 6 shows the velocity vector field (seen from the 
plane y = 0) after the fragmentation of the drops has taken place. As shown in figure 6, the 
fluid velocity at the center of the structure is 8.7 mm/ms, which is less than the initial rate of 
collision, while the fluid that is spread to the edges is accelerated reaching a speed of 15.0 
mm/ms. A longer stretched ligament is produced and the amount of satellite droplets 
increases with the evolution of dynamics. Figure 5 illustrates that a portion of the fluid 
begins to separate, stretching away from the bigger drop, and a non-uniform pressure field 
is created inside the ligament. This is related to the value in the velocity vector field 
differences, and due to this pressure differential a flow parallel to the plane x=0 is produced. 
The fragmentation phenomena and the subsequent formation of satellites drops may be 
analyzed following the conjectures made by Qian & Law (1997). 
Once the ligament begins to form (see figure 5), a flow is generated directed in the opposite 
direction to the vector field shown in figure 6. This motion transform this portion of the 
ligament in a bulbous due to the accumulation of mass in this volume, and this change in 
geometry implies the appearance of a local minimum in the pressure field which is located 
between the bulbous and its neighboring region. 
As a result of this pressure difference a local flow is generated through the point of 
minimum pressure that opposes to the flow that is coming from the bulbous. This fluid 
motion causes a local reduction of mass and therefore the ligament between the bulbous and 
the neighboring region starts to decrease its radius (at the point of minimal pressure). 
Because of this local decrease of the ligament radius the pressure rises, which creates a flow 
with the same direction of the flow that comes from the end of the bulbous and other flow in 
the opposite direction from the point of local reduction of mass. Given these opposing flows 
emerging from this point, the radius of the ligament decreases even more. Then the system 
tends to relax this unstable situation reducing the radius of this region to zero, giving rise to 
a division of the fluid and so producing a satellite drop (see figure 5). Subsequently, this 
process is repeated in the other regions of the ligament, producing more satellites drops. 
These shattering collisions occur only at high velocities making the surface tension forces of 
secondary importance (the phenomenon is inertial dominated). 
When the Weber number for the collision is decreased below the range corresponding to the 
permanent coalescence regime, then flocculation occurs. These calculations were performed 
for droplets with 30μm of diameter, 4700 SPH particles for each drop, and a collision 
velocity of 0.2mm/ms (We=0.18). At the beginning of the calculation one observes at 
t=0.29ms (see figure 7) that a flat circular section appears between the two droplets (Ivanov 
& Kralchevsky, 1997), which has already increased in diameter at t=1.0ms. Then, there is a 
stretching of the surface of the drop as can be seen at t=1.77ms. This stretch is deforming the 
drops until t=3.76 ms, and after that the drop shape remains constant. The chosen collision 
velocity cannot produce coalescence between the droplets. In fact no penetration was 
observed through the plane x=0. In this case, only the drops stay together, interacting 
through their surfaces, giving rise to flocs (Ivanov & Kralchevsky, 1997).  
It has been reported that these flocs are formed in emulsions when the interfacial film 
between drops is very stable or the drops approach each other with a very small kinetic 
energy (Ivanov & Dimitrov, 1988; and Ivanov & Kralchevsky, 1997). In this case, the wave 
front that appears in the plane x=0 of figure 5 was not observed. Figure 8 shows the velocity 
vector field at t = 1.78ms. It can be seen in this figure that the value of the fluid velocity 
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Fig. 5. Sequence of times showing the evolution of the collision between two drops with 
Vcol = 10.0 mm/ms and We = 450. This figure illustrates the formation of small satellite 
droplets. The time scale is given in milliseconds. 
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decreases from the border to the center of the drop. In this case, the velocity has decreased 
below its initial value, which is 0.2mm/ms in all zones of the fluid. As is shown in figure 9, 
after an elapsed time of 3.76ms, the fluid velocities decrease even more, reaching a value of 
2.24x10-2 mm/ms in the zone of interaction between the two drops and 4.48x10-2 mm/ms 
near the border. 
 
 
 
 
 

 
 
 
 
 
 

Fig. 6. Velocity vector field showing the fragmentation of two colliding drops at 
t=1.2x10-3ms (see from the plane z-x) with Vcol=10.0 mm/ms and We = 450. The time 
scale is given in milliseconds. 
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Fig. 7. Sequence of times showing the evolution of the collision between two drops 
(flocculation) with Vcol = 0.2 mm/ms and We = 0.18. The time scale is given in milliseconds. 
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Fig. 8. Velocity vector field showing the flocculation of two liquid drops at t=1.78 ms with 
Vcol = 0.2mm/ms and We = 0.18. The time scale is given in milliseconds. 
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Fig. 9. Velocity vector field showing the flocculation of two liquid drops at t=3.76 ms with 
Vcol = 0.2mm/ms and We = 0.18. The time scale is given in milliseconds. 
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4. Conclusions 
An adequate methodology using the SPH method in three-dimensional space was presented 
for the calculation of hydrodynamic collisions of liquid drops in a vacuum environment. 
Several features of binary collisions in three dimensions have been observed in our 
calculations. As a result of the collision between droplets the formation of a circular flat film 
was obtained for a range of values of the Weber number. We have found three possible 
outcomes for the collision: permanent coalescence, fragmentation and flocculation of drops. 
We have ascribed a range of Weber number values for the three possible outcomes of the 
collisions.  
Inside the drops, the fluid tends to a velocity value lower than the initial velocity of 
collision, while in the area of contact between the drops, we observed an increase in the 
fluid velocity. When the Weber number of the drops is larger than the range of values 
corresponding to coalescence, a fragmentation phenomenon is observed. Otherwise, when 
the Weber number is below this range, we obtained drop flocculation. In the case of drop 
fragmentation, we have observed the formation of satellite droplets emerging from the 
contact zone between the two drops. The mechanism of formation of these satellite droplets 
has been discussed. 
We can see in the velocity vector field that after the fragmentation of the drops has taken 
place, the fluid velocity at the center of the structure is less than the initial rate of collision, 
while the fluid that is spread to the edges is accelerated producing a long stretched ligament 
and several satellite droplets. In the SPH dynamics that the drops follow when flocculation 
occurs, we have obtained that the system tends to a state of equilibrium in which the kinetic 
energy remains constant and the drops interact mainly through their deformed surfaces. On 
the velocity vector fields can be seen that in this case the value of the fluid velocity decreases 
from the border to the center of the drops. In all zones of the fluid the velocity has decreased 
below its initial value. After an elapsed time the fluid velocities decrease even more in the 
zone of interaction between the two drops near the border. 
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1. Introduction

The Eulerian-Lagrangian formulation of the (inviscid) Euler dynamics in terms of advected
Weber-Clebsch potentials (Lamb, 1932), was extended by Constantin to cover the viscous
Navier-Stokes dynamics (Constantin, 2001). Numerical studies (Ohkitani & Constantin, 2003),
of this formulation of the Navier-Stokes equations concluded that the diffusive Lagrangian
map becomes non-invertible under time evolution and requires resetting for its calculation.
They proposed the observed sharp increase of the frequency of resettings as a new diagnostic
of vortex reconnection.
In previous work we were able (Cartes et al., 2007; 2009) to complement these results, using
an approach that is based on a generalised set of equations of motion for the Weber-Clebsch
potentials, that turned out to depend on a parameter τ, which has the unit of time for the
Navier-Stokes case. Also to extend our formulation to magnetohydrodynamics, and thereby
obtain a new diagnostic for magnetic reconnection.
In this work we present a generalisation of the Weber-Clebsch variables in order to describe
the compressible Navier-Stokes dynamics. Our main result is a good agreement between the
dynamics for the velocity and density fields that come from the dynamics of Weber-Clebsch
variables and direct numerical simulations of the compressible Navier-Stokes equations.
We first present the inviscid Eulerian-Lagrangian theory, then Constantin’s extension to
viscous fluids and derive our equations of motion for the Weber-Clebsch potentials that
describe the compressible Navier-Stokes dynamics. Then, performing direct numerical
simulations of the Taylor-Green vortex, we check that our formulation reproduces the
compressible dynamics.

2. Eulerian-Lagrangian theory

2.1 Euler equations and Clebsch variables
Let us consider the incompressible Euler equations with constant density, fixed to one, for the
velocity field u

∂tu + u · ∇u = −∇p (1)

∇ · u = 0 ,

6
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here p is the pressure field. Now the equations for evolution of the vorticity ω = ∇× u field

Dtω = ω · ∇u , (2)

where Dt is the convective derivative

Dt = ∂t + u · ∇ . (3)

A well known consequence of this equation is the preservation of vorticity lines (Helmholtz’s
theorem).
Here we introduce Clebsch variables (Lamb, 1932). They can be considered as a representation
of vorticity lines. In fact from this transformation, which defines the velocity field in terms of
scalar variables (λ, μ, φ)

u = λ∇μ −∇φ, (4)

we can write the vorticity field as

ω = ∇× u = ∇λ ×∇μ. (5)

Vorticity lines r(s) are defined as the solutions of

dr
ds

= ω(r(s)) , (6)

which admits integrals

λ(r(s)) = const. (7)

μ(r(s)) = const.

In other words the intersections of surfaces λ =const. and μ =const. are the vorticity lines.
If vorticity lines follow Euler equations and are preserved, then the fields λ and μ follow the
fluid.
Clebsch variables can also be used to find a variational principle for Euler equations. We can
write a Lagrangian density for Euler equations

L =
|u|2

2
+ λ∂tμ , (8)

and the variations of L in function of the fields λ, μ and φ give us the system equations

δL
δμ

= −Dtλ = 0 (9)

δL
δλ

= Dtμ = 0

δL
δφ

= ∇ · u = 0 .

From this system and the identity
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[∇, Dt ] ≡ (∇u) · ∇, (10)

we can obtain the evolution equation for u

Dtu = −∇
(

Dtφ +
1
2

u2
)

. (11)

2.2 Weber transformation

Let us note ai as the initial coordinate (at t = 0) of a fluid element and Xi(a, t) its position at
time t and note Ai(x, t) the inverse application: ai ≡ Ai(Xi(a, t), t).
At time t Eulerian coordinates are by definition the variables xi = Xi(a, t) then the Lagrangian
velocity of a fluid element is

ũi(a, t) =
∂Xi

∂t
(a, t) (12)

and its acceleration

∂ũi

∂t
(a, t) =

∂2Xi

∂t2 (a, t) . (13)

Newton equations for the fluid element are

∂2Xi

∂t2 (a, t) = Fi
X (a, t) , (14)

where the forces Fi
X (a, t) are given by

Fi
X (a, t) = − ∂p

∂xi (X (a, t) , t) (15)

and p (X (a, t)) is the pressure field in Eulerian coordinates.
Therefore the movement equations for the fluid elements are

∂2Xi

∂t2 (a, t) = − ∂p
∂xi (X (a, t) , t) . (16)

For an incompressible fluid, the transformation matrix, between Lagrangian and Eulerian
coordinates, verifies

det

(
∂Xi

∂aj

)
= 1 , (17)

this value is fixed from the relation between the volume elements in the two coordinate
systems. We also note that this transformation is always invertible.
From Eq. (16) we perform a coordinate transformation for the derivatives of p using

∂

∂xi =
∂Aj

∂xi
∂

∂aj (18)

∂

∂ai =
∂Xj

∂ai
∂

∂xj
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to obtain

∂2Xi

∂t2 (a, t) = − ∂Aj

∂xi
∂ p̃
∂aj (a, t) (19)

where p̃ (a, t) is the pressure field in Lagrangian coordinates.
We multiply Eq. (19) with the inverse coordinate transformation ∂Xi

∂aj in order to obtain

∂2Xi

∂t2 (a, t)
∂Xi

∂aj (a, t) = − ∂ p̃
∂aj (a, t) (20)

which is the Lagrangian form for the dynamic equations.
The left hand side of this equation can be written as

∂2Xi

∂t2 (a, t)
∂Xi

∂aj (a, t) =
∂

∂t

(
∂Xi

∂t
(a, t)

∂Xi

∂aj (a, t)

)
− 1

2
∂

∂aj

∣∣∣∣∣ ∂Xi

∂t
(a, t)

∣∣∣∣∣
2

(21)

and Eq. (20) becomes

∂

∂t

(
∂Xi

∂t
(a, t)

∂Xi

∂aj (a, t)

)
= − ∂q̃

∂aj (a, t) (22)

where the term q̃ (a, t) is given by

q̃ (a, t) = p̃ (a, t)− 1
2

∣∣∣∣∣ ∂Xi

∂t
(a, t)

∣∣∣∣∣
2

. (23)

Now let us integrate Eq. (22) over t, maintaining ai fixed

[
∂Xi

∂t
(a, t)

∂Xi

∂aj (a, t)

]t

0

=
∂Xi

∂t
(a, t)

∂Xi

∂aj (a, t)− ũj
0(a)

to obtain

∂Xi

∂t
(a, t)

∂Xi

∂aj (a, t)− ũj
0(a) = − ∂φ̃

∂aj (a, t) , (24)

where φ̃ is written as

φ̃ (a, t) =
∫ t

0

⎛
⎝ p̃ (a, s)− 1

2

∣∣∣∣∣ ∂Xi

∂t
(a, s)

∣∣∣∣∣
2
⎞
⎠ ds . (25)

This equation system (24) is called Weber transformation (Lamb, 1932).
Now we perform a coordinate transformation

∂Xi

∂t
(a, t) = ũj

0(a)
∂Aj

∂xi − ∂Aj

∂xi
∂φ̃

∂aj (a, t) . (26)

identifying μ̃i(a, t) = ai and the initial velocity λ̃i(a, t) = ũi
0 (a) we obtain the evolution

equations for the fields in Lagrangian coordinates
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∂λ̃i

∂t
(a, t) = 0 (27)

∂μ̃i

∂t
(a, t) = 0

∂φ̃

∂t
(a, t) = p̃ (a, t)− 1

2

∣∣∣∣∣ ∂Xi

∂t
(a, t)

∣∣∣∣∣
2

.

If we now go to the Eulerian coordinates, identifying μi(x, t) = Ai(x, t) and λi(x, t) =
ui

0 (μ(x, t)), we obtain the Weber-Clebsch transformation

ui(x, t) =
3

∑
j=1

λj ∂μj

∂xi −
∂φ

∂xi . (28)

Using the convective derivative, the dynamic equations for the Clebsch variables Eq. (27) can
be written in Eulerian coordinates as

Dtλ
i(x, t) = 0 (29)

Dtμ
i(x, t) = 0

Dtφ(x, t) = p(x, t)− 1
2

∣∣∣ui(x, t)
∣∣∣2 .

The Weber-Clebsch transformation Eq. (28) and its evolution laws Eq. (29) are very similar
to Clebsch variables Eq. (4) and the system (9). An important difference is the number of
potential pairs.
If we use Clebsch variables Eq. (4) to represent the velocity field u

u = λ∇μ −∇φ , (30)

we have the problem that u is restricted to fields with mean helicity

h =
∫
V

u · ωd3x (31)

of value zero (Grossmann, 1975). In fact, writing h in terms of Clebsch variables

h =
∫
V

(λ∇μ −∇φ) · (∇λ ×∇μ) d3x = −
∫
V

∇φ · (∇λ ×∇μ) d3x , (32)

the term λ∇μ is perpendicular to ∇λ×∇μ and then their scalar product is zero. For the other
terms, we integrate by parts

∫
V

∇φ · (∇λ ×∇μ) d3x =
∮

∂V

φ (∇λ ×∇μ) · ds −
∫
V

φ∇ · (∇λ ×∇μ) (33)

but in a periodic domain the first term in the right hand side is zero. We also know that
∇ · ω = 0 and therefore we have
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∇ · (∇λ ×∇μ) = 0 (34)

and we finally get

h =
∫
V

u · ωd3x = 0. (35)

If we consider now two pairs of Clebsch variables, for each component of the velocity field,
we have

uj =
2

∑
i=1

λi ∂μi

∂xj −
∂φ

∂xj , (36)

and we arrive to a system of equations of second degree in its unknowns, this system does not
have an analytic solution and we don’t have a systematic way to find λi and μi for an arbitrary
velocity field u.
If we use now the same number of pairs as spatial variables (three in this case), we get the
Weber-Clebsch transformation

u =
3

∑
i=1

λi∇μi −∇φ , (37)

with this representation we can write an arbitrary velocity field defining, at t = 0:

λi(x, 0) = ui(x, 0) (38)

μi(x, 0) = xi

φ(x, 0) = 0

which is completely equivalent to the Weber transformation.

2.3 Constantin’s formulation of Navier-Stokes equations
Here we will recall Constantin’s extension for the Eulerian-Lagrangian formulation of
Navier-Stokes equations.
The departing point (Constantin, 2001), is the expression for the Eulerian velocity u =(

u1, u2, u3) from the Weber-Clebsch transformation

ui =
3

∑
m=1

λm ∂μm

∂xi − ∂φ

∂xi . (39)

The fields in this equation admit the same interpretation as in the Weber transformation: λm

are the Lagrangian velocity components, μm are the Lagrangian coordinates and φ fixes the
incompressibility condition for the velocity field.
In a way similar to the Weber transformation, we have the Lagrangian coordinates ai = μi(x, t)
and the Eulerian coordinates xi = Xi(a, t).
If we now consider the first term of the right hand side in Eq. (39) as a coordinate
transformation, it is possible to write their derivatives in Lagrangian coordinates, as in Eq.
(18)
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∂

∂ai =
3

∑
m=1

∂Xm

∂ai
∂

∂xm . (40)

In the same way it is possible to write the derivatives of the Eulerian coordinate in terms of
Lagrangian coordinates

∂

∂xi =
3

∑
m=1

∂μm

∂xi
∂

∂am . (41)

We also have the relation for the commutators

[
∂

∂xi ,
∂

∂xk

]
= 0 (42)[

∂

∂ai ,
∂

∂ak

]
= 0 .

Using relations Eq. (40), Eq. (41) and Eq. (42) we can compute the commutators between ∂x
and ∂a [

∂

∂ai ,
∂

∂xk

]
=

[
∂

∂ai ,
∂μm

∂xk
∂

∂am

]
=

∂

∂ai

(
∂μm

∂xk

)
∂

∂am . (43)

Introducing the displacement vector �m = μm − xm which relates the Eulerian position x to
the original Lagrangian position μ, we can express the commutator Eq. (43) as[

∂

∂ai ,
∂

∂xk

]
=

∂

∂ai

(
∂�m

∂xk

)
∂

∂am = Cm,k;i
∂

∂am . (44)

The term Cm,k;i is related to the Christoffel coefficients Γm
ij of the flat connection in R3 by the

formula

Γm
ij = − ∂Xk

∂aj Cm,k;i . (45)

We consider now the diffusive evolution of our fields, with that goal in mind we define the
operator

Γ = ∂t + u · ∇ − ν� , (46)

where ν is the viscosity and u is the Eulerian velocity. When the operator Eq. (46) is applied
over a vector or a matrix each component is taken in an independent way.
Constantin imposes that the coordinates μi are advected and diffused so they follow

Γμi = 0. (47)

We also need a coordinate transformation that can be invertible at any time t, that condition
is always satisfied when the diffusion is zero (ν = 0) and the fluid is incompressible, because
the fluid element volume is preserved by the coordinate transformation, and therefore

Det (∇μ) = 1 , (48)
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where

(∇μ)jk =
∂μj

∂xk . (49)

In order to get the evolution for the λi fields we apply Dt on Eq. (39), and using the relation

[
Dt ,

∂

∂xi

]
= − ∂ul

∂xi
∂

∂xl (50)

we obtain

Dtui =
3

∑
m=1

(
Dtλ

m ∂μm

∂xi + λm ∂

∂xi Dtμ
m
)
− ∂

∂xi

(
Dtφ +

1
2

u2
)

. (51)

We also have, from Navier-Stokes equations:

Dtui = ν�ui − ∂

∂xi p . (52)

We compute the term �ui with the transformation Eq. (39), using Eq. (47) and regrouping the
terms we obtain

∂

∂xi

(
Γφ +

1
2

u2 − p
)

=
3

∑
m=1

(
Γλm ∂μm

∂xi − 2ν
∂λm

∂xk
∂

∂xk
∂μm

∂xi

)
. (53)

Now we split the φ field to obtain the pressure equation

Γφ +
1
2

u2 − p = c . (54)

where c is a constant.
To obtain the λl dynamics we have to invert the transformation matrix

∂μm

∂xi (55)

in Eq. (53) if the determinant of the transformation matrix follows

det
(

∂μm

∂xi

)
= 0. (56)

then it will be impossible to perform a coordinate transformation.
Therefore, if the matrix is invertible, the λl dynamics is written as

Γλl = 2ν
∂λm

∂xk Cm,k;l . (57)

We have to remark that the dynamics of u is completely described by Eq. (47), (57) and the
incompressibility condition for u, thus Eq. (54) becomes an identity.

3. Generalisation of Constantin’s formulation

We begin with the Weber-Clebsch transformation for the velocity field u
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u =
3

∑
i=1

λi∇μi −∇φ (58)

and perform a variation on the Weber-Clebsch transformation Eq. (58) to obtain the relation
(Cartes et al., 2007)

δu =
3

∑
i=1

(
δλi∇μi − δμi∇λi

)
−∇

(
δφ −

3

∑
i=1

δμiλi

)
(59)

here δ represents a spatial or temporal variation. In the system (59) it is already possible to see
that we have three equations (δu) and six unknowns to find (δλi and δμi, δφ is fixed by the
continuity equation).
In order to write the temporal evolution of u, in terms of Weber-Clebsch potentials, we use
the convective derivative Dt and the identity

[∇, Dt] ≡ (∇u) · ∇ . (60)

We compute now the convective derivative for u, which can be written as a function of the
potentials

Dtu =
3

∑
i=1

(
Dtλ

i∇μi + λi∇Dtμ
i − λi (∇u) · ∇μi

)
−∇Dtφ + (∇u) · ∇φ . (61)

For that purpose we write in gradient form

3

∑
i=1

λi∇Dtμ
i =

3

∑
i=1

(
∇
(

λiDtμ
i
)
− Dtμ

i∇λi
)

(62)

and noting that

3

∑
i=1

(
λi (∇u) · ∇μi

)
− (∇u) · ∇φ =

1
2
∇u2 . (63)

Finally we regroup the gradients

Dtu =
3

∑
i=1

(
Dtλ

i∇μi − Dtμ
i∇λi

)
−∇

(
Dtφ +

1
2

u2 −
3

∑
i=1

Dtμ
iλi

)
. (64)

We must note that this expression is very similar to Eq. (59), the only difference is given
by the term 1

2 u2, that comes from the commutator between the gradient and the convective
derivative.

3.1 General formulation for the compressible Navier-Stokes equations
We now consider the compressible Navier-Stokes equations with a general forcing term f

Dtu = −∇w + f [u, x, t] (65)

∂tρ = −∇ · (ρu) .
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where w is the enthalpy and ρ the density field.
For this work we will consider, for simplicity and without loss of generality, a barotropic fluid,
then the relation for the enthalpy w is

w =
(ρ − 1)

Ma2 , (66)

where Ma is the Mach number for a flow of density ρ0 = 1 and velocity u ∼ 1. In
this approximation we suppose the density field ρ is very near to the uniformity state and
consequently the Mach number is small.
The usual compressible Navier-Stokes equations are obtained when the forcing term f is the
viscous dissipation

f = ν�u. (67)

The idea is to find the evolution equations, in the most general way, for the potentials Eq. (58),
now we replace Dt, in the equations of motion Eq. (65), by its expression Eq. (64) and we
define

Dtλ
i = Li[λ, μ] (68)

Dtμ
i = Mi[λ, μ] .

To wit we made the separation in Eq. (64) and Eq. (65) between gradient and non-gradient
terms

Dtφ +
1
2
|u|2 −

3

∑
i=1

Miλi = w + G (69)

3

∑
i=1

(
Li∇μi − Mi∇λi

)
= f −∇G (70)

here G is an arbitrary gauge function, which comes from the fact that the separation in
gradient and non-gradient terms is not unique.
The equation system (70) has 3 linear equations and 6 unknowns Li, Mi. In order to solve this
system with f we must remark that, when ν = 0, the fields λi and μi follow Euler dynamics

Dtλ
i = 0 (71)

Dtμ
i = 0

If we are in the overdetermined case (more equations than unknowns), in general, equation
(70) has no solution. Then we consider only the under determined case (more unknowns than
equations).
In order to obtain evolution equations in the same way as (Constantin, 2001) we look for

advection diffusion equations. With that goal in mind we introduce L̃i and M̃i, defined by
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Dtλ
i = Li[λ, μ] = ν�λi + L̃i[λ, μ] (72)

Dtμ
i = Mi[λ, μ] = ν�μi + M̃i[λ, μ] .

The terms L̃i and M̃i must verify

3

∑
i=1

(
L̃i∇μi − M̃i∇λi

)
= f̃ −∇G̃ (73)

where G̃ is an arbitrary scalar function, linked to the old function G, by the relation G =
G̃ − ν�φ + νλi�μi, and

f̃ = 2ν
3

∑
i=1

3

∑
α=1

∂αλi∂α∇μi. (74)

The process used to obtain L̃i and M̃i consists in solving the linear system (73).

3.2 Moore-Penrose solution
As the system (73) is under determined, we must impose additional restrictions to solve it.
The most straightforward way is to force the coefficients M̃i = 0 as in Constantin’s
formulation then we will have 3 equations for the 3 unknowns.
Another, more general, method relies in the imposition of additional conditions on the
solution’s length.
For that purpose we use the Moore-Penrose algorithm (Ben-Israel & Greville, 1974; Moore,
1920; Penrose, 1955), which produces 3 additional conditions that allow us to solve this more
general system (73).
For the under determined case, the Moore-Penrose general solution consists in finding the
solution to the linear system (73) with the imposition that the norm

3

∑
i=1

(
L̃i L̃i + τ−2M̃i M̃i

)
(75)

is minimal.
The constant τ is introduced here because λi and μi have different dimensions. In fact, the
Weber-Clebsch transformation Eq. (58) means that the dimensions for λi and μi are

[
λi
]
=

L
T

(76)[
μi
]
= L

because the product λ∇μ has the same dimensions as the velocity and the fields μi have the
dimensions of L they are the Lagrangian coordinates of the system. Then, from equations (72),
it is straightforward that the dimensions of L̃i and M̃i are
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L̃i =
L

T2 (77)

M̃i =
L
T

and the parameter τ in Eq. (75) has the dimension of time.
The Moore-Penrose general solution which minimises the norm Eq. (75) (Cartes et al., 2007),
is given by Eq. (78) and Eq. (79)

L̃i = ∇μi · H−1 ·
(

f̃ −∇G̃
)

(78)

M̃i = −τ2 ∇λi · H−1 ·
(

f̃ −∇G̃
)

. (79)

where H represents the squared symmetric matrix

Hαβ ≡
3

∑
i=1

(
τ2 ∂αλi∂βλi + ∂αμi∂βμi

)
(80)

and the arbitrary function G̃ is given by

G̃ = �−1∇ · f̃ (81)

in order to minimise the general norm Eq. (82)

S[G̃] =
1
2

∫
Ω

(
f̃ −∇G̃

)
· H−1 ·

(
f̃ −∇G̃

)
W(xα)ddx. (82)

with the objective to achieve numerical stability in our simulations.
Replacing these solutions L̃i and M̃i in Eq. (72) we arrive to the explicit evolution equations

Dtλ
i = ν�λi +∇μi · H−1 ·

(
f̃ −∇G̃

)
(83)

Dtμ
i = ν�μi +−τ2 ∇λi · H−1 ·

(
f̃ −∇G̃

)
.

3.2.1 Comparison of the invertibility conditions
Constantin’s method will have problems when the determinant det(∇μ) = 0 which is the case
in a manifold of codimension 1. In three dimensional space the generic situation becomes that,
for any point in the space (x1, x2, x3), there is a time t∗ for which the determinant becomes
zero.
In our more general formulation, with three equations and six unknowns, the inversibility of

H = ∇ (μ) · ∇ (μ)T + τ2∇ (λ) · ∇ (λ)T (84)

which corresponds to isolated points in a manifold of codimension 4 in space-time.
In consequence the condition det(∇μ) = 0 will arrive more frequently because of its lower
codimension, than the condition with a higher codimension, for det(H) and τ → 0 is a singular
limit.
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3.3 Resettings
As we saw, when the determinant det(H) is zero the Weber-Clebsch potential evolution
equations (83) are no longer defined.
In order to avoid this situation, we follow (Ohkitani & Constantin, 2003) and we perform a
resetting. More precisely, when the spatial minimum of the determinant

Min (det(H)) ≤ ε2 (85)

where ε is a pre defined lower limit. We reset the fields in the following way

μi
p = 0 (86)

λi = ui(t0)

φ = 0 ,

where ui(t0) are the components of the velocity field obtained from Eq. (58) in the instant t0,
when the resetting is performed, and the fields λi, μi and φi are generated in the same way as
in section 4.2.
It was already pointed (Cartes et al., 2007; Ohkitani & Constantin, 2003), that the vanishing of
det(H) is related to intense particle diffusion that takes place near reconnection of vorticity
lines in the case of incompressible fluids, that means the spatial position of the minima of
det(H) are the places where the reconnections take place.

4. Numerical results

In this section we will show the results from numerical simulations of our formulation for
compressible Navier-Stokes equations. We used pseudo-spectral methods because they are
easy to implement and their high precision. The technical details of the implementation are
described in section 6.

4.1 Taylor-Green flow
The Taylor-Green flow is an standard flow used in the study of turbulence (Taylor & Green,
1937). Its advantages are the existence of numerous studies, see for instance (Brachet et al.,
1983) and references therein, which allow us to perform comparisons, at the same time we can
economise memory and computation resources by using its symmetries (Cartes et al., 2007).
The initial Taylor-Green condition is:

u1 = sin x cos y cos z (87)

u2 = − cos x sin y cos z

u3 = 0 .

As the length and the initial velocity are of order 1, the Reynolds number is defined as R =
1/ν.

4.2 Periodic field generation
Periodic fields are generated from the Weber-Clebsch representation Eq. (58) as

121Eulerian-Lagrangian Formulation for Compressible Navier-Stokes Equations



14 Will-be-set-by-IN-TECH

μi = xi + μi
p , (88)

we also impose that μi
p and the other fields λi and φ in Eq. (58) are periodic. In order to

generate an arbitrary velocity field u we can use

μi
p = 0 (89)

λi = ui

φ = 0 .

We note that the non-periodic part of μi in Eq. (88) is made in a way that μi gradients are
periodic.
The initial ρ is given by imposing the incompressibility condition over w at t = 0

w0 = −�−1∇ · (u · ∇u) (90)

and the relation Eq. (66).

4.3 Simulation results
The following simulations were made using a spatial resolution of 1283 points, a Reynolds
number of 200 and a Mach number of 0.3.
We will compare the velocity field which comes from simulations made with the
Weber-Clebsch potentials with the velocity field that comes from a direct numerical simulation
of Navier-Stokes equations.
Navier-Stokes equations are integrated using standard pseudo-spectral methods
(Gottlieb & Orszag, 1977). The temporal scheme is Adams-Bashforth of order 2 (for
details see section 6.3).
In order to characterise and measure the precision of our algorithm for the Weber-Clebsch
potentials, we compute the associated enstrophy which is defined as

Ω(t) = ∑
k

k2E(k, t) (91)

where E(k, t) is the energy spectrum and can be described from the velocity field in Fourier
space û(k, t) as

E(k, t) =
1
2 ∑

k−�k
2 <|k′|<k+�k

2

∣∣û(k′, t)
∣∣2 . (92)

Then E(k, t) is obtained as the mean value over spherical shells with thickness �k = 1. This
enstrophy is computed from the velocity field which comes from the Weber-Clebsch and direct
Navier-Stokes simulations.
Fig. (1) shows the temporal evolution of the enstrophy for different values of the parameter τ.
We found good agreement between our formulation and the direct Navier-Stokes simulations.
The spatial mean of the quantity ρ2/2, which represents the density field, can be seen in Fig.
(2).
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Ω

Fig. 1. Temporal evolution of the enstrophy Ω for a Reynolds number of 200 and a Mach number of
Ma = 0.3 with τ = 0, 0.01, 0.1 and 1 (◦, �, ♦ and �), the continuous line represents the direct
compressible Navier-Stokes simulation.

0 2 4 6 8 10
t

0.5

0.50002

0.50004

0.50006

0.50008

ρ/
2

2

Fig. 2. Temporal evolution of the quantity ρ2/2 for a Reynolds number of 200 and a Mach number of
Ma = 0.3 with τ = 0, 0.01, 0.1 and 1 (◦, �, ♦ and �), the continuous line represents the direct
compressible Navier-Stokes simulation.

As our λ and μ fields evolved in time we had to reset them to be able to continue the
simulation as the coordinate transformation becomes non-invertible. The temporal evolution
of the interval between resettings is characterised by

�tj = tj − tj−1 (93)

where tj is the resetting time, we fixed the value for the lower limit of det(H) as ε2 = 0.01,
is shown in Fig. (3). We can see that, for a given time, the interval is a growing function of
τ. However the shape of �t is well preserved even when the range of τ goes through several
orders of magnitude.
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Fig. 3. Temporal evolution of the interval between resettings �tj versus the resetting time tj for a
Reynolds number of 200 and a Mach number of Ma = 0.3 with τ = 0, 0.01, 0.1 and 1 (◦, �, ♦ and �).

5. Conclusions and perspectives

We arrived to a good agreement between the derived generalised equations of motion for
the Weber-Clebsch potentials that implying that the velocity field follows the compressible
Navier-Stokes equations. These new equations were shown to depend on a parameter with
the dimension of time, τ. Direct numerical simulations of the Taylor-Green vortex were
performed in order to validate this new formulation.
This Eulerian-Lagrangian formulation of compressible Navier-Stokes equations, allows us
to study in detail the reconnection process, the turbulence generated by such process and
the sound generated by those moving fluids using for example the two antiparallel vortex
approach (Virk et al., 1995). This subject is known as aeroacoustics (Lighthill, 1952), which
is relevant for aerodynamic noise production, and is a key issue in the design of air planes,
turbines, etc.

6. Appendix – Numerical methods

The simulated equations are nonlinear partial differential equations solved by the
pseudo-spectral methods. The flows in this work are periodic because we work in a periodic
box.
A periodic field f verifies: f (x + L) = f (x) where L is the box periodicity length. In our
simulations we choose L = 2π. In this representation a continuous function can be expressed
by the infinite Fourier series

f (x) =
∞

∑
−∞

f̂keikx . (94)

Then we can define the scalar product by

〈g, h〉 = 1
2π

∫ 2π

0
ḡ(x)h(x)dx , (95)

where the Fourier series coefficients are
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f̂k = 〈eikx, f (x)〉
=

1
2π

∫ 2π

0
e−ikx f (x)dx . (96)

In a numerical simulation f is known by its values in a finite number of points over L

fj = f (xj) , (97)

with

xj = j�x j = 0, 1, . . . , N − 1 , (98)

in a way that the distance between the points is

�x =
2π

N
. (99)

The discretisation points are supposed to capture the shape of f (x). The x variable is defined
in physical space and the points j = 0, 1, . . . , N − 1 are called collocation points. Then the Fourier
coefficients Eq. (96) become

f̂N(k) =
1
N

N
2 −1

∑
k=− N

2

fN(xn)e−ikxn , (100)

with

xn =
2πn

N
n = 0, 1, . . . , N − 1 . (101)

This is the discrete Fourier transformation (DFT). We projected f over a base formed by N sine
and cosine functions. Then we can find an approximation for f , fN, by inverting Eq. (100) in
the following way

fN(xn) =

N
2 −1

∑
k=− N

2

f̂N(k)e
ikxn . (102)

The points k = − N
2 , . . . , N

2 − 1 form the discrete spectral space. They characterise the functions
from our projection base. We must note that the functions Eq. (100) and Eq. (102) are written
in a more symmetric way than Eq. (94) and Eq. (96).
A priori, to perform the summations Eq. (100) and Eq. (102) we must perform a number of
operations of order O (N2). This requirement was a handicap in the use of this method, until
the introduction of Cooley and Turkey algorithm for the fast Fourier transformation (FFT) in
1965 (Cooley & Tukey, 1965). This FFT algorithm allows us to reduce the number of operations
to O (N log2 N).
The use of spectral methods is justified by their convergence which is better than the
convergence obtained with finite differences. That comes from the fact that, in a finite
differences computation of order p, the approximation coefficients of a field f in a Taylor
expansion of p + 1 points have an error of order O (�xp). On the other hand with spectral

125Eulerian-Lagrangian Formulation for Compressible Navier-Stokes Equations



18 Will-be-set-by-IN-TECH

methods we compute the coefficients f̂N(k), of its approximation of f , using the N points
from the chosen resolution, then the order of the pseudo-spectral methods grows with the

resolution. If the distance between the collocation points is �x = O
(

1
N

)
the error has an

order of O
((

1
N

)N
)

. In consequence the errors decay faster than any finite power of N, that

is what we call an exponential convergence. From this point of view, the spectral methods
gave us a considerable gain in memory use from a fixed precision.

6.1 Pseudo-spectral methods
The pseudo-spectral methods are based in the computation of the approximation of a
determined function interpolating over a collocation point set, that means the differential
equation will be exactly solved over the collocation points.
We chose this method in order to compute the convolutions in physical space. As base we use
the DFT from trigonometric functions which corresponds to the collocation points. In the case
of non-linear terms we use two inverse FFT (O(N log2 N) operations) in order to have these
terms in physical space. Then we compute the product (N operations) and we perform one
FFT (O(N log2 N) operations) in order to go back into the spectral space. For example, if we
compute

w (k) = DFT (λ (xn) ∂xμ (xn)) (103)

we have

DFT (λ (xn) ∂xμ (xn)) =
1
N

N
2 −1

∑
n=− N

2

λ (xn) ∂xμ (xn) e−ikxn (104)

=
1
N

N
2 −1

∑
n=− N

2

e−ikxn

N
2 −1

∑
p=− N

2

λ̂ (p) eipxn

N
2 −1

∑
q=− N

2

∂̂xμ (q) eiqxn

=
1
N

N
2 −1

∑
n=− N

2

N
2 −1

∑
p=− N

2

N
2 −1

∑
q=− N

2

eixn(p+q−k)λ̂ (p) ∂̂xμ (q) .

The summation over n includes all the terms where p+ q− k ≡ O [N]. Then the approximated
coefficients for the term w (k) are composed by all the exact coefficients plus other terms for
which the correspondent function eikxn [N] can not be distinguished from the function eikxn ,
this phenomena is called aliasing, the Fourier modes with higher wave numbers are taken for
modes with lower wave numbers.
Even with these defects the pseudo-spectral methods have interesting properties, for example
when we have to deal with multiple dimensions. In fact the DFT in 3D can be factorised

as ei�k·�x = eikxxeikyyeikzz. Moreover a DFT in 3D can be computed as a succession of DFT in
1D, so for N3 point we have to perform 3N2 DFT in 1D over N points and then 3N3 log2 N
operations, on the other hand if we compute the products as convolutions in spectral space
we need to perform N6 operations.
This passage by physical space and the use of pseudo-spectral methods allow us to gain in
computation time but generates the problem of aliasing.
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6.2 Aliasing correction
The only way to correct the aliasing error over the convoluted term is eliminating the aliased
terms which, in spectral space, belong to |k| ≤ N/2.
Over a grid of N points, working modulo N, the values of k will belong to the interval[
− N

2 , N
2

]
. The method which allows us to solve the problem implies the elimination of the

part of the spectrum which lays outside the interval ] − kmax, kmax[, with the condition (for
nonlinearities of order 2) 2kmax − N < −kmax, this means kmax < N

3 . We remove then all the
values from the spectrum whose wave numbers are bigger than N

3 and smaller than − N
3 . In

this way all the replicated values are fixed to zero in each time step and they are no longer a
problem.
The aliasing correction is very expensive, because we lose one third of, otherwise, useful
modes, but these computations are completely equivalent to the Galerkin truncation.

6.2.1 Integration by parts and conservation of energy
Let us suppose for a moment that our product computation is not dealiased. We consider the
product of the quantity f by ∂x g and perform an integration by parts in spectral space. We
perform the summation in the interval ]− N/2, N/2[

DFT ( f ∂xg) (n) = ∑
j+k=n[N]

ik f̂N(j)ĝN(k) = ∑
j+k=n[N]

i(n − j)[N] f̂N(j)ĝN(k) . (105)

The term which forbids us to integrate by parts in an exact way is (n − j)[N]. If we do a
dealiasing over the term the summation is now over the interval ]− kmax, kmax[ and

DFT ( f ∂xg) (n) = ∑
j+k=n

ik f̂N(j)ĝN(k) = ∑
j+k=n

i(n − j) f̂N(j)ĝN(k) (106)

= in ∑
j+k=n

f̂N(j)ĝN(k)− ∑
j+k=n

ij f̂N(j)ĝN(k)

= DFT (∂x( f g)) (n)− DFT (g∂x f ) (n) .

Let us remember that the integration by parts is a necessary step in the computation of the
amount of energy present in our system, and it must be preserved if there is not diffusion.
This physical requirement is satisfied by the dealiased spectral methods.

6.3 Temporal scheme
We made a pseudo-spectral solver for the equations, with periodic boundary conditions and
a FFT base which allows us to integrate the partial differential equations

∂ta = L(a) + N(a) , (107)

where we call L the linear operator in Fourier space and N the nonlinear term.
The resolution method is a second order finite difference. The time step is made by the explicit
Adam-Bashforth method

at+�t =

(
1 − ν k2

2 �t
)

at +�t
(

3
2 N(at)− 1

2 N(at−�t)
)

1 + ν k2

2 �t
. (108)
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To begin with the temporal integration we did an Euler time step in the following way

a�t =
a0 +�tN(a0)

1 + νk2�t
, (109)

where a0 is the initial condition.
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1. Introduction 
The phenomena of melting and solidification are associated with many practical 
applications, such as metal processing, castings, environmental engineering, thermal energy 
storage system in space station and many more. In these processes, matter is subject to a 
change of phase and consequently, a boundary separating two different phases evolves and 
moves within the matter. Mathematical modeling of such 'moving boundary problems' are 
always a challenging task because of the dynamic evolution of the phase separating 
boundary, complex boundary conditions as well as varying thermophysical properties. 
Many macroscopic mathematical modeling strategies for the solidification/melting 
problems can be found in the contemporary literatures. An excellent review in this regard 
can be found in Hu & Argyropoulos (1996). Early efforts in melting/solidification modeling 
initiated with a moving/deforming grid approach (Rubinsky & Cravahlo, 1981; Voller & 
Cross, 1981; Voller & Cross, 1983; Weaver & Viskanta, 1986; Askar, 1987), in which 
independent conservation equations for each phase need to be initially formulated, and are 
to be subsequently coupled with appropriate boundary conditions at the inter-phase 
interfaces. However, such multiple region solutions require the existence of discrete 
interfaces between the respective phases. In fact, a major difficulty with regard to their 
implementation is associated with tracking of the phase interfaces (which are generally 
unknown functions of space and time). The need for moving numerical grids and/or 
coordinate mapping procedures complicates the application of this technique further, and 
generally, simplifying assumptions regarding the geometric regularity of the interfaces are 
made. Additionally, a serious limitation exists for modeling phase change behavior of multi-
component systems, since, unlike pure substances; such systems do not exhibit a sharp 
interface between solid and liquid phases, in a macroscopic sense. The phase-change 
behavior of such systems depends on many factors including the phase-change 
environment, composition, and thermodynamic descriptions of specific phase 
transformations. Moreover, solidification occurs over extended temperature ranges and 
solid formation often occurs as a permeable crystalline-like matrix which coexists with the 
liquid phase. In such cases, it would be virtually impossible to track a morphologically 
complex zone in a macroscopic framework, using any moving grid technique. In contrast, in 
fixed-grid mathematical models of phase change (Comini et al., 1974; Morgan et al., 1978; 
Roose & Storrer, 1984; Dalhuijsen & Segal, 1986; Pham, 1986; Dhatt et al., 1989; Comini et al., 
1990; Voller et al., 1990), transport equations for individual phases are volume-averaged to 
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come up with equivalent single-phase conservation equations that are valid over the entire 
domain, irrespective of the constituent phases locally present. A separate equation for 
evolution of liquid fraction is solved in conjunction with the above set of conservation 
equations, which implicitly specifies and updates the interfacial locations with respect to 
space and time.  
It can be noted at this point that although simulation strategies mentioned as above have 
become somewhat standardized over the past few decades, solution of phase-change 
problems over multiple length scales still poses serious challenges, primarily because of the 
disparate and coupled length scales characterizing the entire sequence of transport 
processes. To overcome such difficulties, phase-field models of dendritic solidification have 
been developed and proposed by several researchers (Mikheev & Chernov, 1991; Kim et al., 
1999; Harrowell & Oxtoby, 1987; Khachaturyan, 1996; Beckermann et al., 1999; Tong et al., 
2001). Advantage of the phase field models lies in the fact that computational difficulties 
associated with front tracking are eliminated by introducing an auxiliary order parameter 
(the so-called phase field) that couples with the evolution of the thermal field. Dynamics of 
the phase field are designed to follow the evolving solidification front, thereby eliminating 
the necessity of any explicit front tracking. 
Recently, the multiscale mesoscopic lattice Boltzmann (LB) (Kendon et al., 2001; 
Sankaranarayanan et al., 2002; Barrios et al., 2005) method has emerged to offer huge 
potentials for solving complex thermofluidic problems involving morphological 
development of complicated phase boundaries such as the problem of phase separation of 
two immiscible fluids (Chen & Doolen, 1998). Such a method, typically, considers volume 
elements of fluid comprising of a collection of particles that are represented by characteristic 
particle velocity distribution functions defined at discrete grid points. The rules governing 
the collisions and subsequent relaxations are designed such that the time-averaged motion 
of fluid particles becomes consistent with that predicted by the Navier-Stokes equation. 
Further advancements in LB modeling of fluid flow enabled the research community to 
explore more complicated problems addressing flow through porous medium and a few 
generic cases of multi-phase flow (Gunstensen et al., 1991; Shan & Chen, 1993; Ferreol & 
Rothman, 1995). In this context, it can be mentioned here that a distinct advantage of the LB 
method for modeling solid-liquid phase transitions, in comparison to a classical continuum 
based formulation, lies in the fact that the LB method is fundamentally based on 
microscopic particle models and mesoscopic kinetic equations, which means that micro and 
meso-scale physics of phase transitions can elegantly be incorporated. Another important 
advantage is that it does not require an immediate explicit calculation of fluid pressure, 
leading to time-efficient computational simulations. Further, LB models are inherently 
parallelizable, which renders their suitability to address phase change processes over large-
scale computational domains.  
The LB approaches proposed so far for modeling solid-liquid phase transition problems can 
broadly be categorized into two major groups, viz. (a) phase field based methods following 
the Ginzburg-Landau theory and (b) enthalpy based methods. De Fabritiis et al. (1998) 
developed a thermal LB model for such problems by employing two types of quasiparticles 
for solid and liquid phases, respectively. Miller et al. (2001) proposed a simple reaction LB 
model with enhanced collisions, using a single type of quasiparticle and a phase field 
approach. Further work proceeded along similar lines (Miller & Schroder, 2001; Miller, 2001; 
Miller & Succi, 2002; Miller et al., 2004; Rasin et al., 2005; Medvedev & Kassner, 2005), with 
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the phase-field model acting as a pivotal basis for determining the evolution of respective 
phase fractions. It needs to be emphasized that one of the major problems in implementing 
the phase field based methods in the context of solid-liquid phase transition problems is the 
requirement of limitlingly finer grid spacing for resolving the interfacial region to reproduce 
the dynamics of the sharp interface equations. Consequently, adaptive mesh refinement 
strategies involving computationally involved data structures are required for problems 
subjected to small undercooling. On the other hand, enthalpy-based models have been 
extensively used to solve complex solidification problems over macroscopic and mesoscopic 
length scales. An extended LB methodology, in conjunction with an enthalpy formulation 
for treatment of solid–liquid phase change aspects in case of diffusion dominated problems, 
was first introduced by Jiaung et al. (2001). Subsequently, taking the computational 
advantage of the enthalpy-based technique, Chatterjee & Chakraborty (2005, 2006, 2008), 
Chakraborty & Chatterjee (2007) and Chatterjee (2009, 2010) proposed a series of LB models 
primarily applicable to a wide range of melting-solidification problems. It was started with 
an enthalpy based LB model for diffusion dominated phase transition problems, followed 
by a hybrid LB method for generalized convection-diffusion transport processes pertinent to 
melting/solidification problems. In the diffusion models, the temperature field was 
obtained from an evolution equation of a single particle density distribution function (DF), 
whereas in the convection-diffusion models the thermal field is described by a novel 
enthalpy density DF through a kinetic equation based on the total enthalpy of the phase 
changing system or alternatively from an evolution equation of temperature. The analysis of 
solidification in a semitransparent material using the enthalpy based LB method was 
performed by Raj et al. (2006). The radiative component of the energy equation in the LB 
formulation was computed using the discrete transfer method in their model. Recently, 
Huber et al. (2008) developed a multiple DF LB model for coupled thermal convection and 
pure-substance melting, where the two DFs were interrelated through the buoyancy term 
and the equilibrium DF of the temperature kinetic equation. 
In this chapter, we describe a straightforward technique for simulating solid-liquid phase 
transition, by coupling a passive scalar based thermal LB model with a fixed-grid enthalpy-
porosity approach (Brent et al., 1988) that is consistent with the microscopic solvability 
theory. The macroscopic density and velocity fields are simulated using a single particle 
density DF through a kinetic equation, while the macroscopic temperature field is obtained 
from a separate temperature DF through another kinetic equation (Chatterjee, 2010). The 
phase change aspect is numerically handled by the enthalpy-porosity technique with an 
adapted enthalpy-updating scheme. The source terms originating out of the physical 
situation are incorporated into the respective kinetic equations by the most formal technique 
following the extended Boltzmann equation. Test cases for one and two-dimensional 
solidification problems are presented and compared with the analytical and available 
numerical solutions. Finally, simulation results for a popular solid-liquid phase change 
problem, such as the Bridgman crystal growth in a square crucible are also shown to 
establish the capability of the model.  

2. Model formulation 
In this section we first present the generalized convection-diffusion macroscopic conservation 
equations governing the transport processes occurring during phase change, followed by the 
corresponding lattice Boltzmann formulation.  
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2.1 Macroscopic conservation equations 
The equivalent single phase volume-averaged macro-scale continuity, momentum and 
energy conservation equations for a nonparticipating phase changing system, assuming a 
laminar, incompressible and Newtonian flow, can be presented as: 

 0  u  (1) 

  .t p        u u u σ F  (2) 

    .p tc T T T q          u σ u   (3) 

where u , p  and T  denote the macroscopic velocity, pressure and temperature, 

   2 3 .T       σ u u u I  is the viscous stress tensor,  ,  , pc  and   are the 
density, kinematic viscosity, specific heat and thermal conductivity,  F G S  is the body 
force per unit mass which incorporates a combined contribution form the buoyancy force 

 a refT T G g , assuming the Boussinesq approximation to be valid, where ag  is the 
acceleration due to gravity,   is the volumetric thermal expansion coefficient and refT  is the 
reference temperature and a porous medium frictional resistance force    S K u , 
where K  represents the permeability tensor. Components of the tensor K  depend on the 
specific morphology of the phase changing domain, for which any appropriate formulation 
for flow through a porous medium can be effectively invoked. A common approach 
followed in the literature is to adopt the celebrated Darcy model (or some of its variants) for 
flow through a porous medium, in association with the Cozeny-Karman equation (Voller & 
Prakash, 1987) as    2 31 l lM f f   K , where   is the dynamic viscosity, 

  8~ 10M O  is a morphological constant and   3~ 10O   is a computational constant 
introduced to avoid division by zero. Further, lf  is the liquid fraction, given as /lf h L  , 
where L is the latent heat of phase change and h  is the latent enthalpy content of a 
computational cell undergoing phase change and can be given by, 

 
( )   :

           :
0              :

l

l s l

s

h f T L T T
f L T T T

T T

   
  
 

 (4) 

where Ts and Tl are the solidus and liquidus temperatures respectively. 
The above formulation effectively ensures that in the phase changing cells, the porous 
medium resistance term dominates over the transient, convective and diffusive effects 
manifested by molecular interaction mechanisms, thereby forcing the velocity field to 
imitate the Cozeny-Karman law. On the other hand, in totally solid elements  0lf  , the 
high porous medium resistance forces any velocity predictions effectively to zero. In a fully 
liquid element  1lf  , however, this term has no consequence, and the usual form of the 
Navier Stokes equation can be retrieved. 
The latent-heat evolution is accounted for by introducing a source term in the macroscopic 
energy conservation equation (final term on the right-hand side of Eq. (3)) as, 

   .tq h h         u . For pure material phase change the term  . h u  vanishes 
and the energy source term becomes  tq h   . 
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2.2 The lattice Boltzmann model 
A statistical description of a fluid system can be made in terms of a particle density DF, 
which satisfies the continuous Boltzmann equation with a single-relaxation-time BGK 
(Bhatnagar-Gross-Krook) model (Bhatnagar et al., 1954) as: 

  eq
t ff f f f F      ξ  (5) 

where  , ,f tx ξ  is a single particle density DF from which the macroscopic properties of the 
fluid can be obtained, ξ  is the microscopic velocity, f  is the relaxation time, F and 

 , ,eqf tx ξ  are the external forcing parameter and the Maxwell-Boltzmann type equilibrium 
DF, given by, 

 
 . eqF f
RT




F ξ u
, 

 
 2

2 exp
22

eq
Df

RTRT




 
  
  

ξ u
 (6) 

where R is the gas constant and D is the dimensionality. The macroscopic variables are 
obtained by taking (microscopic velocity) moments of the density DF f as: f d   ξ , 

f d  u ξ ξ F . However, it is a well known fact that the temperature field obtained from 

the second moment of the DF f yields a fixed Prandtl number, implying that the thermal 
diffusivity cannot be adjusted independent of the kinematic viscosity (He et al., 1998), which 
restricts its applicability to a limited class of problems only. 
To this end, we define a new temperature DF  , ,g tx ξ  following the passive scalar 
approach of He et al. (1998), which obeys a kinetic equation of the form: 

  eq
t gg g g g Q       ξ  (7) 

where g  is the relaxation time,  , ,eqg tx ξ  is the is the Maxwell-Boltzmann type 
equilibrium DF, given by, 

 
 

 2
2 exp

22

peq eq
pD

c T
g c T f

RTRT





 
   
  

ξ u
 (8) 

Here I II III     accounts for the viscous heating ( I ), compression work ( II ) and 

kinetic energy ( III ) contributions given as (Shi et al., 2004): 

      :eqI f f R         ξ u ξ u u  (9a) 

    :eqII f R        ξ u ξ u u  (9b) 

    . .III
tf R        ξ u u u u  (9c) 

It should be mentioned that in the incompressible limit (which is the limit of small Mach 
number, 0Ma  ), II  and III  become negligible and hence I  . In Eq. (7), Q  is the 
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energy source term that features out of the physical situation within the participating fluid 
media. The macroscopic temperature can be obtained from the temperature DF g as: 

 pc T gd Q d    ξ ξ . Since two separate kinetic equations with corresponding DFs are 
used to describe the flow and thermal fields respectively, the kinematic viscosity and 
thermal diffusivity can be independently adjusted, which makes the model suitable for 
varying Prandtl number flows. 
Eqs. (5) and (7) can now be represented by the following generic discrete-velocity form: 

  eq
t i i i i ii           ξ  (10) 

where  or f g  , or f g   ,  or F Q    for the respective kinetic equations and 
 1,i b  stands for the b base vectors of the underlying lattice type. Eq. (10) is subsequently 

integrated along its characteristic using the second order trapezoidal rule (He et al., 1998) to 
yield the discrete evolution equation: 

 
       
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t
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t t t
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

     


           

         

x ξ ξ x ξ x ξ ξ x ξ ξ

x ξ x ξ x ξ ξ x ξ
 (11) 

where t  denotes the time step. The forcing parameter and the discrete equilibrium DFs can 
be constructed as: 

  
2 4

ii
i i i

s s

F w
c c


 

   
  

ξ uξ u ξ F  (12) 

    2

2 4

:
1

2

i i seq i
ii

s s

c
f w

c c

    
 
 

uu ξ ξ Iξ u , eq eq
pi ig c T f  (13) 

Finally, the energy sources can be formulated as: 

     
2

:eq i iI
i i i i

s

T f f
c

  
    

ξ u ξ u u ,  
21 i

i i
s

Q w q
c

 
  

  

ξ u  (14) 

The weights iw  and the discrete velocities iξ  correspond to the D2Q9 configuration (He et 
al., 1998) (refer to Fig. 1) as: 
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where  3c RT  is the characteristic speed, and the sound speed of the model is chosen as 

1 3sc RT  .  

 

 
Fig. 1. Discretized 2D velocity space (D2Q9) 

By using the Chapman-Enskog multiscale expansion, Eq. (11) correctly recovers the 
macroscopic conservation equations in the incompressible limit by setting the kinematic 

viscosity as  2 0.5s fc t    , where    0.5 0.5 , ,f f t T      x  is the modified 

relaxation time for the non-isothermal flows (Chatterjee & Chakraborty, 2006) with 
   , , , ,i

i

t T f t T x x  being the local particle density and the thermal diffusivity as 

 2 0.5p s gc c t       . Accordingly, the approach offers the possibility of varying the 

Prandtl number by adjusting the relaxation times of the respective kinetic equations as: 

   Pr 0.5 0.5f g       .  

In order to avoid implicitness of Eq. (11), we further introduce (He et al., 1998) 

2 2
eq

i i ii i
t t    

       . Consequently, the discretized evolution equations for i  
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The macroscopic flow and thermal quantities are obtained from if  and ig  as: i
i

f  , 

 2i i
i

f t   u ξ F ,    2p i i i
i i

c T g t Q      . 
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3. Numerical implementation 
3.1 Enthalpy update 
For accurate prediction of the liquid fraction, the latent enthalpy content of each 
computational cell needs to be updated according to the predicted macroscopic value of 
temperature each iteration within a time step. For that purpose, an enthalpy updating 
scheme in accordance with the formulation of Brent et al. (1988) is used, which is of the 
form,         1

1 sn n n n
h h h F h 

      , where n is the iteration level characterizing the 
updation stage, hs is the sensible enthalpy of the concerned cell, h  is the latent heat 
contained by the cell, and   is a suitable relaxation factor to smoothen convergence. In the 
above formulation,  1F h   is an appropriate mathematical function, which needs to be 
constituted in consistency with microscopic phase change considerations. A detailed 
guideline in this regard can be found in Chakraborty & Dutta (2001). For the case of pure 
material phase change an appropriate choice of the function can be  1

p mF h c T   , where 

mT  is the equilibrium freezing temperature in presence of a flat interface. With the updated 
h , nodal values of sensible heat, and hence the temperature can be obtained as: 

        1 1 1 1s pn n n nh h h c T        (18) 

3.2 Boundary conditions 
A no-slip hydrodynamic boundary condition and both Neumann and Dirichlet type thermal 
boundary conditions at the walls can be used. The non-equilibrium extrapolation method 
(Guo et al., 2002), which has a good numerical accuracy and stability, can be adopted to 
implement the above mentioned boundary conditions in the LB framework. According to 
this method, the non-equilibrium part of the DF at a boundary node can be well 
approximated by the same at the nearest neighboring node in the fluid region along the 
discrete velocity. As an example, if bx  represents a boundary node and fx  its nearest 
neighboring fluid node, then    neq neq

b fi if fx x  and    neq neq
b fi ig gx x , and the total DF 

at bx can be given as: 

          ,eq eq
i b b b i f fi if f f f         x x u x x x  (19) 

            , ,eq eq
i b b b b i f fi ig g T g g          x x u x x x x  (20) 

where the equilibrium part of the DF is determined by imposing the macroscopic boundary 
conditions through the auxiliary density  , velocity u  or temperature T . For example, if 
velocity  bu x  and temperature  bT x  are known but  b x  is unknown, we may use 

   b f  x x  or      2b f f f    x x x  with f fx as the next neighboring fluid node 
of bx  in the same direction, and    b b

 u x u x ,    b bT T x x . u and T are specified 
according to the given boundary conditions for u  and T . 
A Neumann boundary condition can be implemented by transferring it to the Dirichlet type 
boundary condition by using a conventional second order finite difference approximation to 
obtain the boundary temperatures (Shu et al., 2002), in an iterated manner. Regarding 
interface conditions, it is apparent that the solid/liquid interface in phase change problems 
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acts as a wall, and the same needs to be treated appropriately. However, according to the 
enthalpy-porosity formulation, one does not need to track the interface separately and 
impose hydrodynamic or thermal boundary conditions on the same, since the interface 
comes out as a natural outcome of the solution procedure itself. 

3.3 Numerical scheme 
The simulation starts with the prescribed initial values of the temperature  ,0T x , velocity 

 ,0u x  and liquid-fraction  ,0lf x . The sensible enthalpy  ,0sh x and latent enthalpy 

 ,0h x  values are obtained from the prescribed initial conditions. Thereafter, the initial 

DFs  ,0if x  and  ,0ig x  are computed using one term in their respective Knudsen 

expansions, i.e.,    ,0 ,0eq
i if fx x  and    ,0 ,0eq

i ig gx x . Distribution functions are then 

evolved according to Eq. (17). The overall solution algorithm is as follows: 
i. Read the geometry 
ii. Set initial conditions  ,0u x ,  ,0T x and  ,0lf x  

iii. Calculate sensible and latent enthalpy  ,0sh x  and  ,0h x  

iv. Calculate initial equilibrium DFs  ,0eq
if x  and  ,0eq

ig x  

v. Set the initial DFs    ,0 ,0eq
i if fx x and    ,0 ,0eq

i ig gx x  

Time loop 
{ 

1. Impose boundary conditions 
2. Propagate fluid particles (Streaming) 
3. Calculate equilibrium DFs eq

if and eq
ig  

4. Calculate relaxation 
5. Obtain velocity, temperature and liquid fraction fields 
6. Update nodal enthalpy 
7. Go back to step 1 until convergence 

} 
vi. Obtain macroscopic variables 
The convergence is declared if the following criterion is satisfied: 

 
1 1 1

8min , , 10
n n n n n n

n n n
T T h h

T h

  
     

   

u u
u

 (21) 

The relaxation parameters should lie in the range 0.5 1, ,i i f g    such that positive 
distribution functions can be obtained close to the local equilibrium, thereby ensuring non-
linear stability of the numerical scheme (Higuera et al., 1989). It should be emphasized here 
that a rigorous, exact, theoretical analysis of nonlinear stability of the scheme is impossible, 
for it would amount to solving the lattice Boltzmann equations (LBE) itself. However, a 
number of general guiding criteria prove fairly useful. One of these criteria is the 
conservativeness of the scheme. The streaming operators in the LBE are perfectly 
conservative and the collision operators are also conservative. This makes the method an 
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exactly conserving numerical scheme which automatically protect against numerical blow-
ups in the actual simulation (Chatterjee, 2009). 

4. Case studies 
We present here some case studies such as 1-D and 2-D solidification/melting problems for 
which analytical solutions are available and some other benchmark problems in melting and 
solidification. 

4.1 1-D directional solidification 
A one-dimensional (1-D) directional solidification problem is solved for which analytical 
solution is available. The schematic of the problem is shown in Fig. 2. Initially, the material 
is kept in a molten state at a temperature Ti (= 1) higher than the melting point Tm (= 0.5). 
Heat is removed from the left at a temperature T0, which is scaled to be zero. The one-
dimensional infinite domain is simulated by a finite domain (considering a domain extent 
of 4). The analytical solutions for the interface position  t , the solid (Ts) and liquid (Tl) 

temperatures are given by (Voller, 1997; Palle & Dantzig, 1996): 
 

 
Fig. 2. Schematic of the one-dimensional solidification problem (Chatterjee, 2010) 

   2t t  , 
   4m

s
T

T erf x t
erf 

 , 
   1

1 4m
l

T
T erf x t

erf 


   (22) 

where   is a constant and can be obtained implicitly from the transcendental equation, 

      21 expmT erf erfc
St
   

 
   

 
 (23) 

Numerical simulation is performed by considering 40 uniform lattices in total in the 
computational range from x = 0 to 4. The dimensionless time, position and temperature are 
defined as 2t t Y , x x Y  and    0 0iT T T T T    respectively and the numerical 
value of Y is set as unity. The calculated isotherms at different times and the interface 
positions at different Stefan numbers ( pSt c T L  , where 0iT T T   ) are shown in Fig. 3 
(a, b). An excellent agreement is found between the present simulation and the analytical 
solution which in turn demonstrates the effectiveness of the proposed method. 
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(a) 

 

 
(b) 

Fig. 3. Comparison of calculated (symbol) (a) isotherms for St = 1 at different times, and (b) 
interface position at different Stefan numbers with analytical solutions (solid lines) for the 
one-dimensional solidification problem (Chatterjee, 2010) 

4.2 2-D solidification problem 
A two-dimensional (2-D) solidification problem for which analytical (Rathjen & Jiji, 1971) 
and numerical (LB) (Jiaung et al., 2001; Lin & Chen, 1997) solutions are available in the 
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literature is now presented. Fig. 4 shows the schematic diagram of the problem with the 
boundary conditions. The material is kept initially at a uniform temperature Ti which is 
higher than or equal to the melting temperature Tm. The left (x = 0) and bottom (y = 0) 
boundaries are lowered to some fixed temperature  0 mT T and consequently, solidification 
begins from these surfaces and proceeds into the material. Setting the scaled temperatures 

0.3iT  , 0 1T    and 0mT   as considered in Jiaung et al. (2001) and Rathjen & Jiji (1971) 
and assuming constant material properties, we obtain the LB simulation results following 
the proposed methodology. Fig. 5a and b depict the interface position and isotherms 
respectively at a normalized time 0.25t   and  0 4p mSt c T T L   . The interval between 
the isotherm lines is 0.2 units (dimensionless). The agreement with the available analytical 
and numerical results is quiet satisfactory. This in turn demonstrates the accuracy and 
usefulness of the proposed method.  

4.3 Melting of pure gallium 
Melting of pure gallium in a rectangular cavity is a standard benchmark problem for 
validation of phase change modeling strategies, since reliable experiments in this regard 
(particularly, flow visualization and temperature measurements) have been well-
documented in the literature (Gau & Viskanta, 1986). Brent et al. (1988) solved this problem 
numerically with a first order finite volume scheme, coupled with an enthalpy-porosity 
approach, and observed an unicellular flow pattern, in consistency with experimental 
findings reported in Gau & Viskanta (1986), whereas Dantzig (1989) obtained a multicellular 
flow pattern, by employing a second order finite element enthalpy-porosity model. Miller et 
al. (2001), again, obtained a multicellular flow patterns while simulating the above problem, 
 

 
Fig. 4. Schematic of the two-dimensional solidification problem (Chatterjee, 2010) 
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(a) 

 

 
(b) 

Fig. 5. Comparison of (a) interface position and (b) isotherm at 0.25t   for the two-
dimensional solidification problem (Chatterjee, 2010) 



 
Hydrodynamics – Optimizing Methods and Tools 

 

142 

by employing a LB model in conjunction with the phase field method. In all the above cases, 
nature of the flow field was observed to be extremely sensitive to problem data employed 
for numerical simulations. Here, simulation results (Chakraborty & Chatterjee, 2007) are 
shown with the same set of physical and geometrical parameters, as adopted in Brent et al. 
(1988). The study essentially examines a two-dimensional melting of pure gallium in a 
rectangular cavity, initially kept at its melting temperature, with the top and bottom walls 
maintained as insulated. Melting initiates from the left wall with a small thermal 
disturbance, and continues to propagate towards the right. The characteristic physical 
parameters are as follows: Prandtl number (Pr) = 0.0216, Stefan number (St) = 0.039 and 
Raleigh number (Ra) = 6 × 105. Numerical simulations are performed with a (56 × 40) 
uniform grid system, keeping the aspect ratio 1.4 in a 9 speed square lattice (D2Q9) over 6 × 
105 time steps (corresponding to 1 min of physical time). The results show excellent 
agreements with the findings of Brent et al. (1988). For a visual appreciation of flow 
behavior during the melting process, Fig. 6 is plotted, which shows the streamlines and melt 
front location at time instants of 6, 10 and 19 min, respectively. The melting front remains 
virtually planar at initial times, as the natural convection field begins to develop. 
Subsequently, the natural convection intensifies enough to have a pronounced influence on 
overall energy transport in front of the heated wall. Morphology of the melt front is 
subsequently dictated by the fact that fluid rising at the heated wall travels across the cavity 
and impinges on the upper section of the solid front, thereby resulting in this area to melt 
back beyond the mean position of the front. After 19 min, the shape of the melting front is 
governed primarily by advection. Overall, a nice agreement can be seen between 
numerically obtained melt front positions reported in a benchmark study executed by Brent 
et al. (1988) and the present simulation. Slight discrepancies between the computed results 
 

  

 
Fig. 6. Melting of pure gallium in a rectangular cavity (Chakraborty & Chatterjee, 2007) 



 
Lattice Boltzmann Modeling for Melting/Solidification Processes  

 

143 

(both in benchmark numerical work reported earlier and the present computations) and 
observed experimental findings (Gau & Viskanta, 1986) can be attributed to three-
dimensional effects in experimental apparatus to determine front locations, experimental 
uncertainties and variations in thermo-fluid properties. However, from a comparison of the 
calculated and experimental (Gau & Viskanta, 1986) melt fronts at different times (refer to 
Fig. 7), it is found that both the qualitative behavior and actual morphology of the 
experimental melt fronts are realistically manifested in the present numerical simulation. 

4.4 Bridgman crystal growth 
Results are presented for simulation of transport processes in a macroscopic solidification 
problem such as the Bridgman crystal growth in a square crucible (Chatterjee, 2010). The 
Bridgman crystal growth is a popular process for growing compound semiconductor 
crystals and this problem has been solved extensively as a benchmark problem. The typical 
problem domain along with the boundary condition is shown schematically in Fig. 8. 
Initially, the material is kept in a molten state at a temperature Ti (= 1) higher than the 
melting point Tm. Since initially there is no thermal gradient, consequently, there is no 
convection. At t = 0+, the left, right and the bottom walls are set to the temperature T0, which 
is scaled to be zero, while the top wall is assumed to be insulated. This will lead to a new 
phase formation (solidification) at the walls with simultaneous melt convection. The 
characteristic physical parameters (arbitrary choice) for the problem are the Prandtl number 

Pr = 1, Stefan number St = 1 and Raleigh number  3 510aRa g TA    , with A being 

 

 
Fig. 7. Melting of pure gallium in a rectangular cavity: comparisons of the interfacial 
locations as obtained from the LB model (circles) with the corresponding experimental (Gau 
& Viskanta, 1986) results (dotted line) and continuum based numerical simulation (Brent et 
al., 1988) predictions (solid line) (Chakraborty & Chatterjee, 2007) 
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Fig. 8. Schematic of the Bridgman crystal growth in a square crucible (Chatterjee, 2010) 

 
 

 

Fig. 9. Isotherm (continuous line) and flow pattern (dashed lines) at 0.25t   for the 
Bridgman crystal growth process (Chatterjee, 2010) 



 
Lattice Boltzmann Modeling for Melting/Solidification Processes  

 

145 

the characteristic dimension of the simulation domain. Numerical simulations are 
performed on a (80 × 80) uniform grid systems with an aspect ratio of 1, in a 9 speed square 
lattice (D2Q9) over 6 × 105 time steps corresponding to 1 min of physical time. For a visual 
appreciation of the overall evolution of the transport quantities in this case, Fig. 9 is plotted, 
which shows the representative flow pattern and isotherms at a normalized time instant of 

0.05t  . The interval between the contour lines is 0.05 units (dimensionless). Larger 
isotherm spacing is observed in the melt which is a consequence of the heat of fusion 
released from the melt as well as a subsequent convection effect. The isotherms are normal 
to the top surface since the top surface is an adiabatic wall. Two counter rotating symmetric 
cells are observed in the flow pattern which is consistent with the flow physics. The melt 
convection will become weaker as the solidification progresses since there is very little space 
for convection. Also the thermal gradient will become small at this juncture. The calculation 
continues until the melt completely disappears and the temperature of the entire domain 
eventually reaches T0. 
In order to demonstrate the capability of the proposed method in capturing the interfacial 
region without further grid refinement as normally required for the phase field based 
method or any other adaptive methods, Fig. 10 is plotted in which the comparison of the 
isotherm obtained from the present simulation for the Bridgman crystal growth and from an 
adaptive finite volume method (Lan et al., 2002) is shown. Virtually there is no deviation of 
 

 
Fig. 10. Comparison of isotherm from the present calculation (solid lines) and from an 
adaptive finite volume method (dashed lines) (Lan et al., 2002) (Chatterjee, 2010) 
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the calculated isotherm form that obtained from the adaptive finite volume method (Lan et 
al., 2002) has been observed. This proves that the present method is quiet capable of 
capturing the interfacial region without further grid resolution. 

4.5 Crystal growth during solidification 
In this section, the problem of crystal growth during solidification of an undercooled melt is 
discussed (Chatterjee & Chakraborty, 2006). Special care is taken to model the effects of 
curvature undercooling, anisotropy of surface energy at the interface and the influence of 
thermal noise, borrowing principles from cellular automaton based dendritic growth 
models (Sasikumar & Sreenivasan, 1994; Sasikumar & Jacob, 1996), in the framework of a 
generalized enthalpy updating scheme adopted here. Numerical experiments are performed 
to study the effect of melt convection on equiaxed dendrite growth. Since flow due to 
natural convection (present in a macroscopic domain) can be simulated as a forced flow over 
microscopic scales, a uniform flow is introduced through one side of the computational 
domain, and its effect on dendrite growth morphology is investigated. Computations are 
carried out in a square domain (50 × 50 uniform grid-system) containing initially a seed 
crystal at the center, while the remaining portion of the domain is filled with a supercooled 
melt. The physical parameters come from the following normalization of length (W) and 
time (τ) units: 2W   and 22 / k g    , where δ is the interfacial length scale (typically 
O (10-9 m)), μk is a kinetic coefficient (typically O (10-1 m/s.K)) and g is the Gibbs-
Thompson coefficient (typically O (10-7 m.K)). Exact values of the above parameters have 
been taken from Beckermann et al. (1999). The degree of undercooling corresponds to 0.515 
K. Fig. 11 demonstrates the computed evolution of dendritic arms under the above 
conditions. In absence of fluid flow, the dendrite arms grow in an identical manner 

 

 
(a)    (b) 

Fig. 11. Effect of fluid flow on evolution of dendrite (Pr = 0.002) (0.4, 0.8, 1.2, 1.6, 2, 2.4 and 
2.8 s) (a) with only diffusion (b) in presence of fluid flow. The interval between solid fraction 
contour lines is 0.05 units (dimensionless) (Chatterjee & Chakraborty, 2006) 
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(Fig. 11a), simply because of isotropic heat extraction through all four boundaries. Fig. 11(b) 
illustrates the effect of convection on the above dendritic growth. In the upstream side (top), 
convection opposes heat diffusion, which subsequently reduces the thermal boundary layer 
thickness and increases local temperature gradients, eventually, leading to a faster growth 
of the upper dendritic arm. Evolution of the downstream arm (bottom), on the other hand, is 
relatively retarded, for identical reasons. 
For a more comprehensive validation of the quantitative capabilities of the present LB 
model to simulate dendritic growth in presence of fluid flow, results predicted by the 
present model are compared with those reported in Beckermann et al. (1999), and a visual 
appreciation of the same is depicted in Fig. 12. It is revealed from Fig. 12 that the solid 
fraction contours and isotherms based on the present model match excellently with the 
dendritic envelopes depicted in Beckermann et al. (1999). These results, further, indicate 
excellent convergence properties of the present LB based method, over a wide range of 
Reynolds and Prandtl numbers. 
 
 
 

 
 
 

Fig. 12. LB Simulation of dendritic growth by employing problem data reported in 
Beckermann et al. (1999), solid fraction contour with velocity vectors (top panel) and 
isotherms (bottom panel), a) t = 2 s (b) t = 8 s (c) t = 12 s. The interval between isotherms is 
0.05 units (dimensionless) (Chatterjee & Chakraborty, 2006) 
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5. Summary 
This chapter briefly summarizes the development of a passive scalar based thermal LB 
model to simulate the transport processes during melting/freezing of pure substances. The 
model incorporates the macroscopic phase changing aspects in an elegant and 
straightforward manner into the LB equations. Although the model is developed for two-
dimensional phase change problems, it can be easily extended to three-dimension. These 
features make the model attractive for simulating generalized convection-diffusion 
melting/solidification problems. Because of its inherent simplicity in implementation, 
stability, accuracy, as well as its parallel nature, the proposed method might be a potentially 
powerful tool for solving complex phase change problems in physics and engineering, 
characterized by complicated interfacial topologies. Compared with the phase field based 
LB models, the present scheme is much simpler to implement, since extremely refined 
meshes are not required here to resolve a minimum length scale over the interfacial regions. 
Although a finer mesh would definitely results in a better-resolved interface and a more 
accurate capturing of gradients of field variables, the mesh size for the present model 
merely plays the role of a synthetic microscope to visualize topological features of the 
interface morphology. 
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1. Introduction 
Lattice Boltzmann method (LBM) has recently been receiving considerable attention as a 
possible alternative to conventional computational fluid dynamics (CFD) approaches in 
many areas related to complex fluid flows. It is of great promise for simulating flows in 
topologically complicated geometries, such as those encountered in porous media, and for 
simulations of multi-component and/or multiphase flow conjugated with heat and mass 
transfer. In these particular areas, there are few viable conventional CFD methods for using. 
The present chapter deals with LBM numerical investigation to heat and mass transfer in 
flows with multiple components and/or phases encountered in the rotating packed-bed or 
nucleate pool boiling. 
In the following section 2 the LB multi-component model is adapted for simulating the 
mixing process in a rotating packed-bed with a serial competitive reaction (A+B→R, 
B+R→S; A, B, R, and S denote different components.) occurred inside. The serial competitive 
reaction in the main filling area of a rotating packed-bed is simulated and the mass transfer 
with forced convection caused by a cylindrical filler (to mimic the packing material) is 
studied as well. The obtained results provide some guidance for further studying the forced 
mass-transfer in and for the design of the real rotating packed-bed in industries. 
In section 3, a hybrid LBM model is constructed. In combination with a lattice Boltzmann 
thermal model, the lattice Boltzmann multiphase model being capable of handling a large 
density ratio between phases is extended to describe the phenomenon of phase change with 
mass and heat transferring through the interface. Based on the Stefan boundary condition, 
the phase change is considered as change of the phase order parameter and is treated as a 
source term in the Cahn-Hilliard(C-H) equation. The evolution of the interfacial position is 
thereby tracked. With an improved Briant’s treatment to the partial wetting boundaries, this 
hybrid model is used to simulate the growth of a single vapour bubble on and its departure 
from a heated wall. Numerical results exhibit similar parametric dependence of the bubble 
departure diameter in comparison with the experimental correlation available in recent 
literatures. Furthermore, parametric studies on the growth, coalescence and departure of a 
pair of twin-bubbles on a heated wall are conducted as well. 
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2. LBM mass transfer model 
In practical engineering, the fluid flow is commonly multiphase and/or multi-component 
flow. The interface between phases or components changes randomly with time and the 
boundary surfaces between fluid and solid are sometimes very topologically-complicate. 
These factors make the corresponding numerical study being of great challenge. Based on the 
lattice gas method (Frish et al., 1986) since 1992, LBM has been developed and employed in the 
area of computational fluid dynamics, particularly, for the simulations of multi-component 
flows. Alexander et al. (1993) first used the LBM work to study component delivery problems, 
but the model was limited to a fixed Prandtl number. Chen et al. (1997) introduced a matrix 
instead of the Bhatnagar-Gross-Krook (BGK) collision factor to overcome this limitation, but 
their method is subjected to some computational instability (Soe et al., 1998; Vahala et al., 1998; 
Vahala et al., 2000). Bartoloni et al. (1993) and Shan (1997) employed two distribution functions 
to enhance the stability of the calculation. Inamuro et al. (2002) further simplified the 
distribution function. Because non-linear first-order error term presents in the macroscopic 
diffusion equation, the LBM multi-component model has only first-order accuracy.   
Via comparison with the analytical solution, this section firstly analyzes the truncation error 
and accuracy of LBM. Secondly, we build up the serial competitive reaction LBM and use 
this model to simulate the mass transfer process in a rotating packed-bed.  
In a rotating packed bed, the extremely high rotation speed forms super large centrifugal 
body force, which can be hundreds times of the gravity. Multiphase and/or multi-
component fluids flowing inside the porous packed-bed will be torn into micro- or even 
nano- sized fragments, leading to greatly elongated interfaces between phases or 
components and hence making the mixing process around 1 - 3 orders of magnitude more 
efficient than in the traditional mixing towers. In this section, mixing process with a serial 
competitive reaction in a simplified rotating packed-bed will be simulated using an 
improved LBM mass transport model.  

2.1 Mathematical formulation and model validation 
2.1.1 Mathematical formulation 
Continuity and Navier-Stokes equations 

We assume the fluid system contains fluid phase of n-components. The D2Q9 BGK model is 
applied and the equilibrium distribution function (f) of component n is formulated as follows,  

 2 29 3
( , , ) (1 3 ( ) )

2 2
eq
a n a a af t n c u     x e u e u  (1) 

The term on the left hand side denotes the probability that component n is present at 
position x, at time t along the direction a. The ea is the particle velocity，e0=0；e=△x⁄△t，△x 

is the space step, △t is the time step, 
4 /9,     0;
1/9,      1,3,5,7;
1 / 36,   2,4,6,8.
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a
a
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


 
 

 cn is the concentration of 

component n, u is the velocity vector of fluid flow. The corresponding LBM equation of 
component n is 
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with  being the relaxation parameter and  the time step. We define the macroscopic 
variables as 

 ( , , )eq
n a

a

c f t n x  (3) 

 eq
n i ia a ia a

a a

c f f  u e e  (4) 

 ( , ) ( , , )n
n

c t c t nx x  (5) 

By virtue of the Chanman-Enskog expansion and multiscale analysis, the corresponding 
continuity and Navier-Stokes equations yield 

 0j

j

cuc
t x


 

 
 (6) 
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     

      
 (7) 

where, the viscosity is calculated with μ=(2τ-1)ε/6.0=η/2.0, the pressure p=c/3. Eqs. (6) and 
(7) ensure the multi-component system being of the general flow characteristics. 

Mass transport equations of fluid components  

Applying the Taylor series expansion and using the Chapman-Enskog approximation to Eq. 
(2), we get the following second order LB mass transport equation, 

 (0) (0) (0)2 2

0

1
( ) ( ) ( ) 0
2i a i

i i

f f f o
t x t x   

  
     

     
     e e  (8) 

Combined with Eqs.(3)and (4), Eq.( 8) can be expressed as 

 
2 2

2
2 ( )n n i n n i

i ii

c c u c c u
o

t x t xx
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   
   

 (9) 

where, μ=(2τ-1)ε/6.0 is the diffusion coefficient. A perturbation term
2

n i

i

c u
t x

 
 

 of first-order 

accuracy is present in the convection-diffusion equation. The dimensionless velocity u is 
very small, so the perturbation term only has little influence on the precision of Eq. (9). The 
difference between LBM and the traditional convection-diffusion equation is that the series 
truncation error term appears in the diffusion term of the corresponding macroscopic 
equation (9). This section focuses firstly on the truncation error term and the perturbation 
term to investigate their influence on the LBM diffusion behavior. 

Mass transport with serial competitive reaction  

We consider a serial competitive reaction: A+B→R；B+R→S. The corresponding convection 
-diffusion equation is formulated as 
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 (10) 

where, ui  is the xi-direction velocity; cn is the concentration of component n; D is molecular 
diffusion coefficient; ri is the source or sink term due to chemical reaction. 
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where, k1 and k2 are rate constants. 
Based on D2Q9 BGK model, the equilibrium distribution function of component n is set as 
follows. 

 2 29 3
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i，j are the unit vector in the x, y direction, 

respectively; ea is the particle velocity. The distribution function ( , , )eq
af t nr denotes the mass 

fraction probability of component n presented at location r, at time t and along the a 
direction. Using rna toi denote the corresponding chemical reaction term, the equation of 
LBM is thus obtained as 

 
( , , ) ( , , )

( , , ) ( , , )
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Likewise, we define macroscopic variables: 

The node mass fraction of the component n: ( , , )eq
n a

a

c f t n r                  (15) 

The total mass fraction of nodes: ( , ) ( , , )n
n

c t c t nr r                    (16) 

Node momentum of component n： ( , , ) ( , , )eq
a a a a

a n a n

c f r t n f r t n    u e e                 (17) 

Node chemical reaction term of composition n: n na
a

r r                            (18) 

Applying the Taylor series expansion and Chapman-Enskog expansion to Eq. (14), we can 
get a different time scale LBM equation. Bonded with the multi-scale equations, the 
following equation yields  
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Introducing Eqs. (15), (16), (17) and (18) into the Eq. (19), we get 
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where, D=(τ-0.5)ε/3is the diffusion coefficient.  

2.1.2 Model validation 
In order to validate the model prediction we consider a transient diffusion case, which is 
described with:  
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2
c c
t x
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, 0 1x  , 0t   (21) 

The boundary and initial conditions are,  
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It has an analytical solution,  
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As shown by Fig. 1, the LBM simulated results are in good agreement with the analytical 
solutions. No initial value fluctuation occurs in the LBM computation.  
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Fig. 1. Diffusion behavior without convection effect 
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The above test case verifies that the perturbation term
2

n i

i

c u
t x

 
 

in Eq. (9) can be safely 

omitted. Hereby we validate the reliability and accuracy of the LBM diffusion transport 
model. 

2.2 Mixing process with serial competitive reaction 
2.2.1 Laminar diffusion and reaction model 
Experimental results of TV camera image and stroboscopic photography show that the 
liquid flow in rotating packed-bed is mainly in the form of film flow (Liu, 2000). Due to the 
strong centrifugal force, the liquid film is very thin, thinner than tens of microns. Therefore, 
the Reynolds number is small (approximately less than 30) and thus the liquid flow falls in 
the laminar flow regime. To this understanding, we perform the LB modeling to the laminar 
diffusion and reaction process. 
We consider a case that two liquid films meet and bond together and then move at the same 
speed with no tangential movement due to shear force. The diffusion is across the interface 
of two liquid films and the reaction is added: A+B→R；B+R→S. Analyzing this serial 
competitive reaction and comparing the first product R and second product S, we can 
quantify the reactive mass transport. 
Fig.2 displays the concentration profile of each component of reactants and products, at 
position i=75 and at time t=50000 time steps, which corroborates the process follows the 
laminar diffusion and reaction regime. More simulation results about temporal variation of 
the total amount of each component (

,

( , )
i j

c c i j ) are shown in Fig. 3. 
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Fig. 2. Component concentration at i=75 and at t=50000 time steps 
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Fig. 3. Temporal variation of the total amount of each component  

2.2.2 Forced convection and reaction model 
To introduce convection disturbance to the mixing process, a cylindrical pillar is put at the 
entry section of the simulated geometry. The cylindrical pillar mimics one packed- filler in a 
rotating packed-bed. With the LBM, the mixing with serial competitive reaction at the end-
effect regions of the rotating packed-bed is simulated and some hints about the convective 
mixing in the packed-bed are obtained. Typical results are shown in Figs. 4 and 5. The 
inserted pillar induces disturbance to fluid flow, deforming the interface of different 
components and hence enhancing the mixing process. 
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Fig. 4. Temporal variation of the total amount of each component  
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Fig. 5. Evolution of 2-D distribution of the reactant/product concentration 

3. A hybrid lattice Boltzmann model 
Nucleate boiling is a liquid-vapor phase-change process accompanying with the bubble 
formation, growth, departure and rising. Because the process plays a key role in the boiling 
heat transfer, it has been widely studied for half a century. Although the phenomenon of 
bubble motion with bubble growth can be explained qualitatively as demonstrated in the 
corresponding experimental investigations, main difficulty in quantitative prediction is that 
multiphase flows pose to be very complex, involving thermodynamics (co-existing phase), 
kinetics (nucleation, phase transitions) and hydrodynamics (inertial effects). “What role 
does a liquid-vapor interface play?” remains to be a core and open issue from the physical 
point of view. Fortunately, the development of numerical methods and computer 
technology has provided a powerful tool to predict vapor bubble behavior in nucleate pool 
boiling. For vapor bubble with phase-change, the vapor-liquid interface becomes 
extraordinary complicated because of its nonlinearity, variety, and time-dependence 
behavior induced by phase-change accompanying with heat and mass transfer. Therefore, 
treatment of the interface is a key problem in the simulation of multiphase flows including 
bubbly flows. Generally, numerical simulation of bubbly flows can be classified as: the 
singular interface model and the diffuse interface model. Earlier studies on vapor bubble 
dynamics were based on the Rayleigh equation and its modification, which were basically 
related to dealing with zero or one dimensional problems (Plesset & Zwick, 1953 ). Wittke & 
Chao (1967) studied the collapse of a spherical bubble with translatory motion. Cao & 
Christensen (2000) simulated the bubble collapse in a binary solution, in which the Navier-
Stokes equation was transformed into the form of the stream function and vorticity in two-
dimensional axisymmetric non-orthogonal body-fitted coordinates. Yan & Li (2006) 
simulated a vapor bubble growth as it rises in uniformly superheated liquid by using two 
numerical methods based on moving non-orthogonal body-fitted coordinates proposed by 
Li & Yan (2002a,2002b). Han et al. (2001) used a mesh-free method to simulate bubble 
deformation and growth in nucleate boiling. Fujita & Bai (1998) used the arbitrary Lagrange-
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Eulerian (ALE) method to simulate the growth of a single bubble attached at a horizontal 
surface with a constant contact angle before its departure. These numerical simulations are 
the singular interface model, in which the grid is limited so as not to be fit to bubble large 
deformation in topology, such as coalescence and breakup of the bubble. In such a situation, 
the diffuse interface model, such as VOF (volume of fluid), the level set and phase field 
method etc., was proposed to recover the defects of the first kind of model. Tomiyama et al. 
(1993) simulated a single bubble by using the VOF. Hua & Lou (2007) developed the front 
tracking method to simulate the bubble rising in the quiescent viscous liquid due to 
buoyancy. Little progress had been made in the numerical simulation of bubbly flows with 
phase change based on the diffuse interface model. Son et al. (1998) simulated a growing 
and departing bubble on a horizontal surface and captured the vapor-liquid interface by the 
level set method which was modified to include the action of phase change. Ni et al. (2005) 
simulated the bubbly flows with phase change by the level set method as stated in Son et al. 
(1998)’s work. In their work, u  is applied to define the phase change and the interfacial 
velocity need to be separately obtained from the temperature condition at the interface. 
Nevertheless, little information in the literatures was reported about the vapor bubbles’s 
behavior with phase change. In particular, few papers have been reported on the 
propagations of temperature field around a growing and deforming vapor bubble. Due to 
the complexity of environment about the realistic bubble flow like porous media, the 
treatment of boundary usually encounters a lot of embarrassment for the above-described 
methods. This point has limited and weakened the ability of these numerical methods to 
some extent. 
Recently, the lattice Boltzmann method (LBM) became a popular tool to simulate the 
incompressible viscous flows due to its merits like the ease of boundary treatment and the 
parallel implementation. In the LB context, there were several models developed for 
multiphase and multi-component flows in the past two decades. The earlier works were the 
color method proposed by Rothman & Keller (1998), the potential method by Shan et al. 
(1993), the free energy method by Swift et al. (1996) and the method by He et al. (1999). 
These models have not been used in solving practical problems due to the limit of smaller 
density ratio between phases. Up to 2007, three models of large density ratio were proposed, 
the first one was an immiscible incompressible two-phase model with large density ratio 
proposed by Inamuro et al. (2004), the second one was that of Lee et al. (2005) and the third 
one was proposed by Zheng et al. (2006). Inamuro et al. (2004)’s model was used to track the 
two-phase interface by applying a diffuse equation which is analogy to the C-H equation. 
This kind of interface-tracking technique has the same principle as the level set method. In 
fact, the two-phase interface is also disposed as an index such as 0 and 1. Unlike Inamuro et 
al. (2004)’s and Lee et al. (2005)’s models, Zheng et al. (2006) approximated the C-H equation 
to track and define the two-phase interface without the artificial disposal adopted by other 
models in the physical background. Benefiting from the concept of the order parameter 
continuum in phase-change process following the regime of Landau mean-field theory, 
Zheng et al. (2006)’s model can be extended to non-isothermal systems with phase-change.  
Therefore, we proposed a hybrid LBM model (Dong et al.,2009), which is a combination of 
the Zheng et al. (2006)’s multiphase model and a thermal LBM model (Inamuro et al. 2002) 
and is able to characterize the heat and mass transfer in multiphase flows. In this hybrid 
model, Zheng et al. (2006)’s model is added with a source term to the corresponding C-H 
equation to define the phase-change and the thermal LBM model is added by a source term 
to define the latent heat. The modified C-H equation has a much clearer physical 
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explanation to the treatment of phase change at the interface, thus enabling to track the 
interface automatically by following the change of the phase order parameter. 

3.1 Zheng’s lattice Boltzmann dynamic model 
In the simulation of vapor bubbly flows, the binary model proposed by Zheng et al.(2006) is 
employed to track the dynamic evolution of the flow field. In Zheng et al. (2006)’s model, 
there are two independent macroscopic parameters, total number density, n=(ρA+ρB)/2 and 
number density difference, Φ=(ρA-ρB)/2, where ρA and ρB stand for the density of fluid A 
and fluid B, respectively. The parameter n is proportional to pressure and approximately 
constant in the whole flow field. The parameter Φ becomes positive in the region where ρA > 
ρB and negative in the region with ρA < ρB, and thus it represents two-phase distribution, 
which is the same as the definition in the Swift et al. (1996)’s model. 
Two sets of discretized distribution functions fi and gi are used to assign each site, which are 
related to the parameters n and Φ, respectively. The distribution function fi can be used to 
model the transport of mass and momentum, while the distribution function gi can be 
employed to track the interface. Thus, the corresponding LB BKG equation is written as 
follows, 

    , ,i i i if x e t t t f x t        (24) 
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 (25) 

where, x is restricted to sites on the lattice and t is the discrete time, τn, τΦ is the 
dimensionless relaxation parameter. The equilibrium distribution functions to satisfy the 
conservation laws can be expressed as follows: 
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  1eq
i ii

i

g e e     with        (31) 

where, u  is the macroscopic velocity of the fluid. The chemical potential is given by: 

  23 24 4A K          (32) 

By performing a Chapman-Enskog expansion to Eqs. (24) and (25), the macroscopic 
equations for n and  in the second order precision can be derived as follows. 
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where,  0.5M q q     . 

From Eqs. (33), (34) and (35), the corresponding equilibrium distribution functions can be 
constructed as follows: 
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where 1 1B  ,  0 1iB i  , 
1

2iC
q

 , 1 2A    ,  is the diffusion coefficient. 

3.2 Inamuro’s thermal LBM model 
Inamuro et al. (2002) proposed a model for the diffusion system including heat transfer. In 
their model, there is the simplest distribution function hi among other thermal models. The 
LBM equation can be written as: 
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where, T is the dimensionless relaxation parameter. 
The equilibrium distribution function (based on D2Q9) for the thermal model can be stated 
as follows: 

    , 1 3eq
i iih x t T e u    (39) 

where, T is the temperature. 
The diffusion equation corresponding to the thermal model can be expressed as: 
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3.3 Phase change based on assumption of Stefan boundary 
In the Landau mean-field theory, the phase change is considered as a continuous variable of 
order parameter. So, the corresponding C-H equation can also be extended to include a phase-
change term in the non-isothermal system. The phase change can be identified by calculating 
the change of phase order parameter. Such a treatment can make the interface be automatically 
traced based on the change of the phase order parameter. At the same time, the corresponding 
phase-change latent heat is also considered in the LBM model. 
In order to simulate the departure of the vapor bubble from a heated wall and its growth in 
superheated liquid, two assumptions have to be considered as follows: 
1. The vapor inside the bubble is pure and approximately incompressible;  
2. The heat transferred from the liquid to the interface is completely used to evaporate the 

liquid at the interface based on the Stefan boundary, which results in the net increase of 
bubble volume. 

A vapor bubble of volume '
bV  is introduced into the superheated liquid. In time interval 

from t to t t   , the mass transferring into the bubble during the phase change process is 
expressed as: 
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where, G  is vapor density, T is temperature, fgh  and l  are the latent heat of evaporation 
and the thermal conductivity, respectively. 
Based on phase order parameter, the phase-change is taken into account and expressed as: 
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Equation (42) is normalized by the following equations: 
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where V’bo is the bubble volume at an initial stage, de is the equivalent diameter of the 
bubble, UT is the terminal rising velocity of the bubble and T’∞ is the temperature of liquid at 
the top boundary of the domain. So, the dimensionless form of equation (41) is written as: 
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Eq. (41) can be expressed as: 
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To include the phase change, the LBM equation (2) when 0   is rewritten as: 
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In the LBM Eqs. (37), 
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can be added into the LBM Eqs. (38). 
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By using the Taylor series expansion and the Chapman-Enskog expansion with respect to 
Eqs. (46) and (47), the improved governing equations when Φ<0 can be approximately 
recovered In the second order form as 
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To validate the hybrid LBM model including phase change, a phase-change problem with 
available analytical solution is chosen as a test case, which is the bubble growth in a 
superheated liquid layer of infinite extent under the condition of no gravity. Initially, a small 
spherical bubble is rested in the superheated liquid layer. Numerical mesh system has 
100*100 numerical cells. A comparison between numerical results and analytical solutions 
has been carried out and tabulated in Tab.1. It can be discovered that the numerically 
predicted bubble growth is in good agreement with the Mikic et al. (1970)’s analytical 
solution, which indicated that the treatment of phase change based on phase order 
parameter is feasible for the hybrid LBM model. 
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Time 
 

Jacob/Radius 
10 20 30 40 50 

Ja=0.0006 
Mikic et al. (1970) 0.04375 0.06375 0.07937 0.09324 0.10552 

Present work 0.04339 0.06158 0.0744 0.08519 0.09811 

Ja=0.0009 
Mikic et al.(1970) 0.06551 0.09243 0.1136 0.1303 0.14406 

Present work 0.06013 0.08691 0.10819 0.12704 0.14412 

Ja=0.0012 
Mikic et al.(1970) 0.08736 0.12382 0.15126 0.17416 0.19613 

Present work 0.08197 0.11746 0.14672 0.17236 0.19579 

 

Table 1. Comparison of the calculated radius of bubble growth with the Mikic’s solution 
(Pe=3000) 

Accounting for the buoyancy force as stated in the reference (Zheng et al., 2006), we define 
the Eo, M and Re as follows: 
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The bubble volume is calculated by  
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3.4 Numerical simulation of vapor bubble growth on and departure from a 
superheated wall 
3.4.1 The Briant’s treatment of partial wetting boundary 
The Briant’s treatment of the partial wetting boundary is introduced into the hybrid LBM 
model elaborated above. The details of this treatment is available in the literature (Biant et 
al., 2002). Adjustment aroused by the wetting boundary is considered as follows: 
1. A little order parameter non-conservation induced by the distribution functions at 

inflow and outflow on the wetting boundary is counted and apportioned to every node 
occupied by the bubble. 

2. The surface tension forces between the wall and fluids are adjusted to guarantee the 
vapor bubble to be able to expand and depart in integrality on the wetting boundary 
like action of an actual vapor bubble in practical processes. Therefore, according to the 

Young’s law ( cos SG SL
w

LG

 



 ), the order parameter ΦG is set as -90 or smaller in this 

work. The contact angle is adjusted in relative to the corresponding ΦL. The comparison 
of resulting effects is schematically shown in Fig.6. 
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Fig. 6. Effect of different adsorb ability (left: ΦG<-90; right: ΦG>-90) on wetting boundary 

The corresponding properties are taken as follows; 

 1000L  , 1G  , 650  , 3000Peclet  , 72Eo  , 3.44M  .  

The mesh of the domain is generated as 100×50. A spherical bubble with radius of 3 is 
located in (50, 2). The flow field is surrounded with one partial wetting boundary (bottom 
boundary), one extrapolated-boundary (top boundary) and two stationary walls (left and 
right boundaries). The initial thermal boundary layer thickness is calculated from the 
correlation (Han et al., 1965): 
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where, cR is the initial bubble radius. 
As far as the bubble departure diameter is concerned, different physical parameters, such as 
body force, surface tension force, and partial wetting boundary and Jacob number are 
considered and investigated. The most widely used correlation for the bubble departure 
diameter on the heated surface was proposed by Fritz (1935), in which the bubble departure 
was determined by a balance between the buoyancy and surface tension force acting normal 
to the solid surface. Based on the experimental measurement of the departure diameter over 
a pressure range, and observation of the influence of the bubble growth rate on the 
departure diameter, Staniszewki (1959) modified the Fritz (1935) equation to obtain the 
departure diameter correlation as follows: 
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where D
t


  denotes the bubble growth rate.  

Using the present method, the effect of physical parameters on the departure diameter is 
investigated. The calculated departure diameter for different gravity forces and surface 
tension forces are regressed to functions as 0.472D g and 0.5D  . The result is in very 
good agreement with the Fritz (1935) relation. The calculated correlation of departure 
diameter and the Jacob number is a regressed function of D Jacob . Because the Jacob 
number is a dominant factor of the bubble growth rate, the result shows indirectly the 
correlation between the departure diameter and the bubble growth as predicted by 
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Staniszewki (1959)’s correlation. The departure diameter changes with the adjustment of ΦL. 
Because the contact angle is determined by ΦL and ΦG, the adjustment of ΦL can change the 
contact angle and influence the bubble departure diameter. The precise quantitative relation 
between contact angle and departure diameter is still under investigation. 

3.4.2 Propagation of flow field 
Fig.7 presents the evolution of flow field accompanying with the corresponding stream 
traces. It can be seen from these figures how the bubble growth and departure affect the 
flow field. In the early stage, due to the bubble growth or expanding on the wetting 
boundary, two vortexes are formed on both sides of the bubble. The vortexes (including 
shape and intensity) are enforced to develop with the bubble further growing up. With the 
process continuing, the change of shape induces the vertex breaking up into twin-vortex. 
With the bubble starting with departure, the twin-vortexes on both sides incorporate into a 
single vortex and rise up with the bubble. In the late stage, the vortexes further strengthen 
their scopes and intensity and rise up accompanying with the bubble departure.  

 

 

 
 

Fig. 7. Propagation of flow field  

3.4.3 Propagation of temperature field 
The evolution of temperature field is depicted in Fig.8. The effects of the bubble growth and 
departure on the temperature field around the bubble are clearly seen. In the early stage, 
due to its small volume, the bubble phase-change is dependent on the heat transfer in the 
micro layer and macro layer both. With growing up of the bubble, the contribution of heat 
transfer in the macro layer is gradually weakened. In the process of the bubble departure, 
the forced convection induced by the ascending bubble greatly affects the temperature field. 
The disturbance to the temperature field, in return, influences the bubble growth and 
departure to some extent. 
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Fig. 8. Propagation of temperature field  

3.4.4 Characteristics of two bubbles growth on and departure from the wall 
Based on the LBM elaborated above, two bubbles coalescence dynamics on a horizontal 
surface are also investigated. The simulation focuses on the effect of twin-bubble distance 
(dist) on the bubble growth, coalescence and departure. The result is shown in Fig.9 and the 
bubble diameter is calculated from the summation of the two bubbles’ volume. It is easily  
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Fig. 9. Bubble growth and departure in different coalescence conditions 

found that the final result is closely related to twin-bubble distance. With the distance 
increasing, the coalescence is delayed and the departure time is shortened to some extent. 
But the diameter of bubble departure does not change with the coalescence of bubbles of 
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different distance, like dist=14, 16, and 17. With the distance increasing further, the effect of 
coalescence on bubble growth rate disappears except the diameter of bubble departure is 
becoming larger, (see cases with dist=18 and 19). When the bubble departs from the surface 
in its integrality, the bubble growth rate tends to become zero, i.e.; the growth ceases. 
Figs.10 and 11 show the evolving process of flow and temperature field, respectively. From 
Fig. 10, it is seen that before the bubble coalescence, two vortexes are forming on the 
outward side of the twin-bubbles, respectively. With growing up and coalescence of the 
bubbles, both vortexes are strengthened. They both are split into one clockwise vortex and 
one anti-clockwise vortex with the bubbles further growing up. After the two bubbles 
coalesce, we see firstly four bubbles with 2 of them locating on one side of bubble and the 
other 2 on the other side. Then the merged large bubble further grows up, until it departs 
from the wall. Vortexes on the same side of the merged bubble are developing further and 
converge into one. Afterwards, we see one bubble ascending in the liquid with 2 vortexes 
locating on right and left side respectively. Fig.11 shows the related temperature field. It is 
easily found that the forced convection directly influences the temperature field especially 
after bubble coalesces and departs. 
 
 

  

  
 
 

Fig. 10. Propagation of flow field  
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Fig. 11. Propagation of temperature field  

4. Concluding remarks 
In this chapter we reviewed the current state-of-the-art and recent advances of LBM through 
case studies. We presented firstly an improved LBM for modeling the mass transport in 
multi-component systems, which was used to simulate the mixing process in a rotating 
packed bed with a serial competitive reaction (A+B→R, B+R→S; A, B, R, and S denote 
different components.) occurring therein. The obtained results provide some guidance for 
further studying the forced mass-transfer in and for the design of the real rotating packed-
bed in industries. Secondly, with a purpose to simulate phase change process, the LBM 
multiphase model being able to handle a large ratio of density between phases is combined 
with the LBM thermal model to form a hybrid LB model. By introducing the Briant’s 
treatment to partial wetting boundary, this hybrid model was used to investigate growth 
and departure of a single bubble, and coalescence of twin-bubbles, on (or from) a heated 
horizontal surface. Numerical results exhibited correct parametric dependence of the 
departure diameter as compared to the experimental correlation available in the literatures. 
The capability and suitability of this hybrid LB model for modeling complex fluid and 
heat/mass transfer systems are thus demonstrated. Due to its terseness advantage in the 
treatment of complex boundary, our future work will further extend this hybrid model to 
simulate multiphase and/or multi-component flows in complex systems, such as in porous 
media of complex micro-pore structures encountered fuel cell (battery) realms. 
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Russia

1. Introduction

Basic tendency in computational fluid dynamics (CFD) consists in development of black
box software for solving scientific and engineering problems. Numerical methods for
solving nonlinear partial differential equations in black box manner should satisfy to the
requirements:
a) the least number of the problem-dependent components
b) high computational efficiency
c) high parallelism
d) the least usage of the computer resources.
We continue with the 2D (N = 2) Navier–Stokes equations governing flow of a Newtonian,
incompressible viscous fluid. Let Ω ∈ RN be a bounded, connected domain with a piecewise
smooth boundary ∂Ω. Given a boundary data, the problem is to find a nondimensional
velocity field and nondimensional pressure such that:
a) continuity equation

∂u
∂x

+
∂v
∂y

= 0 , (1)

b) X-momentum

∂u
∂t

+
∂(u2)

∂x
+

∂(vu)
∂y

= −
∂p
∂x

+
1
Re

(
∂2u
∂x2 +

∂2u
∂y2

)
, (2)

c) Y-momentum
∂v
∂t

+
∂(uv)

∂x
+

∂(v2)

∂y
= −

∂p
∂y

+
1
Re

(
∂2v
∂x2 +

∂2v
∂y2

)
. (3)

Reynold number Re is defined as

Re =
ρusls

μ
,

where ρ and μ are density and viscosity, respectively. Choice of the velocity scale us and
geometric scale ls depends on the given problem.
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Equations (1)–(3) can be rewritten in the operator form{
N (�V) +∇P = F

∇�V = G
, (4)

where N is nonlinear convection-diffusion operator, F and G are source terms, �V and P are
velocity and pressure, respectively. It is assumed that the operator N accounts boundary
conditions. Note that 2D and 3D Navier–Stokes equations can be written as equation (4),
where first and second equations abbreviate momentum and continuity equations.
Linearized discrete Navier–Stokes equations can be written in the matrix form

(
A BT

B 0

)(
α

β

)
=

(
f
g

)
(5)

in which α and β represent the discrete velocity and discrete pressure, respectively.
Here nonsymmetric A is a block diagonal matrix corresponding to the linearized discrete
convection-diffusion operator N . The rectangular matrix BT represents the discrete gradient
operator while B represents its adjoint, the divergence operator.
Large linear system of saddle point type (5) cannot be solved efficiently by standard methods
of computational algebra. Due to their indefiniteness and poor spectral properties, such
systems represent a significant challenge for solver developers Benzi et al. (2005).
Preconditioned Uzawa algorithm enjoys considerable popularity in computational fluid
dynamics. The iterations for solving the saddle point system (5) are given by

⎧⎨
⎩

Aα(k+1) = −BT β(k) + f

Qβ(k+1) = Qβ(k) + (Bα(k+1) − g)
, (6)

where the matrix Q is some preconditioner.
Preconditioned Uzawa algorithm (6) defines the following way for improvement of the
solvers for the Navier–Stokes equations:
1) development of numerical methods for solving the boundary value problems.
Uzawa iterations require fast numerical inversion of the matrices A and Q. Now algebraic
and geometric multigrid methods are often used for the given purpose Wesseling (1991).
Multigrid methods give algorithms that solve sparse linear system of N unknowns with
O(N) computational complexity for large classes of problems. Variant of geometric multigrid
methods with the problem-independent transfer operators for black box or/and parallel
implementation is proposed in Martynenko (2006; 2010).
2) development of preconditioning.
Error vector in Uzawa iterations satisfies to the condition∥∥β − β(k+1)∥∥ � ∥∥I − Q−1BA−1BT∥∥ · ∥∥β − β(k)∥∥,
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where β is an exact solution. Choice of the preconditioner Q so∥∥I − Q−1BA−1BT∥∥ � q < 1

guarantees geometric convergence rate of the Uzawa iterations

∥∥β − β(k+1)∥∥ � qk+1∥∥β − β(0)∥∥.

Unfortunately the preconditioner Q is strongly problem-dependent component of the Uzawa
algorithm. Additional problem arises at formulation of the boundary conditions for Q. As a
rule, the preconditioner has some relaxation parameters and determination of their optimal
values is sufficiently difficult problem. Now construction of the preconditioner is subject of
intensive study Benzi et al. (2005).
3) development of new approaches for convergence acceleration of iterative algorithms for solving
saddle point problems.
The main obstacles to be overcome are execution time requirements and the generation of
computational grids in complex three-dimensional domains Benzi et al. (2005). Recently
convergence acceleration technique based on original pressure decomposition has been
proposed for structured grids Martynenko (2009). The technique can be used in black box
software. The chapter represents detailed description of the approach and its application for
benchmark and applied problems.

2. Remarks on solvers for simplified Navier–Stokes equations

Limited characteristics of the first computers and absence of efficient numerical methods put
difficulties for simulation of fluid flows based on the full Navier–Stokes equations. As a result,
computational fluid dynamics started from simulation of the simplest flows described by the
simplified Navier–Stokes equations.
As an example, we consider 2D laminar flow between parallel plates. Figure 1 represents
geometry of the problem. Assuming that the pressure is not changed across the flow (p′y = 0
in case of L � 1), full Navier–Stokes equations can be reduced to the simplified form:
a) X-momentum and mass conservation equations⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∂u
∂t

+
∂(u2)

∂x
+

∂(vu)
∂y

= −
∂p
∂x

+
1
Re

(
∂2u
∂x2 +

∂2u
∂y2

)
1∫

0

u(t, x, y) dy =

1∫
0

u(t, 0, y) dy

, (7)

b) continuity equation (1).
Since the mass conservation equation follows from the continuity equation (1), system (7)
must be solved first. Solution of system (7) gives velocity components u and pressure p. After
that the continuity equation (1) is used for determination of v. The computations are repeated
until the convergent solution will be obtained.
Let us consider solution of system (7) in details. Assume that an uniform computational grid
(h = hx = hy) is generated. Linearized finite-differenced equations with block unknowns
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(a) Geometry of problem about the
flow between parallel plates

(b) Block ordering of unknowns

Fig. 1. Flow between parallel plates

ordering shown on Figure 1 are written as⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

aju
(n+1)
ij−1 + bju

(n+1)
ij + cju

(n+1)
ij+1 = p(n+1)

i + dj

Ny

∑
j=1

u(n+1)
ij =

1
h

G0

, (8)

where

G0 =

1∫
0

u(t, 0, y) dy

is the given inlet mass flow rate and superscript n denotes time layer. Missing the superscript
(n + 1), the system (8) can be rewritten in the matrix form

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

b1 c1 · · · 1

a2 b2 c2 · · · 1

a3 b3 c3 · · · 1

a4 b4 · · · 1

. . . . . . . . . . . . . . . . .

1 1 1 1 · · · 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎝

ui1
ui2
ui3
ui4
· · ·
pi

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎝

d1
d2
d3
d4
· · ·

h−1G0

⎞
⎟⎟⎟⎟⎟⎟⎠

. (9)

Comparison of systems (9) and (5) shows that solution of the simplified Navier–Stokes
equations (7) also is reduced to solution of the saddle point system. The principal difference
between systems (9) and (5) consists in size of zero block in the coefficient matrix. Since the
zero block in system (9) has the least size 1 × 1 because of the pressure is independent on y,
efficient iterative algorithms for solution of system (9) have been proposed and developed.
The most promising of them is secant method Briley (1974), where error of the mass
conservation equation

F(p(n+1)
i ) =

Ny

∑
j=1

u(n+1)
ij (p(n+1)

i )−
1
h

G0
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is used for computation of pressure by the iterative method

p(k+1)
i = p(k)

i −
p(k)

i − p(k−1)
i

F(k)
i − F(k−1)

i

F(k)
i , k = 1, 2, . . . ,

where superscript k denotes the secant method iterations. Note that the approach requires

two starting guesses p(0)i and p(1)i . First starting guess can be obtained by extrapolation. For

example, for uniform grid we obtain p(0)i = 2pi−1 − pi−2 and compute F(0). Second starting

guess can be given by perturbation of the first one, for example p(1)i = 1.001p(0)i . It gives F(1).

Function F depends almost linearly on p(n+1)
i , but the secant method is direct solver for linear

problems. Usually it is required several secant iterations to reduce error of the discrete mass
conservation equation down to roundoff error.
Note that in 2D case the system (9) can be solved by direct methods, i.e. without the secant
iterations. However in 3D case the direct methods require unpractical computational efforts
due to five-diagonal structure of the coefficient matrix.
As contrasted to the Uzawa algorithm (6), the method does not require some
preconditioner(s), relaxation parameter(s), extra computer memory and has high convergence
rate. Unfortunately, basic assumption p = p(t, x) does not allow apply the method directly
for solving full Navier–Stokes equations (1)–(3). Accounting the attractive properties, the
algorithm for solving the simplified Navier–Stokes equations can be used for convergence
acceleration of the iterative methods intended for full Navier–Stokes equations.
Reduction of system (5) to the saddle point system with zero block of the least size is popular
approach in CFD. For example, similar reduction based on special unknown ordering is used
in Vanka smoother Vanka (1986).

3. Principle of formal decomposition of pressure

In order to apply the abovementioned approach for solving full Navier–Stokes equations, it is
necessary artificially extract «one-dimensional parts of pressure» from the pressure field. For
the given purpose, let add and subtract items px(t, x), py(t, y) and pz(t, z) depending only on
one spatial variable, i.e.

p(t, x, y, z) = px(t, x) + py(t, y) + pz(t, z)

+
(
−px(t, x)− py(t, y)− pz(t, z) + p(t, x, y, z)

)
,

where superscripts x, y and z denote dependence of the functions on the spatial variables. Let
us introduce a new function

pxyz(t, x, y, z) = −px(t, x)− py(t, y)− pz(t, z) + p(t, x, y, z).

Finally the pressure can be represented as

p(t, x, y, z) = px(t, x) + py(t, y) + pz(t, z) + pxyz(t, x, y, z). (10)
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Representation (10) will be called a principle of formal decomposition of pressure. Basic idea
of the method consists in application of the efficient numerical methods developed for the simplified
Navier–Stokes equations for determination of part of pressure (i.e. for px(t, x) + py(t, y) + pz(t, z)).
Fast computation of part of pressure results in reduction of total computational efforts needed
for full Navier–Stokes equations.
In spite of simplicity of the representation (10), it is necessary to comment the principle of
formal decomposition of pressure:
Remark 1. All items px(t, x), py(t, y), pz(t, z) and pxyz(t, x, y, z) have no physical meaning,
but physical meaning has their sum. In follows, the items px(t, x), py(t, y) and pz(t, z)
will be called as «one-dimensional components of the pressure», and pxyz(t, x, y, z) as
«multidimensional component». The quotes «» will indicate absence of the physical meaning
of the «pressure components».
Remark 2. In N-dimensional case (N = 2, 3) pressure is represented as sum of N + 1
«components», therefore the method requires N extra conditions for determination of the
«one-dimensional components». The convergence acceleration technique uses N mass
conservation equations as a priori information of physical nature.
Remark 3. In spite of representation of the pressure as sum of N + 1 «components», all
momentum equations have only two «pressure» gradients. For example, for X-momentum
we obtain

∂p
∂x

=
∂

∂x

(
px(t, x) + py(t, y) + pz(t, z) + pxyz(t, x, y, z)

)
=

∂px

∂x
+

∂pxyz

∂x
.

Remark 4. Efficiency of the acceleration technique depends strongly on the flow nature.
For directed fluid flows (for example, flows in nozzles, pipes etc.) gradient of one of
«one-dimensional component of pressure» px(t, x), py(t, y) or pz(t, z) is dominant. In this
case impressive reduction of computational work is expected as compared with traditional
algorithms (i.e. px(t, x) = py(t, y) = pz(t, z) = 0). However for rotated flows (for example,
flow in a driven cavity) the approach shows the least efficiency.
Remark 5. In 3D case the method will be more efficient than in 2D case.
Remark 6. Velocity components and corresponding «one-dimensional components»
in equation (10) are computed only in coupled manner. Velocity components and
«multidimensional component» pxyz(t, x, y, z) in equation (10) can be computed in decoupled
(segregated) or coupled manner.
Remark 7. Gradients of the «one-dimensional components» can be obtained in analytical
form for explicit schemes. Implicit schemes require formulation of an auxiliary problem for
determination of gradients of the «one-dimensional components».

4. Development of explicit schemes

First, consider modification of the explicit schemes using well-known benchmark problem
about rotated flow in a driven cavity (Figure 2). Let a staggered grid with grid spacing hx and
hy has been generated. Classical three-stage splitting scheme is represented as
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Fig. 2. Driven cavity and location of the control volumes V1 and V2

Stage I:
V(n+1/2) − V(n)

ht
= −(V(n)∇)V(n) + Re

−1ΔV(n) ,

Stage II: Δp =
∇V(n+1/2)

ht
,

Stage III:
V(n+1) − V(n+1/2)

ht
= −∇p ,

where ht is time semispacing, V(n+1/2) is intermediate velocity field and n is a time layer.
Stage I consists in solution of the momentum equations without pressure gradients. For
simplicity X-momentum can be written as

u(n+1/2)
ij − u(n)

ij

ht
= ψij , (11)

where ψij is the given function defined as

ψij =

(
−

∂(u2)

∂x
−

∂(vu)
∂y

+
1
Re

(
∂2u
∂x2 +

∂2u
∂y2

))(n)

ij
. (12)

It is easy to see that intermediate velocity field V(n+1/2) is independent on pressure.
This disadvantage can be compensated partially by the pressure decomposition (10).
Application of the decomposition requires two mass conservation equations for 2D problems.
Integration of the continuity equation (1) over the control volumes V1 and V2 shown on
Figure 2 gives

1∫
0

u(t, x, y) dy = 0 ,
1∫

0

v(t, x, y) dx = 0 . (13)
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Approximation of the mass conservation equations on the staggered grid is given by

hy

Ny

∑
j=1

u(m)
ij = 0 , (14)

hx

Nx

∑
i=1

v(m)
ij = 0 , (15)

where m = n, n + 1/2, n + 1 and Nx = 1/hx , Ny = 1/hy . As contrasted with equation
(11) in the classical approach, the velocity component u and «one-dimensional component of
pressure» px should satisfy to the system⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

u(n+1/2)
ij − u(n)

ij

ht
= −

(
∂px

∂x

)(n+1/2)

i
+ ψij

hy

Ny

∑
j=1

u(n+1/2)
ij = 0

, (16)

i.e. u and px are computed in the coupled manner using the discrete mass conservation
equation (14).
It is clear that the system (16) can be written in form of (5), where A is the diagonal matrix
for explicit schemes. This fact allows obtain analytic solution of the saddle point system (16).
Multiplication of the first equation in system (16) on hy and summation give

1
ht

⎛
⎝hy

Ny

∑
j=1

u(n+1/2)
ij − hy

Ny

∑
j=1

u(n)
ij

⎞
⎠ = −

Ny

∑
j=1

hy

(
∂px

∂x

)(n+1/2)

i
+ hy

Ny

∑
j=1

ψij . (17)

Left-hand side of the equation equals zero due to equation (14). Furthermore

Ny

∑
j=1

hy

(
∂px

∂x

)(n+1/2)

i
=

(
∂px

∂x

)(n+1/2)

i

Ny

∑
j=1

hy =

(
∂px

∂x

)(n+1/2)

i
,

because (px)′i is independent on j and
Ny

∑
j=1

hy = 1 is dimensionless height of the cavity.

Equation (17) is reduced to (
∂px

∂x

)(n+1/2)

i
= hy

Ny

∑
j=1

ψij . (18)

Substitution of the equation into system (16) gives a new form of the system⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

u(n+1/2)
ij − u(n)

ij

ht
= −hy

Ny

∑
j=1

ψij + ψij

(px)
(n+1/2)
i − (px)

(n+1/2)
i−1

hx
= hy

Ny

∑
j=1

ψij

, (19)
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Fig. 3. Ratio of execution time at flow simulation in the driven cavity

where (px)
(n+1/2)
0 is some constant. It is clear that solution of system (19) is

u(n+1/2)
ij = u(n)

ij − hthy

Ny

∑
j=1

ψij + htψij ,

(px)
(n+1/2)
i = (px)

(n+1/2)
i−1 + hxhy

Ny

∑
j=1

ψij .

Velocity component u and «one-dimensional component of pressure» px are computed in the
coupled manner saving explicit nature of the computation. Other velocity components are
computed in the similar way.
Accounting decomposition (10), other stages of the algorithm are written as

Stage II: Δpxy =
∇V(n+1/2)

ht
,

Stage III:
V(n+1) − V(n+1/2)

ht
= −∇pxy .

In the stages only «multidimensional component» pxy is used for computation of the velocity
field.
For the numerical experiment law of the lid motion is taken as

U(n)
w = min

( n
100

; 1
)

.

Reynolds number Re = 1000 is based on the cavity height and the lid velocity max U(n)
w = 1.

Staggered uniform grid hx = hy = h = 1/200, ht = h/5 is used for the flow simulation. Ratio
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of the execution time T(n)
m /T(n)

c is used as a criterion of the convergence acceleration, where

T(n)
m and T(n)

c are execution time for abovementioned and classical approaches, respectively.
Figure 3 shows result of the numerical test. Obtained result for n = 200

1
200

200

∑
n=1

T(n)
m /T(n)

c = 0.81

illustrate the least acceleration efficiency arising at simulation of the rotated flows.

5. Development of implicit schemes

Application of the pressure decomposition (10) for improvement of the implicit schemes
requires solution of an auxiliary problem because of the «pressure» gradients can not be
determined in explicit form such as equation (18).

5.1 Auxiliary problem
Auxiliary problem is intended for fast computation of the «one-dimensional components»
px(t, x), py(t, y) and pz(t, z) in decomposition (10). It is assumed that the solution of the
auxiliary problem will be close to the solution of the Navier–Stokes equations.
Formulation of the auxiliary problem is based on replacement of the continuity equation (1)
by the mass conservation equations. For example, for the driven cavity (Figure 2) the auxiliary
problem with the mass conservation equations (13) instead of the continuity equation (1) takes
the form:
a) X-momentum and mass conservation equations⎧⎪⎪⎪⎨

⎪⎪⎪⎩
∂u
∂t

+
∂(u2)

∂x
+

∂(vu)
∂y

= −
∂px

∂x
−

[
∂pxy

∂x

]
+

1
Re

(
∂2u
∂x2 +

∂2u
∂y2

)
1∫

0
u(t, x, y) dy = 0

, (20)

b) Y-momentum and mass conservation equations⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂v
∂t

+
∂(uv)

∂x
+

∂(v2)

∂y
= −

∂py

∂y
−

[
∂pxy

∂y

]
+

1
Re

(
∂2v
∂x2 +

∂2v
∂y2

)
1∫

0
v(t, x, y) dx = 0

, (21)

where square brackets mean that the «pressure» gradients (pxy)′x and (pxy)′y are fixed (i.e.
its values are taken from previous iteration). Braces mean that the momentum and mass
conservation equations are solved only in coupled manner.
Since the systems (20) and (21) are similar to the simplified Navier–Stokes equations (7), the
systems can be solved by the same numerical methods. Main difference consists in stopping
criterion: auxiliary problem can be solved approximately, i.e. it is necessary to perform several
iterations of line Seidel method with the secant iterations. As a result, extra computational
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work for approximated solution of the auxiliary problem is negligible small as compared with
the total efforts. Note that the equations of the auxiliary problem are not pressure-linked.
To illustrate influence of the auxiliary problem on convergence rate, we use Uzawa algorithm
(6) for simulation of stationary flow in the driven cavity starting the iterand zero: u(0) = 0,
v(0) = 0 and p(0) = 0. Accounting zero boundary conditions for v, first equation of system (6)
is reduced to

∂(u2)

∂x
=

1
Re

(
∂2u
∂x2 +

∂2u
∂y2

)
(22)

and v = 0. In the auxiliary problem the system (20) takes the form⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂(u2)

∂x
= −

dpx

dx
+

1
Re

(
∂2u
∂x2 +

∂2u
∂y2

)
1∫

0
u(x, y) dy = 0

(23)

and v = 0. Finally both problem (22) and (23) are reduced to systems of linear algebraic
equations Ax = b. For clearness these equations are solved until

‖Ax − b‖
‖b‖

< 10−7 .

The computations are performed with Re = 100 on uniform staggered grid 101 × 101 (hx =
hy = 1/100).
Figure 4 represents solution of the Navier–Stokes equations in “stream function–vorticity” (+)
Ghia et al. (1982), primitive variables formulations (—) and solutions of equations (22) and
(23) in the middle section of the cavity (x = 0.5) at Re = 100. It is easy to see that use of
the mass conservation equations in the auxiliary problem makes it possible to obtain more
accurate approximation to solution of the full Navier–Stokes equations (1)–(3).

Fig. 4. Distribution of the velocity component u in the middle section of the cavity
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5.2 Main problem
Accounting the pressure decomposition (10), the momentum equations in the main problem
are written as

∂u
∂t

+
∂(u2)

∂x
+

∂(vu)
∂y

= −

[
dpx

dx

]
−

∂pxy

∂x
+

1
Re

(
∂2u
∂x2 +

∂2u
∂y2

)
, (24)

∂v
∂t

+
∂(uv)

∂x
+

∂(v2)

∂y
= −

[
dpy

dy

]
−

∂pxy

∂y
+

1
Re

(
∂2v
∂x2 +

∂2v
∂y2

)
, (25)

where square brackets mean that the «pressure» gradients (px)′ and (py)′ are fixed (i.e. the
gradients have been computed in the auxiliary problem (such as equation (20) and (21) for the
driven cavity)). Main problem consists of momentum (24), (25) and continuity equations (1).
Algorithm for simulation of the flows with given mass flow rate can be represented as:

Stage I: auxiliary problem: several iterations of line (2D) or plane (3D) Seidel method with the
secant iterations

Stage II: main problem: iterations of basic method (SIMPLE, Uzawa or Vanka iterations, etc.)

Stage III: check convergence, continue (go to 1) if necessary

5.3 Flow over a backward-facing step
The next benchmark problem about backward-facing step flow is used for illustration of the
impressive convergence acceleration for the directed fluid flows.
Consider the stationary laminar flow over a backward-facing step, which is another well
studied test case. Figure 5 shows the geometry of the flow. The fact that the solution of the
incompressible Navier–Stokes equations over a backward-facing step at Re = 800 is steady
and stable has been confirmed in a number of recent works.
No-slip boundary conditions are imposed on the step and the upper and lower walls, a
parabolic velocity u profile is specified at the channel inlet (v = 0), and zero natural boundary
conditions (v = 0 and u′

x = 0) are imposed at the channel outlet. The Reynolds number Re

is based on the channel height (H = 1) and the average inlet velocity in the parabolic profile.
The channel length is L = 14.

Fig. 5. Geometry of problem about the backward-facing step flow
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(a) Isolines of stream function (b) Isobars

Fig. 6. Stationary flow over a backward-facing step

Redefining velocity components to be zero inside the step, we obtain the following mass
conservation equations for the given problem

H∫
0

u(t, x, y) dy =

H∫
0

u(t, 0, y) dy ,

L∫
0

v(t, x, y) dx = −

y∫
0

(
u(t, L, ξ)− u(t, 0, ξ)

)
dξ .

Numerical experiments show that execution time can be reduced in ∼ 400 times for the given
problem (staggered grid 101 × 1401, unpreconditioned Uzawa algorithm, Re = 800). Figure 6
explains the impressive reduction of the computational efforts. It is easy to see that pressure
is changed mainly in x direction except small subdomain near attachment point of bottom
eddy (i.e. p(x, y) ≈ px(x)). Since the «one-dimensional component of the pressure» px(x) is
computed in the auxiliary problem, the proposed algorithm is very efficient for solving the
problem.
Table 1 represents comparison of obtained results.

Authors lB lT wT xTL xTR Nodes

Barton (1997) 6.0150 5.6600 – 4.8200 10.4800
Gartling (1990) 6.1000 5.6300 – 4.8500 10.4800 129681

Gresho et al. (1993) 6.0820 5.6260 – 4.8388 10.4648 245760
Gresho et al. (1993) 6.1000 5.6300 – 4.8600 10.4900 � 8000
Keskar & Lin (1999) 6.0964 5.6251 – 4.8534 10.4785 3737

present 6.1000 5.6300 0.28 4.8400 10.4700 141501

Table 1. Comparison of results of the flow simulation over backward-facing step (Re = 800)
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Fig. 7. Geometry of the microcatalyst

Fig. 8. Staggered grid in the microcatalyst

5.4 Flow in microcatalyst
Proposed approach has been used for simulation of incompressible fluid flows in
microcatalyst. The microcatalyst represents 2D channel with iridium-covered needles located
in chess order as shown on Figure 7.
Redefining velocity components to be zero inside the needles, there is no remarkable
difference in formulation of the auxiliary problem for flow over backward-facing step and for
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flow in the catalyst. Diffusion-dominant nature of fluid flow in the microcatalyst simplifies
the grid generation. Example of the simplest computational grid for this problem is shown on
Figure 8. No-slip conditions are approximated exactly on the needle surfaces.
Nonuniform staggered grid 385 × 3150 is used for the flow simulation (Re = 350). Figure 9
represents distribution of the stream function and pressure near first column of the needles.
Chess order of the needle location results in eddy-free flow inside the microcatalyst. However
intensive eddy formation after last column of the needles is observed (Figure 10).

0.50 0.55 0.60 0.65 0.70 0.75 0.80 0.85
0.00

0.10

0.20

0.30

(a) Isolines of stream function

0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85
0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

(b) Isobars

Fig. 9. Flow near first column of the needles

5.5 Compressible flow in laval micronozzle
Recently the numerical methods for fluid flow prediction have been classified into two
categories: density-based and pressure-based. For the pressure-based approach, methods are

4.40 4.50 4.60
0.00

0.10

0.20

0.30

Fig. 10. Eddy formation after last column of the needles

189
Convergence Acceleration of Iterative Algorithms 
for Solving Navier–Stokes Equations on Structured Grids



16 Will-be-set-by-IN-TECH

classified into coupled and segregated (decoupled). Density-based algorithms traditionally
are used to compute high speed compressible flows. Computational methods for low Mach
number compressible flows are an active research field in recent years. The pressure-velocity
coupling problem discussed earlier for incompressible flows are also encountered in the
methods when used for low-speed applications.
Pressure decomposition (10) shows that there are not pure density-based and segregated
solvers because of the velocity components and corresponding «one-dimensional components
of pressure» (i.e. (u,px), (v,py) and (w,pz)) always are computed in the coupled manner.
«Multidimensional component» pxyz in (10) can be computed by coupled or segregated
method using density-based or pressure-based approach.
Consider application of the pressure decomposition for simulation of compressible flow in
flat Laval micronozzle. Width of subsonic part of the micronozzle is 1 mm. Grid generation
is based on mapping of the non-dimensional physical domain with nonuniform grid onto
computational domain (unit square) with uniform grid. Direct (ABCD → ĀB̄C̄D̄) and reverse
(ABCD ← ĀB̄C̄D̄) mappings are shown on Figure 11, where the function ϕ(x) describes the
micronozzle profile. The mappings can be given by

x̄ = x , ȳ = −
1
β

ln
(

1 − (1 − e−β)
y

ϕ(x)

)
,

where (x, y) and (x̄, ȳ) are spatial variables in physical and computational domains,
respectively. Parameter β > 0 is intended for the grid refinement near solid wall.
Jacobian (J) of the mapping

J =
∣∣∣∣x̄x x̄y
ȳx ȳy

∣∣∣∣ = 1 − e−β

β

eβȳ

ϕ(x̄)

is non-singular (J �= 0). In addition, J → 1/ϕ(x̄) at β → 0 for uniform grid in y direction.

Fig. 11. Non-dimensional physical and computational domains

Finally, non-dimensional compressible Navier–Stokes equations in the computational domain
are written as

∂

∂t

(
U
J

)
+ ε

∂

∂x̄

(
E
J

)
+ ε

∂

∂ȳ

(
ȳxE

J

)
+

∂F
∂ȳ

=
H
J

,
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where

U =

⎛
⎜⎜⎝

ρ

ρu
ρv
ρi

⎞
⎟⎟⎠ , H =

⎛
⎜⎜⎝

0
0
0
S

⎞
⎟⎟⎠ ,

E =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ρu

ρu2 + p −
4
3

ε

Re

(
∂u
∂x̄

+ ȳx
∂u
∂ȳ

)
+

2
3

ȳy

Re

∂v
∂ȳ

ρuv −
ȳy

Re

∂v
∂ȳ

−
ε

Re

(
∂v
∂x̄

+ ȳx
∂v
∂ȳ

)

ρui −
ε

Pe

(
∂T
∂x̄

+ ȳx
∂T
∂ȳ

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

F =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ρv

ρvu −
ȳy

Re

∂u
∂ȳ

−
ε

Re

(
∂v
∂x̄

+ ȳx
∂v
∂ȳ

)

ρv2 + p −
4
3

ȳy

Re

∂v
∂ȳ

+
2
3

ε

Re

(
∂u
∂x̄

+ ȳx
∂u
∂ȳ

)

ρvi −
ȳy

Pe

∂T
∂ȳ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Parameter ε is the micronozzle width-to-length ratio.
First mass conservation equation is obtained by integration of the continuity equation as
follows

∂

∂t

1∫
0

x∫
0

ρ(t, ξ, y)
J

dξ dy + ε

1∫
0

(
ρu
J

)∣∣∣∣
x

dy − ε

1∫
0

(
ρu
J

)∣∣∣∣
0

dy = 0 .

In the auxiliary problem for incompressible flows, iterations of line (2D) or plane (3D)
Seidel method are stopped then the velocity component satisfies to the mass conservation
equation. Computation of compressible flows requires updating of thermophysical properties
(density ρ, coefficient of viscosity in Re and heat conductivity coefficient in Pe) using updated
pressure in the line or plane. In 3D case values of thermophysical properties of the fluid for
X-momentum should be updated using pressure

p(t, x, y, z) = px(t, x) + [py(t, y) + pz(t, z) + pxyz(t, x, y, z)],

temperature T and equation of state. Here square brackets mean that the pressure components
py, pz and pxyz are fixed.
Figure 12 represents isobars in the Laval micronozzles. It is easy to see that the isobars are
almost vertical lines near throat and in supersonic part of the micronozzle. It means that the
pressure is changed mainly along the micronozzle axis. In other words, «one-dimensional
component of the pressure» px in decomposition (10) is dominant in this problem. For
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Fig. 13. Starting location of the plunger

the given problem, the auxiliary problem makes it possible to compute the most «part of
pressure» (i.e. px(t, x) + py(t, y)) and corresponding change of thermophysical properties of
the fluid based on simplified (pressure-unlinked) momentum equations in primitive variables
formulation and mass conservation equations.

Fig. 12. Isobars in Laval micronozzle (sizes in meters)

5.6 Flows with unspecified mass rate
Previously fluid flows with the given mass rate have been simulated and analyzed. In some
applications mass flow rate cannot be given in advance. The simplest example of such flows is
problem about moving plunger. Immovable plunger is located between parallel plates filled
by incompressible fluid. Figure 13 shows geometry of the problem and starting location of the
plunger. Motion of the plunger causes the fluid flow. It is clear that mass flow rate depends on
the plunger speed. Algorithm for simulation of the flows with unspecified mass rate should
be modified as:

Stage I: main problem: iterations of basic method (SIMPLE, Uzawa or Vanka iterations, etc.)

Stage II: check convergence; continue if necessary

Stage III: auxiliary problem: several iterations of line (2D) or plane (3D) Seidel method with the
secant iterations; continue (go to 1)

Assume that ũij, ṽij and p̃xy
ij are approximation to the solution of the Navier–Stokes equations

obtained after iterations of the basic method. Then the mass conservation equation can be
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(a) Isolines of stream function
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Fig. 14. Flow near the moving plunger

formulated as
1∫

0

u(t, xi, y) dy = max
i

1∫
0

ũ(t, xi, y) dy

at accelerated or uniform plunger motion and in form

1∫
0

u(t, xi, y) dy = min
i

1∫
0

ũ(t, xi, y) dy

at decelerated plunger motion. As a result, the auxiliary problem ensures expansion of
perturbations caused by the plunger on all domain in each iteration. Uniform staggered grid
201× 2401 (hx = hy = 1/200) is used for simulation the fluid flow around the moving plunger.
Reynolds number Re = 200 is based on the plunger velocity and distance between the plates.
Stream function isolines and isobars near the moving plunger are shown on Figure 14.

6. Pressure decomposition in geometric multigrid methods

Proposed convergence acceleration technique based on the pressure decomposition (10)
should be incorporated with well-known algorithms for solving Navier–Stokes equations.
Multigrid methods having (almost) optimal convergence rate for many applications seem
to be the most promising solvers for many CFD problems. Our purpose is development of
multigrid method with the least number of problem-dependent components for using in black
box software.

6.1 Nonlinear multigrid iterations
To overcome problem of robustness, the Navier–Stokes equations (4) should be adapted for
the multigrid algorithm Martynenko (2006). Adaptation of the Navier–Stokes equations (so
called Σ-modification) consists in representation of the velocity �V and pressure P as sum of
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two functions
�V = C

�V
+ �̂V, P = CP + P̂ ,

where discrete analogues of the functions C
�V

and CP will be coarse grid corrections and

discrete analogues of the functions �̂V and P̂ will be approximations to the solutions in the
following multigrid iterations.
As a result, the Navier–Stokes equations (4) can be rewritten in the Σ-modified form⎧⎨

⎩
N (C

�V
+ �̂V) +∇(CP + P̂) = F

∇(C
�V
+ �̂V) = G

.

Since N (C
�V
+ �̂V) = N∗(C

�V
) + N (�̂V), where N∗ �= N for the nonlinear operator N , we

obtain {
N∗(C

�V
) +∇CP = F∗

∇C
�V
= G∗

, (26)

where F∗ = F −N (�̂V)−∇P̂ and G∗ = G −∇�̂V.
It is clear that main difference between Σ-modified and initial forms of the Navier–Stokes
equations consists of the nonlinear convection-diffusion operator (N∗ in equation (26) instead
of N in equation (4)) and source terms (F∗ and G∗ in equation (26) instead of F and
G in equation (4)). Note that Σ-modification does not require some linearization of the
Navier–Stokes equations. Therefore modified Navier–Stokes equations with other transport
equations can be solved in coupled manner on all coarse grids.
For example, 2D Σ-modified Navier–Stokes equations are written as:
a) Σ-modified continuity equation

∂cu

∂x
+

∂cv

∂y
= Ruv(t, x, y) ,

b) Σ-modified X-momentum

∂cu

∂t
+

∂(cu)2

∂x
+ 2

∂(ûcu)

∂x
+

∂(ûcv)

∂y
+

∂(v̂cu)

∂y
+

∂(cucv)

∂y
=

= −
∂cp

∂x
+

1
Re

(
∂2cu

∂x2 +
∂2cu

∂y2

)
+ Ru(t, x, y) ,

c) Σ-modified Y-momentum

∂cv

∂t
+

∂(ûcv)

∂x
+

∂(v̂cu)

∂x
+

∂(cucv)

∂x
+

∂(cv)2

∂y
+ 2

∂(v̂cv)

∂y
=

= −
∂cp

∂y
+

1
Re

(
∂2cv

∂x2 +
∂2cv

∂y2

)
+ Rv(t, x, y) ,

where discrete analogues of the functions cu, cv and cp will be coarse grid corrections and
discrete analogues of the functions û, v̂ and p̂ will be approximations to the solutions in the
following multigrid iterations. Source terms in the Σ-modified equations coincide with the
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initial Navier–Stokes equations, i.e.

Ruv(t, x, y) = −
∂û
∂x

−
∂v̂
∂y

,

Ru(t, x, y) = −
∂û
∂t

−
∂(û2)

∂x
−

∂(v̂û)
∂y

−
∂ p̂
∂x

+
1
Re

(
∂2û
∂x2 +

∂2û
∂y2

)
,

Rv(t, x, y) = −
∂v̂
∂t

−
∂(ûv̂)

∂x
−

∂(v̂2)

∂y
−

∂ p̂
∂y

+
1
Re

(
∂2v̂
∂x2 +

∂2v̂
∂y2

)
,

Additional convection terms in Σ-modified momentum equations are result of nonlinear
nature of the convection-diffusion operator N , i.e. N∗ �= N . Approximation of the source
terms Ruv, Ru and Rv defines the accuracy, monotonicity and conservatism of the numerical
solutions. Approximation of other terms in the modified equations defines only multigrid
convergence rate because cu → 0, cv → 0 and cp → 0 for convergent solution.

6.2 Multigrid structure
Recently variant of the geometric multigrid methods with the problem-independent transfer
operators (so-called Robust Multigrid Technique) has been proposed and developed
Martynenko (2006; 2010). The problem-independent restriction and prolongation operators
are result of the multiple coarse grid corrections on subgrids of the finest grid.
Assume that a finest staggered grid G0

1 has been generated in the domain. Coarsening in
Robust Multigrid Technique is based on representation of the finest grid G0

1 as union of 3N

(N = 1, 2, 3) coarse grids G1
1, G1

2, . . . , G1
3N with the following properties:

1. all coarse grids G1
1, G1

2, . . . , G1
3N have no common points, i.e. G1

n ∩ G1
m = ∅ , n �= m.

2. the finest grid G0
1 is the union of all coarse grids G1

1, G1
2, . . . , G1

3N , i.e. G0
1 =

3N⋃
k=1

G1
k .

3. all grids are similar to each other, but a mesh size on the coarse grids is three times as large
as than the mesh size on the finest grid.

4. control volume on the coarse grids G1
1, G1

2, . . . , G1
3N is union of 3N control volumes on the

finest grid G0
1.

The coarse grid generation is further recurrently repeated: each grid G1
1, G1

2, . . . , G1
3N gives

3N coarser grids. The coarse grid generation is finished when no further coarsening can be
performed. Finally we obtain Gl

k, l = 0, 1, . . . , L+, k = 1, 3Nl computational grids (so called
a multigrid structure), where L+ is number of the coarsest level and N = 2, 3. Details of the
coarse grid generation is given in Martynenko (2006).

6.3 Multigrid cycle
Multigrid cycles for simulation of flows with given and unspecified mass flow rates are shown
on Figure 15. There are two kinds of smoothing on the multigrid structure. One of them
(marked as ◦) is intended for solving Σ-modified Navier–Stokes equations with computation
of correction of the «multidimensional component of pressure». Another smoothing (marked
as �) is intended for computation of correction of the «one-dimensional component of
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pressure» on the finest grid. In other words solution of the modified auxiliary problem is
additional smoothing on the finest grid.

(a) Flows with unspecified mass flow
rate

(b) Flows with the given mass flow rate

Fig. 15. Multigrid cycles

6.4 Numerical test
The algorithm is tested by simulation of unsteady flow in a driven cavity at Re = 1000. Law
of the lid motion is taken as

U(n)
w = min

( n
50

; 1
)

,

and stopping criterion is posed as

max
ij

∣∣∣∣ ∂u
∂x

+
∂v
∂y

∣∣∣∣(n+1)

ij
< 10−10.

Six-level multigrid structure with uniform finest staggered grid 501 × 501 (ht = hx = hy =
1/500) is used for the test. Correction of the «multidimensional component of pressure» is
computed using Uzawa algorithm with diagonal preconditioning.
Figures 16–18 show evolution of the flow in the cavity. The main vortex is located near the
lid after finish of the lid acceleration. Then the vortex moves to upper right corner under
influence of the lid motion. After that the vortex moves along diagonal of the cavity to the
center (Figure 16). Motion of the main vortex generates two additional vortices (Figure 17).
The first vortex is formed in the lower corner, but the second vortex is formed on right vertical
wall of the cavity. Location of the corner vortex is stable because of its motion is limited by the
cavity walls. However the wall vortex can moving under influence of the main vortex. Corner
and wall vortices agglomerate in common vortex. Agglomerated vortex tends to stable corner
position, but a new corner vortex is generated in the left lower corner of the cavity. Figure 18
represents close-to-steady flow picture in the cavity.
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(a) Isolines of stream function (n = 50)
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(c) Isolines of stream function (n = 400)
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(f) Isobars (n = 1000)

Fig. 16. Flow picture in the driven cavity (n = 50, 400, 1000)
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(a) Isolines of stream function (n = 2250)
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(c) Isolines of stream function (n = 3000)
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(e) Isolines of stream function (n = 3500)
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(f) Isobars (n = 3500)

Fig. 17. Flow picture in the driven cavity (n = 2250, 3000, 3500)
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(a) Isolines of stream function (n = 5000)
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(c) Isolines of stream function (n = 10000)
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Fig. 18. Flow picture in the driven cavity (n = 5000, 10000)
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8. Conclusion

«Part of pressure» (i.e. sum of the «one-dimensional components» in decomposition (10)) can
be computed using the simplified (pressure-unlinked) Navier–Stokes equations in primitive
variables formulation and the mass conservation equations. «One-dimensional components
of pressure» and corresponding velocity components are computed only in coupled manner.
As a result, there are not pure segregated algorithms and pure density-based approach
on structured grids. Proposed method does not require preconditioners and relaxation
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parameters. Pressure decomposition is very efficient acceleration technique for simulation
of directed fluid flows.
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1. Introduction 
Many of the computational methods for equation solving can be considered as methods of 
weighted residuals (MWR), based on the assumption of analytical idea for basic equation 
solving. Test function type determines MWR specific variety including collocation methods, 
least squares (RMS) and Galerkin’s method. MWR algorithm realization is basically reduced 
to nonlinear programming which is solved by minimizing the total equations residual by 
selecting the parameters of test solution. In this case, accuracy of solving using the MWR is 
defined by approximating test function properties, along with degree of its conformity with 
its initial partial differential equations, representing a continuum solution of mathematical 
physics equations. 
On fig. 1, computing artificial neural network (ANN) is presented in graphic form, 
illustrating process of intra-network computations. The input signals or the values of input  

 

 
Fig. 1. Neural network computing structure 
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variables are distributed and "move" along the connections of the corresponding input 
together with all the neurons of hidden layer. The signals may be amplified or weakened by 
being multiplied by corresponding coefficient (weight or connection). Signals coming to a 
certain neuron within the hidden layer are summed up and subjected to nonlinear 
transformation using so-called activation function. The signals further proceed to network 
outputs that can be multiple. In this case the signal is also multiplied by a certain weight 
value, i.e. sum of neuron output weight values within the hidden layer as a result of neural 
network operation. Artificial neural networks of similar structure are capable for universal 
approximation, making possible to approximate arbitrary continuous function with any 
required accuracy. 
To analyze ANN approximation capabilities, perceptron with single hidden layer (SLP) was 
chosen as a basic model performing a nonlinear transformation from input space to output 
space by using the formula (Bishop, 1995): 

 0
1 1

( , )
q n

i i ij j
i j

y v f b w x b
 

 
   
 
 

 w x , (1) 

where nx R is network input vector, comprised of jx  values; q – the neuron number of the 
single hidden layer; sw R – all weights and network thresholds vector; ijw – weight 
entering the model nonlinearly between j-m input and i-m neuron of the hidden layer; iv – 
output layer neuron weight corresponding to the i-neuron of the hidden layer; 0,ib b – 
thresholds of neurons of the hidden layer and output neuron; fσ – activation function (in our 
case the logistic sigmoid is used). ANN of this structure already has the universal 
approximation capability, in other words it gives the opportunity to approximate the 
arbitrary analog function with any given accuracy. The main stage of using ANN for 
resolving of practical issues is the neural network model training, which is the process of the 
network weight iterative adjustment on the basis of the learning set (sample) 
 , , , 1,...,n

i i iy i k x x R  in order to minimize the network error – quality functional 

  
1

( ) ( , )
k

i

J Q f i


 w w , (2) 

where w – ANN weight vector;    2( , ) ,Q f i f i w w – ANN quality criterion as per the i-
training example;    , , i if i y y  w w x – i-example error. For training purposes the 
statistically distributed approximation algorithms may be used based on the back error 
propagation or the numerical methods of the differentiable function optimization. 

2. Neuronet’s method of weighted residuals for computer simulation of 
hydrodynamics problems 
Let us consider that a certain equation with exact solution ( )y x  

 ( ) 0L y   (3) 

for non-numeric value ys equation (3) presents an arbitrary xs within the learning sample. 
We have L(y)=R with substitution of approximate solution (1) into equation (3), with R as 
equation residual. R is continuous function R=f(w,x), being a function of SLP inner 
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parameters. Thus, ANN training under outlet functional is composed of inner parameters 
definition using trial solution (1) for meeting the equation (3) goal and its solution is realized 
through the corresponding modification of functional quality equation (2) training. 
Usually total squared error at net outlets is presented as an objective function at neural net 
training and an argument is the difference between the resulted ‘s’ net outlet and the real 
value that is known a priori. This approach to neural net utilization is generally applied to 
the problems of statistical set transformation along with definition of those function values 
unknown a priori (net outlet) from argument (net inlet). As for simulation issues, they refer 
to mathematical representation of the laws of physics, along with its modification to be 
applied practically. It is usually related to necessity for developing a digital description of 
the process to be modeled. Under such conditions we will have to exclude the a priori 
known computation result from the objective function and its functional task. Objective 
function during the known law simulation, therefore, shall only be defined by inlet data and 
law simulated: 

   21
2

s s

S

E y f  x .  (4) 

Use of neuronet’s method of weighted residuals (NMWR) requires having preliminary 
systematic study for each specific case, aimed at: 1) defining the number of calculation 
nodes (i.e. the calculation grid size); 2) defining number of neurons within the network, 
required for obtaining proper approximation power; 3) choosing initial approximations for 
training neural network test solution ; 4) selecting additional criteria in the goal function for 
training procedure regularization in order to avoid possible solution non-uniformity; 5) 
analyzing the possibilities for applying multi-criteria optimization algorithms to search 
neural network solution parameters (provided that several optimization criteria are 
available). 
Artificial neural network used for hydrodynamic processes studying is presented by two 
fundamentally different approaches. The first is the NMWR used for direct differential 
hydrodynamics equations solution. The NMWR description and its example realization for 
Navier-Stokes equations solution is presented in papers (Kretinin, 2006; Kretinin et al., 
2008). These equations describe the 2D laminar isothermal flow of viscous incompressible 
liquid. In the paper (Stogney & Kretinin, 2005), the NMWR is used for simulating flows 
within a channel with permeable wall. Neural network solution results of hydrodynamic 
equations for the computational zone consisting of two sub-domains are presented below. 
One is rotating, while another is immobile. In this case, for NMWR algorithm realization 
specifying the conjugate conditions at the two sub-domains border is not required. 
In the second approach, neural network structures are applied to computational experiment 
results approximation obtained by using traditional methods of computational 
hydrodynamics and for obtaining of hydrodynamic processes multifactor approximation 
models. This approach is illustrated by hydrodynamics processes neural network modeling 
in pipeline in the event of medium leakage through the wall hole. 

2.1 NMWR application: Preliminary studying  
There are specific ANN training programs such as STATISTICA NEURAL NETWORKS or 
NEURAL TOOLBOX in the medium of MATLAB, adjusting the parameters of the network 
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to the known values of the objective function within the given points of its definitional 
domain. Using these packages in our case, therefore, does not seem possible. At the same 
time, many of optimization standard methods work well for ANN training, e.g. the 
conjugate gradients methods, or Newton, etc. To solve the issue of ANN training, we shall 
use the Russian program IOSO NS 1.0 (designed by prof. I.N. Egorov (Egorov et al., 1998), 
see www.IOSOTech.com) realizing the algorithm of indirect optimization method based on 
self-organizing. This program allows minimizing the mathematical model given 
algorithmically and presented as “black box”, i.e. as external file module which scans its 
values from running variable file generated by optimization program, then calculates 
objective function value and records it in the output file, addressed in turn by optimization 
program. It is therefore sufficient for computer program forming, realizing calculations 
using the required neural network, where the input data will be network internal 
parameters (i.e. weights, thresholds); on the output, however, there’ll be value of required 
equation sum residual based on accounting area free points. Let us suppose that the 
objective function 2y x  is determined within the interval  0;1 . It is necessary to define 
parameters of ANN perceptron type with one hidden layer, consisting of 3 neurons to draw 
the near-objective function with given accuracy, computed in 100 accounting points ix  
evenly portioned in determination field. Computer program for computing network sum 
residual depending on its parameters can be as follows (Fortran): 
 dimension x(100),y(100) 
 dimension vs(10) 
 common vs 
c vs- values of ANN internal parameters 
 open(1,file='inp') 
 read(1,*)vs 
 close(1) 
c 'inp'- file of input data,  
c generated by optimization program 
 do i=1,100 
 x(i)=(i-1)/99. 
 end do 
c calculation by subprogram ANN ynet  
c and finding of sum residual del 
 del=0. 
 do i=1,100 
 y(i)=ynet(x(i)) 
 del=del+(y(i)-x(i)**2)**2 
 end do 
c 'out'-file of value of the minimization function ,  
c sent to optimization program 
 open(2,file='out') 
 write(2,*)del 
 close(2) 
 end 
 function ynet(t) 
 dimension vs(10),w(3),b(3),v(3),t1(3),q(3) 
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 common vs 
c w-weights between neuron and input  
c b-thresholds of neurons 
c v-weights between neuron and output neuron  
c bv-threshold of output neuron 
 do i=1,3 
 w(i)=vs(i) 
 b(i)=vs(i+3) 
 v(i)=vs(i+6) 
 end do 
 bv=vs(10) 
 vyh=0. 
 do i=1,3 
 t1(i)=w(i)*t-b(i) 
 q(i)=1./(1.+exp(-t1(i))) 
 vyh=vyh+v(i)*q(i) 
 end do 
 ynet=vyh-bv 
 end 
With IOSO NS 1.0, ANN internal parameter values were obtained with sum residual there 
were received the values of the internal parameters of the ANN, giving the sum 

0.000023E   (fig. 2). 
 

 
Fig. 2. Results of using IOSO NS 1.0 for the ANN training 
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Hence we have neural network approximation for given equation, which can be presented 
by the formula 

1.954913 0.983267 5.098 0.108345 2.532 0.75393
1 1 1

13.786 3.95569 28.3978 3.7751
1 1 1x x xy

e e e        
  

 (5) 

Using nonlinear optimization universal program products for ANN training is limited to 
neural networks of the simplest structure, for dimension of optimization tasks solved by 
data packages does not normally exceed 100; however, it frequently forms 10-20 
independent variables due to the fact that efficiency of neural network optimization 
methods generally falls under the greater dimensions of the nonlinear programming free 
task. On the other hand, the same neural network training optimization methods prove 
efficient under much greater dimensions of vector independent variables. Within the 
framework of given functioning, the standard program codes of neural network models are 
applied, using the well-known optimization procedures, e.g. Levenberg-Markardt or 
conjugate gradients - and the computing block of trained neural network with those 
obtained by the analytical expressions for objective function of the training anti-gradient 
components, which in composition of the equation under investigation acts as a "teacher" is 
designed. 

2.2 Computing algorithm of minimization of neural network decision 
Let us consider perceptron operation with one hidden layer from N neuron and one output 
(1). As training objective function, total RMS error (4) will be considered. The objective 
function shall be presented as a complex function from neural network parameters; 
components of its gradient shall be calculated using complex function formula. Network 
output, therefore, is calculated by the following formula: 

    s s
j j

j

y w x x , (6) 

where x - vector of inputs, s - number of point in training sample, (x) - activation function, 
wj - weights of output neuron, j - number of neuron in hidden layer. For activation 
functions, logistic sigmoid will be considered 

    ,

1

1 j j
j t b

e






x

x . (7) 

Here bj - threshold of j-number neuron of hidden layer; the function tj(x,bj) , however, has 

form of  ,j j ij i j
i

t b v x b  x , where vi  - neuron weight of hidden layer. 

While training on each iterations (the epoch) we shall correct the parameters of ANN 
toward the anti-gradient of objective function - E(v,w,b), which components are presented 
in the following form: 

     ,
s

s s s
j j

ij

E
b y f

w


  


x x ; (8) 
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         , 1 ,
s

s s s s s
j j j j j i

ij

E
y f w b b x

v
 

      


x x x ; (9) 

        , 1 ,
s

s s s s
j j j j j

j

E
y f w b b

b
 

      


x x x . (10) 

Thereby, we have got all the components of the gradient of the objective function of 
minimization, comparatively which iterations will be consecutively realized in accordance 
with the general formula 

  E   w w .  (11) 

Here w is vector of current values of network weights and thresholds. 

3. Using NMWR for hydrodynamics equations solving 
Parameter optimization of neural network trial solutions is achieved by applying several 
optimization strategies and by subsequently choosing the maximum effective one (see 
Cloete & Zurada, 2000). First strategy is to apply totality of effective gradient methods 
"starting" from various initial points. The other strategy is to apply structural-parametrical 
optimization to ANN training; this method is based on indirect statistic optimization 
method on self-organizing basis or parameter space research (see: Egorov et al., 1998; 
Statnikov & Matusov, 1995). 
Any versions for multi-criterion search of several equations system solution are based on 
different methods of generating multiple solutions, satisfying Pareto conditions. Choosing 
candidate solution out of Pareto-optimal population must be based on analysis of 
hydrodynamic process and is similar to identification procedure of mathematical model. In 
any case, procedure of multi-criterion optimization comes to solving single-criterion 
problems, forming multiple possible solutions. At the same time particularities of some 
computational approaches of fluid dynamics allows using iteration algorithms, where on 
each step solution at only one physical magnitude is generated. 

3.1 Modeling flows – the first step 
The computational procedure described below is analogous to MAC method (Fletcher, 
1991), investigating possibility of NMWR application based on neural net trial functions. 

Laplace equation solution 

Computational capabilities of the developed algorithm can be illustrated by the example of 
the solution of Navier-Stokes momentum equations, describing two-dimensional isothermal 
flows of viscous incompressible fluid. On the first stage we will be using this algorithm for 
Laplace equation solution 

 
2 2

2 2 0
x y
  
 

 
. (12) 

Let us consider the flow of incompressible fluid in the channel (fig. 3). 
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Fig. 3. Computational area  

Here’s how the boundary conditions are defined: on solid walls u=v=0, on inflow boundary 

u=0, v=1, on outflow boundary 0
u v
x x
 

 
 

. There are no boundary conditions for pressure 

except for one reference point, where p=0 is specified (in the absolute values p=p0), 

considering which indication of incoming into the momentum equation 
p
x



 and 
p
y



 is 

realized. 
For solving flow equations by predictor method it is necessary to specify initial velocity 
distribution within the computational area, satisfying the equation of continuity.  For this 

purpose, velocity potential  ,x y  is introduced and u
x





 and v
y





. As a result of 

Laplace equation solution, velocity distribution is generated, which can be indicated as free-
vortex component of the sought quantity. 
If the result of learning sample neuronet calculations is defined by the following formula 

   s s
j j

j

v f x x , where  , Tx yx -input variables vector, s - point number in the 

learning sample,  f х - activation function, jv - output neuron weights, j - neuron number 

in the hidden layer as activation function the logistical sigmoid is used    ,

1

1 j j
j t b

f
e





x
x , 

where jb  - threshold of the j-number neuron hidden layer, and the function  ,j jt bx  looks 

like  ,j j ij i j
i

t b w x b  x where ijw  - hidden layer neurons weights, then analytical 

expressions for the second speed potential derivatives can be calculated using the following 
formula 

 
 

       
2

2 2 3
2 , 3 , 2 ,s s s

j ij j j j j j j
s ji

v w f b f b f b
x


  


 x x x . (13) 
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Equation summary residual with substituted trial solutions (1) on arbitrary calculation area 
points with coordinates хs with expressions application (13) can also be calculated 
analytically 

 
     

2 2
2 2 2

2 2 2
1 1
2 2s s ss i si

E
x x y

  
   

          
        

  . (14) 

Therefore, trial solution (1) training problem of neural network equation consists in SLP 
hidden layer parameter selection (weights and thresholds) at which the summary residual 
(14) has the minimal value limited to zero. The computer program described above, with 
training procedure target function being set functionally by applying analytical expressions 

for second derivatives 
2

2x



 and 

2

2y



 , is used for parameter adjustment of learning model. 

Efficiency of searching of neuronet learning solution parameters depends on problem 
dimension, i.e. weights and perceptron thresholds variable adjusted quantity. The more 
significant is neurons quantity in trial solution, the higher is ANN approximate capacity; 
however, achieving high approximation accuracy is more complicated. At the same time, 
neuron quantity depends not only on simulated function complexity, but also on calculation 
nodes quantity in which the residual equation is calculated. It is known that generally 
points’ quantity increase in statistical set used for neural network construction is followed 
by increase in necessary neurons network (Galushkin, 2002; Galushkin, 2007) quantity. 
Consequently, the dense calculation grids application results in nonlinear programming 
problems; while applying rare calculation grids, it is necessary to check the solution 
realization between calculation nodes, i.e. there is a problem of learning solution procedure 
standardization. In the neuronet solution reception context on known equation, it is 
convenient using traditional additive parameter of training neural model quality - a control 
error which is calculated on the set of additional calculation nodes between calculation grid 
nodes. Number of these additional calculation grid nodes can be much more significant, and 
they should cover the whole calculation area, because the nodes number increase with 
control error on known network parameters does not result in essential computing expenses 
growth. Hence, referring to learning solution neuronet parameters reception, there exists an 
issue of solving twice-criterion problem of nonlinear optimization along with minimizing 
simultaneously both summary residual in control points, or the control error can appear as a 
restriction parameter, in the limited set of calculation nodes and in this case the neural 
network solution parameters reception is reduced to the conditional nonlinear optimization 
problem. 
At the first stage, residual distribution of the current equation (5) on various calculation 

nodes and the corresponding speed vector distribution  , Tu vv , where speed nodes 

u
x





 and v
y





. As a whole, the received neural network solution satisfies the equation 

(5) except for calculation nodes group, for example, in the input border right point vicinity, 
due to a sudden change of the boundary conditions in this point.  In areas with the solution 
insufficient exactness we will place the calculation nodes additional quantity using the 
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following algorithm. Let us formulate the Cohonen neural network with three inlet variables 
presented by the coordinates of available computation nodes x and y, and also the equations 
(5) residual value in these nodes, along with the required cluster centers quantity equal to 
the additional nodes quantity. The cluster center coordinates which will generally be placed 
in areas with the learning solution low precision (Prokhorov et al., 2001) we will consider 
additional computation nodes coordinates. The number of these additional nodes in each 
case is different and defined by iterations, until the decision error does not accept 
comprehensible value. As a result of the additional formation of received neural network 
learning solution using additional computation nodes, it turned out to be possible to 
increase the solution local accuracy in the point B vicinity while maintaining the accuracy 
high in all other points. 
 

 
Fig. 4. Formation of additional computation nodes for Laplace equation solution 

Therefore, not only has the computing experiment proven reception opportunity of the 
general neural network solution in the calculation area, but also defined coordinate 
calculation logic of computational nodes for increasing the accuracy of neural network 
initial equation solution. Let us study a reception opportunity of the Poisson equation 
solution using an irregular computational grid, i.e. equation total residual with solutions (1) 
will be calculated in nodes located in the casual image or certain algorithm, which use has 
not been connected with the necessity of computational grid coordination and 
computational area borders. 

Poisson equation 

Let us study a neural network solution precision on irregular calculation scales for Poisson 
equation 

 
2 2

2 2 0
p p

x y
 

   
 

. (15) 

This equation is particularly used for calculating the pressure distribution as well as for time 
iterations organization at the Navier-Stokes equations solution by pseudo-non-stationary 
algorithms (Fletcher, 1991). For the solution we shall use an irregular calculation grid, 
because, in contrast to fluid dynamics classical numerical methods, it does not result in the 
neutral network learning functions algorithm complication. Meanwhile, advantages using 
calculation nodes located in calculation area for the complex geometry study current are 
obvious. The decision is defined by the equations (15) with the right side as follows 

 
2 2

2 2 2
p p u v v u

x y x yx y

      
     

      
, (16) 
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where speed nodes u
x





 also v
y





 are received as a result of the Laplace equation 

solution (12). Calculation grid points are formed as centers of Cohonen network clusters 
constructed on units coordinates of the uniform rectangular scale and on the right part of 
the equation (16) corresponding to these units values Δ. Fig. 6 (а) presents formation re sults 
of the calculation grid and the speed distribution on the pseudo-non-stationary algorithm 
first iterative step of the Navier-Stokes equation solution. Here it was possible to receive an 
exact neural network solution for the whole calculation area without using additional set of 
calculation nodes. 
Let us now study am incompressible fluid internal flow within a channel with a stream 
turning (fig. 3). Navier-Stokes equation system describing two-dimensional isothermal flows 
of the viscous incompressible fluid (Fletcher, 1991): 

 0
u v
x y
 

 
 

; (17) 

 
2 2

2 2
1

0
Re

p u u u u
u v

x x y x y

           
      

; (18) 

 
2 2

2 2
1

0
Re

p v v v v
u v

y x y x y

           
      

. (19) 

Here u, v – nodes speed, Re - Reynolds number. Hydrodynamics equations system is written 

in the non-dimensional view; i.e. it includes non-dimensional values * u
u

u
 , * v

v
u

 , 

* r
r

D
 , *

2

p
p

u 




, Re
u D

 

 . Quality of u  and any speed and linear size values 

can be chosen in the current field, for example an input fluid speed value in the channel and 
the channel width h . 
Boundary conditions are stated as follows: on solid walls u=v=0, on the input border u=0, 

v=1, on the output border 0
u v
x x
 

 
 

. Let us consider that there is rectangular region 

[a,b][c,d] within the plane XY, and there is a rectangular analytical grid, specified by 
Cartesian product of two one-dimensional grids {xk}, k=l,…,n and {yl}, l=l,…,m. 
We will understand neural net functions , , ( , , )NETu v p f x y w  as the (17)-(19) system solution 

giving minimum of the total squared residual in the knot set of computational grid. The trial 
solution (fig. 5) of the system (17)-(19) u, v, p can be presented in the form equation (1): 

 1 2
1

( , , ) ( )
q

i i i i u
i

u x y v f b w x w y b


   w ; (20) 

 
2

1 2
1

( , , ) ( )
q

i i i i v
i q

v x y v f b w x w y b
 

   w ; (21) 
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3

1 2
2 1

( , , ) ( )
q

i i i i p
i q

p x y v f b w x w y b
 

   w . (22) 

Here again, w is the vector of all the weights and thresholds of the net. In this case the 
amount of q neurons in the trial solutions remains the same for each decision variable set. 
This is the parameter on which depend approximated capabilities of neural net trial 
solution. Result of computational algorithm functioning should be achievement of necessary 
accuracy level of solution at q minimum value. 
 

 
Fig. 5. Neural net trial solution 

Let us name the residuals of equations (17)-(19) R1, R2 and R3 correspondingly, then for the 
vase of NMWR realization for parameters setup of the trial solution it is necessary to 
minimize three objective functions 2 2 2

1 2 3; ; minR R R  . In the simplest case, the only solution 

of the multi-criterion problem of minimization can be generated substituting of three 
criterions by one, presented in compression form; for example, 2 2 2 2

1 2 3 minR R R R    . 

Presenting the trial solution in the form of continuous functions (20)-(22) allows to define 
analytically the first and the second differential coefficient in the equations (17)-(19), 
knowing which one can generate analytic expressions of the function of residuals Rs(w,x,y) 
and further for antigradient component of the total residual in the s-reference point at ANN 

inner parameters 
j

R
v



, 
ij

R
w



 and 
j

R
b



, being later used in the minimization algorithm in 

accordance with anti-gradient direction. 
For the momentum equations solution by MAC method, it is necessary to specify an initial 
speeds distribution in the calculation area satisfying to the continuity equation. For this 

purpose, the speed potential  ,x y is introduced, u
x





 and v
y





. As a Laplace 

equation solution result, we obtain speed distribution which can be called non-vortex 
required value.Final speeds and pressure distribution are results of the momentum 
equations solution according to the following algorithm. 
The speed distribution on the following time layer is calculated according to the formula 

 1 1n n nt p    u F , (23) 

where pressure distribution to each iterative step is defined upon the Poisson equation 
solution 
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2 1 1
( , )n n

NETp f x y
t

   


F
. (24) 

Vector ( , )TF GF introduced to this algorithm can be calculated by the momentum 
equations (18-19); or Poisson equation (16) can be used for pressure calculation. Thus, the 
solution for pressure received from the equation (16) results in the continuity equation 
realization at the moment of time 1n  . Once 1np   is calculated, substitution of these 

values in the formula 1 1n n nt p    u F  allows to determine 1nv  . The iterative process 
goes on until speed distribution stops varying. 
Let us briefly generalize the above mentioned results of calculation experiment in methodic 
form to set dynamic calculation scale at the Navier-Stokes equations (17)-(19) solution by the 
establishment method. First, Laplace equation (12) solution is calculated with the received 
scale  or with rectangular scale, or by means of random numbers generator, or by using the 
Sobol - Statnikov generator of LP  (Statnikov & Matusov, 2002); then, distribution solving 
equation residual in the grid nodes; third, the additional multitude of calculation nodes is 
generated with using the Cohonen network; then, if the precision is not achieved, points 2 
and 3 are realized and the additional calculation components quantity grows until exact 
neural network solution for the whole calculation area is found; further, pseudo-non-
stationary algorithm iterations are organized by using the equations (23)-(24) where 
equation (16) solution is found on each time step on the multitude of calculation 
components, the coordinates of which vary depending on the Poisson equation right part 
distribution for each iterative step; finally, at steps 3 and 5 realization of structural 
optimization algorithms and learning neural network solutions standardization formation  
 
 

 
a) 

 
b) 

 
c) 

Fig. 6. Net velocity distribution 
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stated in (Kretinin et al., 2010). On fig. 6 (а-c), changing dynamics of calculation components 
during realizing various moments of time of equations (23)-(24) algorithm is shown, the 
speed vector distribution reorganization during the transition from the equation (12) 
solution to the equations (17)-(19) solution is also illustrated. 
Finally, analytical solution (as neural network function) for Navier-Stokes equations (17)-
(19) systems within the channel with stream turning at Re 100 which is expressed by the 
formula (23) on last iterative layer and neural network dependence of the pressure 
distribution on this layer 

 
3

1 2
2 1

( , , ) ( )
q

i i i i p
i q

p x y v f b w x w y b
 

   w   

with weights calculated array and the boundary network w  , ,w v b . 

3.2 Modeling flows in rotating ring zone - the equations that are applicable to rotating 
reference frame 
For this flow, NMWR solves conservation equations for mass and momentum describing 
incompressible flows of viscous Newtonian fluid.  
Continuity equation 

 0j

j

u

x





. (25) 

Momentum equations 

     ji
i j i j i

j j i j j i

up u
u u u u f

x x x x x x

              

         
. (26) 

For flows in rotating domain (fig. 7), the equations for conservation of mass and momentum 
are written for the relative velocity formulation, where fi in right hand side is given by 

   2if u r        
     

. (27) 

The absolute velocity formulation is used in the non-rotating domain, and fi=0. Thus, the 
standard k   turbulence model is used. 
Let us consider the neural network functions , , , ( , , )i NNu p k f x y  w  as equations solution, 
where w– all weights and network thresholds vector that assure summary quadratic 
residuals minimums for each equation in optional totality of computation nodes 
coordinating each neural network solution learning iteration, are generated using the 
random number generator. 
Neuronet learning solution parameter search process efficiency depends on problem 
dimension, i.e. weights and perceptron thresholds varying adjusted quantity. The more 
significant is neurons quantity in trial solution, the higher is ANN approximate capacity; 
however, achieving high approximation accuracy is more complicated. 
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Fig. 7. Rotating Domain 

At the same time, neuron quantity depends not only on simulated function complexity, but 
also on calculation nodes quantity in which the residual equation is calculated. It is known 
that generally points’ quantity increase in statistical set used for neural network 
construction is followed by increase in necessary neurons network (Galushkin, 2002; 
Galushkin, 2007) quantity. Consequently, the dense calculation grids application results in 
nonlinear programming problems; while applying rare calculation grids, it is necessary to 
check the solution realization between calculation nodes, i.e. there is a problem of learning 
solution procedure standardization. In the neuronet solution reception context on known 
equation, it is convenient using traditional additive parameter of training neural model 
quality - a control error which is calculated on the set of additional calculation nodes 
between calculation grid nodes. The number of these additional calculation grid nodes can 
be much more important and they should cover all calculation area because the nodes 
number increase in which the control error on known network parameters does not result in 
essential computing expenses growth. Hence, at the learning solution neuronet parameters 
reception there is a problem of solving the multi-criterion problem of the nonlinear 
optimization and to minimize simultaneously both the summary residual in control points, 
or the control error can appear as a restriction parameter, in the limited set of calculation 
nodes and in this case the neural network solution parameters reception is reduced to the 
conditional nonlinear optimization problem. 
On figure 8, velocity distribution vector within the current random computation nodes of 
revolving ring on one of neural network training iteration of equation (25)-(26) decisions is 
presented. Contours of stream function within the computational zone obtained by using  
NMWR  are presented on fig. 9. 
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Fig. 8. Velocity distribution on one of neural network training iteration 

 
 
 

 
 
 

Fig. 9. The contours of stream function 
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4. Modeling leakage in a fuel transfer pipeline 
Method of leakage zonal location (Zverev & Lurie, 2009), which generalizes the known 
method of leakage detection by hydraulic gradient line salient point, can be used to define of 
pipeline leakage position. When using the “base” zone location method variant, it is supposed 
that in case of stationary process, hydraulic gradients 1i  and 2i before and after the leakage are 
constant and can be designed by the known values of liquid charge at the ends of controllable 
site. I.e., the distribution indignation of hydrodynamic parameters is not taken into account in 
comparison with the established flow which arises because of the environment outflow 
influence through the leakage aperture. It results in speed profile deformation within the cross 
sections of the pipeline near the leakage and the nonlinear dependence of hydraulic gradient 
in the function of distance from position of leakage downwards the stream. In order for pipe 
cross section speed distribution of the pipe to become  appropriate for  the established flow, 
the distance up to 40-60 calibres from leakage coordinate уx  can be required. Defining 
nonlinear dependence of hydraulic gradient function near the leakage is possible either based 
on special experimental researches, or based on  the numerical decision of hydrodynamics 
equations in three-dimensional statement. The given function can be added to the algorithm of 
zone location methode to reduce the leakage position coordinate definition error. 
One pipeline section of 300 m length and diameter 1 mD   is used for the nonlinear 
dependence of the total pressure drop determination along the pipeline length in the 
leakage neighborhood through the wall hole. The leakage position coordinate is 
fixed 155.5 mуx  . On the segment  140,200 mx  computational faces are formed with an 
interval 1h m . In segments  100,140 mx  and  200,250 mx  computational faces are 
disposed with an interval 10 mh  . Such a leakage location (approximately in the middle of 
the pipeline sector into a question) and computational faces disposition have been chosen 
for the influence elimination of the boundary conditions setting in the computational zone 
inlet and outlet on the flow distribution near leakage position. The leakage hole lD D  
relative diameter during the computational planed experiment is constant. The 
mathematical model includes conservation equations for mass and momentum enclosed by 
the standard k   turbulence model. The local hydraulic friction coefficient in any section 
of the pipeline is defined by the ratio 

 
 2

8
r R

u
r

u







 
    , (27) 

where 2
0

1
2

R

u urdr
R

  - design section average speed,  -  dynamic factor of liquid viscosity. 

Turbulent flow speed distribution within the pipe cross section is described by the universal 
logarithmic dependence 

 log
u yu

A B
u 




  , (28) 

where 
8

u u


 - the dynamic speed, y - the distance from the wall,  - the kinematic 

viscosity. 
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At the statement of boundary conditions on the input, mass charge 1m  or the speed 

1u appropriate to this charge is set. In the grid units belonging to the leakage aperture, 

liquid outflow speed уu is appointed. The given parameter at numerical researches varies 

for the modeling leakages of various intensity. For any point of the calculating area, any 
operational value of pressure x   of all the hydrodynamical parameters are equaled to 

zero, for the concerning of which differences of pressure will be calculated, is set. On the 
output from the calculating area the conditions of the established current are set, i.e. the 
derivatives modeling of the boundary layer the standard wall functions for parameters of 
turbulence k and ε (Fletcher, 1991) are used. 
The equations discretization is effectuated on the base of finite volumes method in the 
combination with hexagonal grid. On fig. 10 the formation of the grid in the calculating 
sections of the pipeline is represented. 
 
 
 
 
 

 
 
 
 
 

Fig. 10. Calculation grid in the pipeline sections 

4.1 The plan of computing experiment 
If 1 2,x x  are the coordinates of the beginning and the end of the controllable pipeline sector, 
then 1 2,i i  are hydraulic gradients before and after the leakage respectively, 0p  is  total 
pressure drop of the sector, so in case of 1i const  from the beginning of the sector to the 
leakage and 2i const  from the leakage up to the end of the sector, in the stationary 
hydrodynamic mode, leakage coordinate shall be defined by the formula 
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  
 

0 1 1 2 2

1 2
у

p g i x i x
x

g i i



  



. (29) 

Let us present the total pressure drop nonlinear dependence for its calculation in  leakage 
neighbourhood in nonlinear function form  1 2, ,i

NN NNi f i i x x   on the pipeline sector 
 ,NN NN NNx x x l  , where for our computational model the left area limit coordinate of the 

nonlinear leakage function determination 150 mNNx   and the determination length 
fragment area 60 mNNl   (leakage is situated in the point with coordinate 155,5 mуx  ). 
In this case, total pressure drop in the controlled sector  1 2,x x  is calculated by the 
following formula 

       0
1 1 2 2 1 2

0

, ,
NNl

i
NN NN NN NN NN

p
i x x i x x l f i i x x dx

g


       . (30) 

In the known function  1 2, ,i
NN NNf i i x x , the present equation is nonlinear with one 

unknown value NNx . After solving this equation, we can define the pipeline leakage 
coordinate lx . 
Starting from above-mentioned, computational experiment is effectuated with the 
purpose of function determination  1 2, ,i

NN NNf i i x x , i.e. the total pressure drop 
dependence in the leakage neighbourhood i (criterion) of three variables 1 1

NNi gi , 

2 2 1/NNi i i  and NN NNx x x    (factors). Earlier, the interval forfactor variation 
 0,60NNx   was determined. Let us determine the intervals  1 10,20NNi  , 

 2 0,5,0,95NNi  . The plan of computing experiment is made with the points received with 
the help of Sobol-Statnikov generator of quasiuniform number sequences (Statnikov & 
Matusov, 2002). The working hypercube of space R3 is filled with the points 
 1 2, ,NN NN

NNi i x  according to LP  algorithm (Statnikov & Matusov, 2002). Choice of this 
algorithm for the experiment plan formation is made by high efficiency of the research 
method of  parameter space based on the sounding of computational area by points of the 
uniform distributed sequence.For each variable, parameter combinations 1 2,NN NNi i  from 
the experiment plan limitation boundary conditions in the computational model are 
selected by  determining values corresponding tothe inlet mass flow inm and leakage 
intensity lm , where the hydraulic friction coefficient is calculated by the implicit formula 
of Altschul for "smooth" pipes 

 1 2,82
2,04log

Re 
    
 

.  

As a result of computational hydrodynamics equations decision, we obtain the value 
distribution of total pressure drop on the length of the controlled pipeline sector, from 
which we are exterminating the criteria value i for the corresponding value NNx  from the 
experiment plan. Let us now register the obtained vector  1 2, , ,NN NN

NNi i x i  in database for 
the posterior generation of neural network dependence  1 2, ,i NN NN

NN NNi f i i x  . 
For the illustration of numerical calculations, the distribution of speed in the leakage 
neighbourhood is presented on Fig. 11, and on fig. 12 the distribution of the hydraulic 

gradient on the pipeline sector  100,250 mx  for factor values 1
Pa

14
m

NNi  , 

2 2 1/ 0,5; 0,57; 0,64; 0,71; 0,8; 0,9NNi i i  is presented. 
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Fig. 11. Speed distribution in the leakage neighbourhood 

 

 
Fig. 12. Total pressure drop distribution for 1 meter of pipeline length 

x, m 

gi  
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4.2 The neural network regressive model 
For the regressive dependence construction,  1 2, ,i NN NN

NN NNi f i i x   artificial neural 

networks device is used. For the formation of display  1 2, ,i NN NN
NN NNi f i i x  , the standard 

structure of the multilayer perceptron (MLP) with 3 inputs, one output and two latent layers 
with 7 and 5 neurons accordingly was used. At training, MLP algorithm of Levenberg-
Markardt was used. The total RMS  error on 512 points of statistical sample was E=0.001. 
The comparative analysis of dependences calculation results obtained for inlet parameters 

values 1
Pa

16
m

gi  , 2
1

0.9i
i   is presented on Fig. 13 and 1

Pa
10

m
gi  , 2

1
0.8i

i   for 

 0,60 mNNx   from the differential equation computational solution– continuous lines 

and determined with neural network dependence – markers. It is also necessary to note the 
high approximation precision. 
 
 

 
Fig. 13. Comparative analysis of neural network data and numerical solution results 

5. Conclusion 
Results presented in this chapter concern one of many applications of neural network 
learning functions to the mathematical physics problems solution, which is solution of 
hydrodynamics equations. Using learning functions of neural network allows to exclude the 
errors in solving differential equations caused by derivatives discretization and the borders 
low precision representation. Numerical algorithm of Navier-Stokes equations system 
solution differing from known fluid dynamics methods by the possibility of computational 
grid arbitrary formationis developed. The formation technique of the additional nodes file 
depending on learning solution local accuracy is offered. 

NNx  

1
i
i
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The formation of the finite-elemental models for all extended pipelines and the numerical 
decision of equations of liquid movement for modeling the hydrodynamics processes now is 
limited to computer resources as by the quantity of the final elements of model calculated 
grid, so as by the time of finding of the decision. Even with such model, its use for system 
functioning operative analysis is quite doubtful. However, the numerical models of 
hydrodynamics processes can be used for the formation of information databases based on 
the neural network computing architecture which, after "training", have high speed of 
calculation. Neural networks are the universal approximation tool of multivariate nonlinear 
dependences, capable "to be arranged" under appearing of the new information of the 
researched process, i.e. they can serve as an intellectual tool for monitoring, which is 
constantly filled up and clarified. Thus, the introduction of neural algorithms in the 
approved and well-recommending methods of pipeline leakage detection is expedient for 
increased accuracy and the efficiency of accepted decisions. 
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1. Introduction 
The design of complex hydraulic structures requires its testing through hydraulic models 
(i.e., reduced scale physical representations). The main practical limitation of hydraulic 
models are the so called ‘scale effects’, i.e., the fact that only the primary physical 
mechanisms can be correctly represented, while the secondary ones are distorted. In 
particular, for free surface flows the gravitational driving forces – primary mechanism – 
must be correctly scaled in relation to inertia (Froude scaling), leading to an incorrect 
representation of viscous forces (no Reynolds scaling) – usually the leading secondary 
mechanism – as the fluid in the hydraulic model is the same as in the prototype (water). 
Though for most applications Reynolds number effects introduce only small quantitative 
deviations, which can be readily absorbed within the margin of safety assumed for design, 
this is not always the case. In fact, they can for example accumulate, in such a way that the 
effects compete with those arising from the primary mechanism. In those cases, being the 
Reynolds effects distorted in the hydraulic model, the observed response deviates from the 
one corresponding to the prototype, thus needing some empirical correction. 
Numerical modeling is the appropriate tool to help solving in a rigorous way this type of 
difficulty. A sound numerical model should be able to correctly represent both the primary 
and secondary mechanisms, i.e., it is not subject to ‘scale effects’. Its main limitations might 
arise from insufficient resolution, or from inaccurate representation of turbulence effects. 
The first limitation could be overcome by reducing the spatial step of the numerical grid; the 
second one, by resorting to more elaborated theoretical approaches. 
Based on these observations, the following strategy is proposed: (i) the flow in the hydraulic 
model is numerically simulated, i.e., the dimensions of the hydraulic model are used (thus 
accounting for the ‘spurious’ scale effects); this constitutes a way of validating the theoretical 
model; eventually, adjustments in the representation (higher resolution, more elaborated 
theoretical approaches) are introduced in order to improve the comparison; (ii) the flow in the 
prototype is numerically simulated, by introducing the dimensions of the prototype in the 
validated numerical model (i.e., distortion of secondary mechanisms is now avoided); this 
constitutes the adequate way of extrapolating the results to the prototype dimensions. 
Two problems (with quite different levels of complexity) are presented as case studies in 
order to illustrate the proposed approach, both of them associated to the design of the Third 
Set of Locks of the Panama Canal (communicating the Atlantic and Pacific Oceans), for 
which the present authors were responsible: (a) the determination of the time for water level 
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equalization between chambers, for which a one-dimensional numerical model was used; 
(b) the calculation of the amplitude of free surface oscillations in the lock chambers (which 
leads to increments in the hawser forces) due to close-to-resonance conditions under 
interaction with an oscillation in a flow partition component of the filling/emptying system 
(triggered by large turbulent eddies), for which a full three-dimensional numerical model – 
i.e., a CFD approach – was applied. 

2. Equalization times 
The equalization time, named as Filling/Emptying (F/E) time during the study, is a key 
parameter in establishing the system performance of a Lock Complex, as it has a direct 
impact on the vessel throughput, measured as the number of vessels passing through the 
system per day. Contractual requirements existed for the design of the Third Set of Locks of 
the Panama Canal, imposing maximum allowable F/E times for different scenarios. 
Minimization of these F/E times, through the reduction of local head losses, was the main 
strategy used during the design optimization process. Consequently, scale effects affecting 
these F/E times were carefully studied. 

2.1 Description of the physical system 
The Third Set of Locks of the Panama Canal, presently under construction, comprises twin 
lock complexes located near each ocean. Each complex has three lock chambers in series 
(Fig. 2.1). These lock complexes allow vessels to be transported up or down between Gatun 
Lake and the oceans, spanning a 27 m water level difference. Each lock chamber has three 
side pools, called Water Saving Basins (WSB). This WSBs store part of the water used during 
the equalization operations, that otherwise would be flushed downstream towards the 
ocean. This stored water is then utilized to refill part of the lock, allowing a reduction of 
freshwater consumption during dry hydrological seasons. 
The lock chambers are connected through two longitudinal main culverts located within the 
lateral walls, running from the lake to the ocean. Four sets of valves are located along these 
culverts, which can isolate each chamber (Fig. 2.1). The operation of these valves allows the 
successive equalization of the water level between chambers by gravity flow. 
 

 

 
 
Fig. 2.1. Panama Canal Third Set of Locks F/E System – Bottom up view 
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In order to allow an even filling or emptying of the chambers, thus minimizing longitudinal 
water surface slopes and consequently hawser forces, water enters or exits each lock 
chamber through 20 ports located on each lateral wall. They are connected to secondary 
culverts which, in turn, connect to the main culvert at the midpoint of each chamber, 
through a carefully designed hydraulic component called Central Connection (CC) (Fig. 2.2). 
The CC was designed so as the flow coming from the main culvert is evenly split between 
both secondary culverts, before filling the chamber through the ports. Additionally, during 
the opposite operation, i.e., chamber emptying, equal discharges should flow through both 
secondary culverts, before its confluence towards the main culvert. The symmetry of the 
flow with respect to the chamber midpoint, for both the filling and emptying operations, is 
what ultimately guarantees low longitudinal water slopes and, consequently, low 
longitudinal hawser forces. 
 

 
Fig. 2.2. Detail of the F/E system and Central Connection 

The two branches of the CC are called ‘U’ and ‘S’ branches, in reference to the trajectory 
followed by the incoming flow (Fig. 2.2). Note that the role as a U or a S branch depends on 
the hydraulic operation (filling or emptying). 
A conduit arising from the midpoint of each secondary culvert, and running below the 
chambers, connects them with the WSBs, after traversing a ‘trifurcation’ and a set of valves 
(Fig. 2.2). 

2.2 Description of numerical model 
The hydrodynamic model of the F/E system was built using Flowmaster V7 
(http://www.flowmaster.com/), a commercial code which solves one-dimensional 
transient flow over a network of conduits. Incompressible fluid and rigid pipe hypothesis 
were made, without compromising accuracy. For convenience, the whole F/E system was 
divided into sub models, one for each type of operation, such as equalization of the Upper 
Chamber with the Lake, equalization of two contiguous chambers, equalization of chamber 
with its Water Saving Basins, and so on. 
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The F/E system was represented as a network of interconnected component elements, namely: 
 Reservoirs, representing the lock chambers, WSBs, the lake, and the oceans. Level-Area 

relations were specified for each one of them. The lake and oceans were considered as 
infinite area constant level reservoirs.  

 Rigid rectangular pipes, representing primary and secondary culverts, WSB conduits, 
etc. The calculation of friction losses was made using Darcy-Weisbach and Colebrook-
White equations, as a function of the flow Reynolds number and the effective roughness 
height of the conduit walls. 

 Local energy losses parameterized with a cross-section area and a head loss coefficient, 
representing most of the special hydraulic components, such as bends, bifurcations, 
transitions, etc. 

 Local energy losses expressed as laws for cross-section area and head loss coefficient in 
terms of a control parameter, representing valves for which the control parameter is the 
aperture. 

2.3 Numerical modeling of physical model 
The Third Set of Locks has been subject to physical modeling, both during the development 
of the conceptual design, and later during the design for the final project. Both physical 
models where commissioned to the Compagnie Nationale du Rhône (CNR), Lyon, France. 
The physical models were built at a 1/30 scale, comprising 2 chambers and one set of three 
WSBs. Extensive tests were made for various normal and special operations, measuring 
water levels, discharges, pressures and water slopes in the chambers. Some tests included 
the presence of a design vessel model, measuring hydraulic longitudinal and transversal 
forces over its hull. Based on these tests, a correlation between forces on the ship, and water 
surface slopes in the chamber in the absence of the ship (easier to measure and allegedly 
more repeatable), was established. This correlation was used to impose maximum values to 
the longitudinal and lateral water surface slopes, as contractual requirements.  
The flow in the hydraulic model was numerically simulated. Real physical dimensions of 
the physical model components (culverts, conduits, chambers) were used. 
Local head loss coefficients for the special hydraulic components were obtained through 
steady CFD modeling (see Section 3 for more details on CFD modeling), by calculating the 
difference between upstream and downstream mechanical energy, and subtracting energy 
losses due to wall friction. Most parts of the physical model were made out of acrylic (with a 
0.025 mm roughness height), which behaves as a hydraulically smooth surface, for which 
the roughness height is completely submerged within the viscous sublayer (White, 1974). 
Some of the special hydraulic components, though, were built with Styrofoam (enclosed 
inside of acrylic boxes), as the initial expectations were that many alternative geometries 
would have to be tested, so this system would allow swapping with relative ease (very few 
alternatives were finally tested, due the great success of the optimization process carried out 
with CFD models). As it was later demonstrated that Styrofoam behaves as hydraulically 
rough at the physical model scale, most of it had to be coated with a low roughness layer of 
paint in order to avoid a spurious response (a scale effect in itself). 
The results obtained with the numerical model (water levels, discharges, pressures) showed 
a very good agreement with physical model measurements, for different operations and 
conditions. As an illustration, Figs 2.3 and 2.4 show comparisons for a typical Lock to Lock 
operation, with maximum initial head difference. All comparisons are presented with 
results scaled up to prototype dimensions. 
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Fig. 2.3. Comparison of physical and numerical models: Discharge in the Main Culvert, for a 
Lock to Lock operation with 21 m of initial head difference. 
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Fig. 2.4. Comparison of physical and numerical models: Water levels in the chambers, for a 
Lock to Lock operation with 21 m of initial head difference. 
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2.4 Numerical modeling of the prototype 
Practical knowledge exists about the discrepancies between F/E times as measured in a 
physical model and those effectively occurring at the prototype. For instance, USACE 
manual on hydraulic design of navigation locks (2006) states: 

...”A prototype lock filling-and-emptying system is normally more efficient than 
predicted by its model”...”The difference in efficiency is acceptable as far as most of the 
modeled quantities are concerned (hawser forces, for example) and can be 
accommodated empirically for others (filling time and over travel, specifically).”... 

In the specific commentaries about F/E times, it suggests quantitative corrections: 
...”General guidance is that the operation time with rapid valving should be reduced 
from the model values by about 10 percent for small locks (600 ft or less) with short 
culverts; about 15 percent for small locks with longer, more complex culvert systems; 
and about 20 percent for small locks (Lower Granite, for example) or large locks having 
extremely long culvert systems.”... 

The alternative, rigorous strategy proposed in the present paper is to numerically simulate 
the flow in the prototype. This means using the physical dimensions of the prototype, the 
corresponding local head loss coefficients for the special hydraulic components, and the 
roughness height for concrete. Though the concrete wall also behaves as hydraulically 
smooth, the friction coefficient for smooth pipes is a function of the flow Reynolds number, 
as indicated by the “smooth pipe” curve in the Moody chart (Fig. 2.5). 
 
 
 

 
 
 

Fig. 2.5. Friction coefficient as a function of Reynolds number (Moody chart) 
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For example, the Reynolds number in the primary culvert (in which most of the friction losses 
are produced) changes in time following the flow hydrograph, from zero to the peak 
discharge, and back to zero again.  The peak discharge for 21 m initial head difference in a 
Lock to Lock operation is around 425 m3/s (the corresponding flow velocity is 7.87 m/s). This 
leads to a Reynolds number of around 6.5 107 for the prototype. When scaled to the physical 
model, the Reynolds number is only 3.9 105, i.e., a drop of more than two orders of magnitude. 
The associated friction coefficients are then below 0.008 for the prototype, and about 0.014 for 
the physical model. The consequently higher friction losses produced in the physical model, 
exclusively due to scale effects, reduce the flow velocities, then increasing the F/E times. 
The numerical model contemplates the variation of frictional losses with the Reynolds 
number. Hence, it allows to be used in order to extrapolate the physical model results to 
those expected for the prototype, overcoming the distortion introduced by scale effects in 
the physical model results. 
For the Panama Canal Third Set of Lock, the validated 1D model was scaled up to prototype 
dimensions. Variations in local head loss coefficients, indicated by 3D models, were also 
introduced. Relatively little effects were observed in the simulations because of the change 
in local head loss coefficients. On the contrary, friction losses decreased significantly, as 
already explained. Consequently, for a typical Lock to Lock operation with maximum initial 
head difference, F/E times showed a 10% decrease (61 seconds) (Fig. 2.6). 
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Fig. 2.6. Comparison of physical model scale and prototype scale numerical models: Water 
levels in the chambers, for a Lock to Lock operation with 21 m of initial head difference. 

Additionally, a 5% increase in the peak discharge of the main culverts was also observed 
(Fig. 2.7). This has an effect over the pressures on the vena contracta, downstream of the 
main culvert valves (Fig. 2.8), which had to be contemplated during the design stage, as air 
intrusion had to be avoided (for contractual reasons), and because piezometric levels 
downstream of the valves were close to the roof level of the culvert for various special 
operating conditions. So avoiding scale effects was also significant to correctly deal with 
these two limitations. 
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Fig. 2.7. Comparison of physical model scale and prototype scale numerical models: 
Discharge in the Far Main Culvert, for a Lock to Lock operation with 21 m of initial head 
difference. 
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Fig. 2.8. Comparison of physical model scale and prototype scale numerical models: 
Piezometric level at the vena contracta, for a Lock to Lock operation with 21 m of initial 
head difference. 
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3. Free surface oscillations 
Free surface oscillations in the lock chambers leads to forces in the hawsers. Based on results 
from the physical model constructed during the development of the conceptual design, a 
correlation was found between these forces and the free surface slope in the absence of the 
vessel, as already mentioned in Section 2. Hence, the free surface slope was used as an 
indicator for the hawser forces. As a design restriction, a maximum value of 0.14 ‰ was 
contractually established for the longitudinal water surface slope. 

3.1 Description and modeling of phenomenon 
Free surface oscillations in the lock chambers are triggered by asymmetries both in the flow 
distribution among ports, and in the geometry of the chambers (Figure 3.1).  
 

 
a) Flow distribution according to 1D model 

 

b) Plan view of chamber 

Fig. 3.1. Asymmetries which trigger free surface oscillations. 

A 2D (vertically averaged) hydrodynamic model, based on code HIDROBID II developed at 
INA (Menéndez, 1990), was used to simulate the surface waves. It was driven by the inflow 
from the ports, specified as boundary conditions through time series for each one of them, 
that were obtained with the 1D model described in the Section 2.  
Fig. 3.2 shows the comparison between the calculated longitudinal free surface slope (using 
the dimensions of the physical model) and the recorded one at the physical model, for a case 



 
Hydrodynamics – Optimizing Methods and Tools 

 

234 

with a relatively low initial head difference (9 m in prototype units) between the Lower 
Chamber and the Ocean. The agreement is considered as very good, taking into account that 
the numerical model does not include the resolution of turbulent scales (which introduce a 
smaller-amplitude, higher-frequency oscillation riding on the basic oscillation). 
 

0.00

0.25

0.50

0.75

1.00

-0.140

-0.105

-0.070

-0.035

0.000

0.035

0.070

0.105

0.140

0 60 120 180 240 300 360 420 480 540 600

Va
lv

e 
O

pe
ni

ng
 ra

tio

Lo
ng

itu
di

na
l W

at
er

 S
ur

fa
ce

 S
lo

pe
 (o

/o
o)

Time (seconds)

Physical Model Numerical Model Valve Opening
 

Fig. 3.2. Longitudinal water surface slope using 1D model input. Low initial head difference. 

However, the 2D model completely fails to correctly predict the longitudinal free surface 
slope for higher initial head differences, as observed in Fig. 3.3 for a Lock to Lock operation 
with an initial head difference of 21 m. More specifically, the recorded oscillation indicates a 
quite more irregular response, with a much higher amplitude than the one calculated with the  
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Fig. 3.3. Longitudinal water surface slope using 1D model input. High initial head 
difference. 
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numerical model. This indicates that turbulence scales are exerting a significant influence, so a 
more elaborated theoretical approach is needed. Hence, 3D modeling of the combination 
Central Connection + Secondary Culvert + Ports + Lock Chamber (actually, only half of the 
chamber, assuming that the flow is symmetrical with respect to the longitudinal axis) was 
undertaken using a Large-Eddy Simulation (LES) approach (Sagaut, 2001). 

3.2 Improved theoretical approach 
As sub-grid scale (SGS) model for the LES approach, a sub-grid kinetic energy equation 
eddy viscosity model was used (Sagaut, 2001). Deardorff’s method was selected to define 
the filter cutoff length (Sagaut, 2001). A wall model was considered to treat the boundary 
conditions at solid borders; Spalding law-of-the-wall – which encompasses the logarithmic 
law (overlap region), but it holds deeper into the inner layer – was selected for the velocity 
(White, 1974), while a zero normal gradient condition was taken for the remaining variables. 
At the inflow boundary, in addition to the ensemble-averaged velocity (which arises from 
the 1D model), the amplitude of the stochastic components were provided (Sagaut, 2001): 
4% for the longitudinal component, and 1.3% for the transversal one, values associated to 
a fully developed flow, very appropriate for the present problem; additionally, a 
weighted average of the previous and present generated stochastic components was 
imposed in order to add some temporal correlation; for the turbulent kinetic energy, a 
zero normal gradient was taken. For the free surface at the Chamber, the rigid-lid 
approximation was used, where uniform pressure was imposed, together with zero 
normal gradient conditions for the remaining quantities. The model was implemented 
using OpenFOAM (Open Field Operation And Manipulation), an open source toolbox for 
the development of customizable numerical solvers and utilities for the solution of 
continuum mechanics problems (Weller et al., 1998). The model solves the integral form of 
the conservation equations using a finite volume, cell centered approach in the spirit of 
Rhie and Chow (1983). PISO (Pressure Implicit with Splitting of Operators) algorithm is 
used for time marching (Ferziger & Peric, 2001). 
Fig. 3.4 presents a view of the model domain. The computational mesh was composed by 1.5 
million elements. Special considerations were made for the mesh near the wall, as the center 
of the first cell has to lie within a distance range to the wall – 30  y+  300 – to rigurously 
apply the logaritmic velocity profile as boundary condition (Sagaut, 2001). Typical 
computing times for stabilization with a steady discharge, in a Core i7 PC running 8 parallel 
processes, were 3 to 8 days. When complete hydroghaphs were simulated (of approximately 
550 secs), 15 to 30 days of computing time were required. By parallelizing the simulation 
using more than one PC, computing times were reduced, though non-linearly. 
 
 

 
 
Fig. 3.4. Model domain for 3D model. 
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Note that the rigid-lid approximation implies that the free surface oscillations are not solved 
by the 3D model; this was done in order to avoid extremely high computing times. Instead, 
the 3D model provided the time series of the flow discharge for each port, which were used 
to drive the 2D model of the chamber. Alternatively (and less costly in post-processing), the 
time series of the discharges at the U and S branches of the Central Connection, provided by 
the 3D model, were used to feed the 1D model, from which the discharge distribution 
among ports was obtained, and used to feed the 2D model. 
Fig. 3.5 shows the longitudinal water surface slope obtained with the two approaches (using 
the dimensions of the physical model), and their comparison with the results from the 
physical model, for the high initial head difference case. It is observed that both numerical 
simulations are now able to capture the high amplitude oscillations, indicating that large 
eddies must be responsible for this amplification phenomenon. Note that the numerical 
results with input straight from the 3D model show oscillations, associated to large eddies, 
which are not present in the ones with input through the 1D model (which filters out those 
oscillations), but they are quite compatible between them. 
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Fig. 3.5. Longitudinal water surface slope using 3D-LES model input. High initial head 
difference. 

The differences between the numerical results and the measurements at the physical model 
are due essentially to the variability of the system reponse (variations in amplitude and 
phase of the oscillations), under the same driving conditions, due to the stochastic nature of 
turbulence. This was verified both experimentally (Fig. 3.6a) and numerically (Fig. 3.6b) by 
repeating the same test (in the case of the numerical model, using the ‘through 1D model‘ 
approach, and different initializations for the stochastic number generator). This behavior 
puts a limit to the degree of agreement that can be attained between the results from the 
numerical and physical models. In any case, the maximum amplitudes for any of the 
experimental or numerical realizations are relatively consistent among them.  
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Fig. 3.6. Variability of longitudinal water surface slope. High initial head difference. 

Before proceeding to simulate prototype conditions, it is relevant to analyze the response 
provided by the numerical model, in order to be confident about using this tool to make 
such a prediction. Specifically, the physical mechanisms involved in the present problem 
should be fully understood. This is performed in the following. 
Fig. 3.7a shows the time series of the discharges through the U and S branches of the Central 
Connection (in prototype units), according to the 3D numerical model. It is observed that, 
for the higher discharges, they present oscillations, which seem coherently out-of-phase. The 
difference between those discharges is shown in Fig. 3.7b (together with the total discharge, 
i.e., the one through the Main Culvert). It is effectively observed that this difference 
oscillates, and that during the time window of higher discharges (above about 250 m3/s) 
there is a dominant period of oscillation which spans from 40 to 80 seconds, approximately.  
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Now, these periods are close to, and include, the period of free surface oscillations in the 
Chamber (around 70 seconds), indicating that conditions close to resonance are achieved, 
thus resulting in an amplification of the free surface oscillation, which is the observed effect 
on the water surface slope. As in the numerical simulation the free surface was represented 
like a rigid lid, the oscillation in the discharge difference between the two branches of the 
Central Connection is not influenced at all by free surface oscillations themselves, i.e., the 
dominant period arises from the flow properties in the Central Connection. This dominant 
period must then be associated to the largest, energy-containing eddies (the ones resolved 
with the LES approach). 
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Fig. 3.7. Time series of discharge according to numerical model. High initial head difference. 
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Before pursuing with the analysis, it is worth to confirm that the close-to-resonance 
conditions are responsible for the amplification of the free surface oscillations. Hence 
synthetic hydrographs for the U and S branches of the Central Connection were built, 
introducing a purely sinusoidal oscillation to their difference during the higher-discharges 
time window, as indicated in Fig. 3.8a for 2 m3/s amplitude of oscillation, and two different  
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Fig. 3.8. Synthetic discharge difference and system response for different periods of 
oscillation. 
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periods: 60 and 120 seconds. Fig. 3.8b presents the results from the 2D model for the two 
different periods. It is clearly observed that amplitude amplification occurs for the 60 
seconds period (during the time window of forced discharge oscillation), which is under 
close-to-resonance conditions. On the contrary, the amplitude attenuates for the 120 seconds 
period, which is far from the resonant period. 
In Fig. 3.9 the results of the 2D model with the synthetic hydrographs, for the 60 seconds 
case, are compared with the physical model measurements, indicating a quite reasonable 
agreement, providing an extra validation to the physical explanation of the observed 
phenomenon. The 2D model results are much ‘cleaner’ than the measurements because the 
triggering signal (discharge difference) has a single frequency, in lieu of the set of 
frequencies associated to the turbulent eddies. 
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Fig. 3.9. Comparison of longitudinal water surface slope from numerical model with 
synthetic, 60 seconds period hydrograph, and from measurements. 

Now, the relation between the discharge oscillation and the larger, energy-containing eddies 
generated at the wake zones, in the U and S branches (Fig. 3.10), is analyzed. The 
characteristics of those large eddies are quantified based on an analysis of scales (Tennekes 
& Lumley, 1980). The size of these eddies, the so called ‘integral scale’ of turbulence in the 
wake region, is limited by the physical dimensions of the Secondary Culvert. Hence, it is of 
the order of the conduits widths (4.5 m for the U branch, and 3.1 m for the S branch). On the 
other hand, the relation between the velocity-scale of the largest eddies and the ensemble-
mean of the incoming velocity is of the order 10-2. It is assumed that this relation is 1% if the 
section-averaged velocity at the Secondary Culvert (which changes with the total discharge) 
is taken as a reference. The relation between the integral scale and the velocity scale 
provides a scale for the period of the largest eddies. Fig. 3.11 shows the variation of the 
period-scale of the largest eddies, for the two branches of the Central Connection (which 
differ between them due to the different incoming velocities), with the total discharge (i.e., 
the one through the Main Culvert). It is claimed that the interaction of the largest eddies of 
the U branch with those of the S branch is responsible for the generation of the coherent out-
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of-phase oscillations in the discharges through each branch (as explained below). When this 
oscillation has a period close to the Chamber free surface oscillation period, also represented 
in Fig. 3.11, amplification occurs, as already explained. From Fig. 3.11, it is observed that 
close-to-resonance conditions should be expected for total discharges higher than about 200 
m3/s, and up to at least 500 m3/s. This is completely consistent with the numerical and 
physical model results obtained for high initial head difference. 
 

 
Fig. 3.10. Large eddies generated after separation in the U and S branches. 
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Fig. 3.11. Period-scale of largest eddies as a function of total discharge. 

In order to complete the analysis, an explanation for the mechanism of interaction between 
the largest eddies of the U and S branches, leading to the coherent out-of-phase oscillations 
in the discharges through each branch, is undertaken, inspired in the one for a von Karman 
vortex street (Sumer & Fredsoe, 1999). Vortices (largest eddies) are shed from the separation 
points. Subject to small disturbances, one of those vortices, for example the one on the U 
branch, grows larger, increasing the blockage effect in that branch; as a result, the discharge 
through the U branch decreases, leading to an increase of the discharge through the S 
branch (in order to maintain the total discharge). Now, the next vortex shed in the S branch 
is of higher intensity, due to the increased incoming flow velocity in this branch; but this has 
the effect of increasing the blockage of the S branch, then producing a decrease in the 
discharge through that branch, and a consequent increase of the discharge through the U 
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branch. Then, the phenomenon described for the S branch now occurs in the U branch, 
leading to a cyclic behavior, as observed. 

3.3 Numerical modeling of the prototype 
Having understood and numerically modeled, with a reasonable degree of satisfaction, the 
oscillatory phenomenon which develops in the Central Connection for the physical model, 
the flow in the prototype was simulated in order to determine the behaviour at that scale. 
The calculation with the 3D model was undertaken using the same (rescaled) mesh as for 
the physical model. Though the condition on the location of the first node, in order to 
correctly represent the wall shear stress, is not fulfilled, it is considered that this should not 
significantly affect the results, based on the fact that tests performed in the physical model 
including triggering devices indicated that the appearance of the oscillatory phenomenon is 
not conditioned by the location of the separation point. 
Fig. 3.12a shows the evolution of the longitudinal water surface slope arising from the 
results of the 3D model. It is compared with the numerical results for the physical model; 
the ones arising from the 1D modeling approach (no 3D LES model) are also represented, as 
a reference. Note that the prototype response is significantly more noisy than the physical 
model response, as it includes a higher range of turbulent frequencies. It is observed that, 
though the amplification effect manifest in the prototype (the amplitude of oscillation is 
higher than the one predicted by the 1D model),  its amplitude is definitely smaller than the 
one for the physical model. In fact, the oscillation in the discharge difference, presented in 
Fig. 3.12b, is sensitively less significant for the prototype than for the physical model 
(compare with Fig. 3.6b). It is especulated that this should be due to differences in the 
energy spectrum: the larger eddies of the prototype would contain less energy than the 
corresponding ones in the physical model. It is concluded that, for this problem, scale effects 
tend to increase the amplification effects. 
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Fig. 3.12. Prototype response. 

4. Conclusions 
The proposed strategy for the design of hydraulic structures, consisting in a first stage 
where the flow in the physical model is numerically simulated, in order to validate the 
numerical model, and in a second stage where the flow in the prototype is numerically 
simulated, in order to extrapolate the results to this scale, has been shown to be effective in 
correcting for the scale effects present in the physical model. 
This has been illustrated for the particular case of the design of the Third Set of Locks of the 
Panama Canal, for two problems with quite different levels of complexity. 
The first problem was the determination of the time for water level equalization between 
chambers, using a one-dimensional numerical model. Friction losses are shown to be over-
represented in the physical model, leading to larger equalization times. Differences of the 
order of 10% are calculated for a case with maximum initial head difference. 
The second problem was the calculation of the amplitude of free surface oscillations in the 
lock chambers, due to close-to-resonance conditions, under interaction with an oscillation in 
a flow partition component of the filling/emptying system, using a full three-dimensional 
numerical model with a LES approach. Differences in the energy spectrum lead to a 
significant amplification of the amplitude of oscillation in the physical model. 
The paper indirectly stresses, through an in-depth analysis of the involved physical 
mechanisms for the case studies, the necessity of thoroughly understanding the responses 
provided by the numerical model, in order to be confident in using the tool to make 
predictions at the prototype scale. 
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1. Introduction 
Flow in curved channel bends is typically characterized by helical secondary currents (HSC) 
which play an important role in redistributing the momentum of river flow in a cross-
section, resulting in lateral sediment transport, bank erosion and channel migration. 
Secondary current introduces difficulties for channel navigation because it tends to force 
barges toward the outer bank. Submerged weirs (SWs) are engineering structures designed 
to improve navigability of bendways. They have been constructed along many bends of the 
Mississippi River for improving barge navigation through these bends (Davinroy & 
Redington, 1996). Because of the complexity of channel morphology and flow conditions, 
not all the installed SWs were effective as expected (Waterway Simulation Technology, Inc., 
1999). It is necessary, therefore, to study the turbulent flow field around submerged weirs 
and the mechanisms affect navigation.  
The HSCs can be computed analytically if the channel form and cross-section can be 
approximated as circular and rectangular (Rozovskii, 1961). Curved channel flows can be 
simulated by depth averaged models. Although the main flow distribution can be predicted 
quite satisfactorily using two-dimensional (2D) models (Jia et al., 2002a; Jin & Steffler, 1993), 
the secondary flow resulting from hydraulic structures is difficult to simulate with these 
models. The approach of embedding an analytical solution (Hsieh and Yang, 2003) or three-
dimensional (3D) simulation results (Duan et al., 2001) into a 2D model may not be 
appropriate when submerged weir(s) are present. Compared with two-dimensional models, 
three-dimensional models are more suitable and have been widely used for open channel 
flow simulations particularly for flows in curved channels. From early research by 
Leschziner & Rodi (1979) to the growing popularity of applications by Jia & Wang (1992), 
Wu et al. (2000), Morvan et al. (2002), Wilson et al. (2003), Olson (2003) etc., three-
dimensional numerical models have been proven to be capable of predicting general helical 
currents in curved channels. Wilson et al. (2003) solved a multiple-bend curved-channel 
flow problem using the k- closure and rigid lid assumption with a finite volume code of 
non-orthogonal structured grid. Morvan et al. (2002) simulated flow in a meander channel 
with flood plains. Both the k- closure and Reynolds stresses model were applied with a 
rigid lid. Olsen (2003) applied a 3D model with the kclosure to simulate the channel 
meandering process. Natural river flow, sedimentation and bed change were computed by 
Wu et al. (2000) using a 3D model, with k- closure used for the hydrodynamics 



 
Hydrodynamics – Optimizing Methods and Tools 246 

computation. Lai et al. (2003) simulated a curved channel in laboratory scale using a finite 
volume model of non-structured grid with a rigid lid and free slip boundary condition 
specified at the free surface. Although the general helical current can be simulated by using 
different turbulence closure schemes, the outer bank vortex cell, with its size being the order 
of the water depth (Blanckaert & Graf, 2001; De Vriend, 1979), could not be captured 
without considering the non-linearity of turbulence stresses. Jia et al. (2001a) and Wang et al. 
(2008) reported the simulation of curved channel flows using a nonlinear k closure. The 
non-linear model can predict secondary circulation near the water surface and outer bank in 
addition to the general helical current driven by channel curvature and gravity. A large 
eddy simulation (LES) model which could also simulate this vortex adequately was reported 
by Booij (2003). 
The US Corps of Engineers (Davinroy & Redington, 1996) determined that one practical 
option for improving navigation through bendways is to install submerged weirs (dikes) 
that project from the outer bank into the channel and are oriented upstream. Pilots operating 
barge vessels on the river reported that the submerged weirs, placed across the channel 
thalweg and angled upstream, realigned the flow away from the outer bank to the middle of 
the channel, thus allowing more room for maneuvering through the bend. From 1989 to 
1995, there were 114 submerged weirs constructed in 13 bends of the Mississippi River 
(Davinroy & Redington, 1996). However, not all the submerged weirs yielded satisfactory 
results (Waterway Simulation Technology, 2002). Apparently, the impact of these 
submerged weirs on bendway hydrodynamics and their effectiveness on channel navigation 
are not well understood.  
Submerged weirs (SW) can realign general channel flow distribution because of their 
obstruction to approaching flow. Kinzli and Thornton (2010) developed empirical equations 
for eddy velocities in bendway weir fields using a rigid bed physical model. Three design 
parameters were tested: weir spacing, length and orientation angle. Jarrahzade and Bejestan 
(2011) conducted experiments to study the local scour depths around the submerged weirs 
installed at the outer bank of a bendway in the laboratory flume. Hydraulic structures similar 
to submerged weirs (such as spur dikes) have been studied using numerical simulations (Jia & 
Wang, 1993; Ouillon & Dartus, 1997) for various purposes. Jia & Wang (1993) applied 3D free 
surface models to simulate flows around hydraulic structures such as spur dikes; numerical 
solutions of velocity field and shear stress on the bed agreed with those observed (Rajaratnam 
& Nwachukwu, 1983). Submerged vanes (Odgaard & Kennedy, 1983) were introduced in 
bendways to reduce the strength of helical current. For preventing bank erosion of a curved 
channel reach, Bhuiyan & Hey (2001) studied a J-vane installed near the outer bank with a 
sharp angle to the bank line. Olsen & Stokseth (1995) computed a 3D flow in a short channel 
with large rocks. A porosity model was used to handle the rock elements which were 
comparable to mesh sizes. Bhuiyan & Olsen (2002) studied local scouring process around a 
dike with a 3D model; reattachment length and shear stress distribution on the bed prior to 
scouring were used to test mesh sensitivity and validate the model qualitatively. Jia et al. 
(2005) studied the turbulent flow around a submerged weir in a curved channel using a 3D 
model. The computational model was also applied to study the flow in a reach of the 
Mississippi River with a weir field (Jia et al., 2009). Martin & Luong (2010) applied a 3D 
curvilinear hydrodynamics and sediment (CH3D-SED) model to a river reach of Atchafalaya 
River at Morgan City, LA. Several design alternatives of multiple submerged weirs were 
simulated and the favorable options were identified to reduce shoaling and dredging. 
In this chapter, computational studies of the channel flow affected by SWs are introduced. A 
finite element based three-dimensional numerical, CCHE3D, was used to study HSC and the 
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flow distribution around submerged weirs. The computational model has been validated 
using physical experiment data collected by the US Army Corps of Engineers. The numerical 
simulations indicated that the submerged weirs significantly altered the general HSC. Its 
presence induced a skewed pressure difference across its top and a triangular-shaped 
recirculation to the downstream side. The overtopping flow tends to realign toward the inner 
bank and therefore improves conditions for navigation. Validated by physical experiment 
data, this numerical model was applied to a field scale study of hydrodynamics in the Victoria 
Bendway in the Mississippi River. 3D flow field data were also used to validate this model 
with good agreement. The simulated flow realignment near the free surface indicates that the 
flow conditions in the bendway were improved by the submerged weirs; however, the 
effectiveness of each weir depends on its alignment, local channel morphology, flow and 
sediment transport conditions. 

2. Numerical model – CCHE3D 
The CCHE3D model developed at the National Center for Computational Hydroscience and 
Engineering is a three-dimensional finite element based, numerical simulation model for 
unsteady free surface turbulent flows, and it is capable of handling flows and sediment 
transport in complex channel domains and irregular bed topography. The model solves 
unsteady three-dimensional Reynolds equations using the Efficient Element Method based 
on the collocation approach (Mayerle et al., 1995; Wang & Hu, 1992). The CCHE3D model 
has been verified by analytical methods and validated using many sets of data from physical 
experiments, including simulation of near field flows around hydraulic structures like 
bridge piers, abutments, spur dikes, submerged dikes and submerged weirs (Jia & Wang, 
2000a, 2000b; Jia et al., 2005; Kuhnle et al.; 2002).  

2.1 Governing equations 
The unsteady, three-dimensional Reynolds-averaged momentum equations and continuity 
equation are solved in the CCHE3D model 
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where ui (i=1,2,3) represent the Reynolds-averaged flow velocities (u, v, w) in Cartesian 
coordinate system (x, y, z), iu is velocity fluctuation, i ju u  are the Reynolds stresses, iu  
represent the mean behavior of the flow over a time scale much larger than that for iu , 
p(=ph+ pd ) is pressure with ph being hydrostatic and pd non-hydrostatic pressure,  is the 
fluid density,   is the fluid kinematic viscosity and fi are body force terms. The motion of 
free surface is computed using the free surface kinematics equation: 
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where S and the subscript, s, denote the free surface elevation and velocity components at 
the surface, respectively. Because free surface elevation determines the hydrostatic pressure 
distribution, hp g S z( )  , the main driving force of open channel flows, it is one of the key 
variables in this study. The non-hydrostatic pressure was solved by using velocity 
correction method on a staggered grid and applied to enforcing the computed flow to satisfy 
the divergence free condition (Jia et al., 2001b). In the application to the turbulence flow 
around submerged weirs, due to the strong three-dimensionality of the flow near the weirs, 
the non-hydrostatic pressure was computed and applied.  

2.2 Turbulence closure model 
There are six turbulence closure models included: constant, parabolic and mixing length eddy 
viscosity models, and standard, RNG and non-linear  two equation models (Speziale, 1987). 
Considering that the transport of turbulence is significant with the presence of submerged 
weirs, two-equation models are applicable. As the non-linear k model requires high grid 
density to resolve the secondary flow structures driven by turbulence normal stresses (Jia et 
al., 2001a), and the problem concerned in this study is shear dominated, the non-linear closure 
was not selected. For this particular application the standard  turbulence closure was used: 
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where k represents the turbulent kinetic energy i iu u / 2  ,   represents the rate of dissipation 
of turbulent kinetic energy, t denotes the turbulent viscosity given by: 
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and P is the production of turbulent kinetic energy computed from: 

 ji i
t

j i j

uu u
P

x x x
( )

 
 

  
 (7) 

Standard values of coefficients appearing in the preceding equations were assigned: c=0.09, 
=1.0, =1.3, c1.44, c=1.92. It is well known that by using this closure scheme, the 
prediction of recirculation length behind an obstacle or a step in straight channels may be 
somewhat shorter than those measured. This closure scheme is acceptable in the investigation 
of flows around submerged weirs as the overall flow pattern and structure around the weir 
were more of a concern to the study than the exact length of the recirculation. A structured 3D 
grid was used with each finite element formed by a hexahedron (Fig. 1). The local space 
coordinates, (), are transformed to the global Cartesian coordinate in a way analogous to 
the 2D case (Jia & Wang, 1999). All of the 3D first-order non-convective and second order 
operators are constructed using this 1D quadratic interpolation function.  
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Fig. 1. Sketch of 3D element configuration in physical space 

2.3 Boundary conditions 
Measured steady water stage and flow discharge were used as the downstream and 
upstream boundary conditions. The turbulence energy, k, at the inlet was approximated by 
using the formula proposed by Nezu & Nakagawa (1993) and the rate of energy dissipation, 
 was computed by k and the assumption of parabolic turbulent eddy viscosity distribution 
for uniform flows. The wall function was specified for the wall boundaries such as the 
channel bed and the submerged weirs with different roughness, and the turbulence energy 
and dissipation were assumed to be in local equilibrium. Due to the near parabolic shape of 
the channel cross-section, the water depth along the water edge near the bank line was zero. 
A very small flow depth was set for the boundary mesh lines and the k and  values for 
uniform flow were specified for the k- model.  

2.4 Upwinding scheme 
To eliminate oscillations due to advection, upwinding was introduced via a unique 
convective interpolation function, which takes into account the local flow direction and 
emphasizes the upstream influence. It is applied to compute advection terms in the 
momentum equations (1), the convection terms in the free surface kinematics equation (3) 
and those in the turbulence transport equations (4, 5). This convective interpolation function 
was obtained by solving a linear and steady convection-diffusion equation analytically over 
a one-dimensional local element: 
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 e e e op p pT e e e2     (9a) 

 e ep pR e e T( ) /   (9b) 

 e c tp u v/  (9c) 

where cu  is the flow velocity at the collocation node in the direction of the local coordinate 
. Upwinding is adjusted by the local Peclet number e c tp u v/ (the length scale of the local 
element is   1.0). The limiting scheme to pe (Jia & Wang, 1999) was applied to minimize 
the numerical diffusion. This convective interpolation function is applied to all three 
directions locally. Gradients of velocities and other transport variables in the local directions 
are computed analytically. The convective operators thus obtained are then transformed to 
the Cartesian coordinate system via 
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Eq. 10 transforms operators for the element (Fig. 1) with the local coordinate  in the vertical 
(z) direction. 
Eq. 10a & 10b indicate that vertical distributions of horizontal velocities are used to compute 
terms as part of x/   and y/   when mesh surface of plan is inclined, creating a 
vertical convective term. Although there are other options of upwinding schemes in the 
CCHE3D model such as a second order upwinding and the QUICK scheme, the convective 
interpolation function was selected in this study due to its simplicity for the implicit time 
marching scheme: it requires only three nodes in each direction of the mesh lines; and some 
level of numerical diffusion is not so critical as in the case of jet impinging flow simulation 
(Jia et al., 2001b). A verification test of this scheme using a 3D manufactured analytical 
solution indicated that this scheme is about 1.6 order of accuracy (Wang et al., 2008). Wilson 
et al. (2003) tested that a second order upwinding scheme improved the helical flow 
computation by less than five percent. The system of equations is solved implicitly by using 
the Strongly Implicit Procedure (Stone, 1968) with the Euler’s time marching scheme. 
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The CCHE3D model has been validated using physical model and field data. For this 
particular study, a physical experiment and a field case, Victorial Bendway of the 
Mississippi River, were also used for validation. The comparison between the simulated and 
measured flow field, the secondary flow field around the structures, and the impacts of 
weirs on the flow field will be presented.  

3. Model validation using physical experiment 
3.1 Physical model 
Computational model validation was performed based on flow data measured in the 
physical model study conducted at Coastal and Hydraulic Laboratory of Engineer Research 
and Development Center (ERDC), US Army Corps of Engineers, Waterways Experimental 
Station, Vicksburg, Mississippi. Velocity data measured with an ADVP device were used to 
validate the computed flow field. To speed up the computations, CCHE2D (Jia et al., 2002a) 
was used to simulate the flow in the entire experimental channel. Using the boundary 
conditions provided by the 2D model, a shorter reach in the bendway that contained the 
submerged weir was then simulated with the 3D model. The effective roughness heights of 
the channel were obtained by calibration using the measured water surface elevation along 
the channel. This roughness was used for the 3D simulation with the exception of the 
surface roughness of the SW. The channel plan form, cross sectional form, the location of the 
submerged weir and the 2D and 3D simulation domains are shown in Fig. 2. 
 
 

 
Fig. 2. Physical model set up and numerical simulation domain 
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Table 1 presents two flow conditions for the single submerged weir design tests; both were 
used for experiments with and without this submerged weir. The weir was made of 
approximately 2 cm size gravel and installed in the channel bend apex, attaching to the 
outer bank angled 20˚ upstream with a flow depth (clearance) of 9.5 cm. The shape of the 
weir was a trapezoid with a top width of 4 cm and a base width of 32 cm. The channel bed 
surface was of fine sand (median size: 0.43 mm). The effective channel bed roughness was a 
model parameter obtained by calibration. The flow velocity was mild (Re<2.8x104, Fr<0.25) 
to avoid erosion and entrainment of the loose bed material. Since the governing equations 
are time-dependent and the cases of this study are of steady state, simulations were 
terminated when the maximum incremental variation of solutions of each variable ( iu , S, k 
and ) in the entire computational domain became small (10-4~10-5). When a steady state is 
reached, the flow discharge along the channel approaches to a constant: MAX [|Qcs-Q|/Q] 
<0.01 (Qcs is the discharge through a cross-section).  
 
 

Discharge Q 
(m3/s) 

Mean 
Velocity, U

(m/s) 

Effective bed 
roughness 

height, ks (m)

Roughness of 
submerged 

weir (m) 

Width W 
(m) 

Reynolds 
number, 

Re 

Froude 
number

, Fr 

Run1 0.0413 0.125 0.005 0.02 3.1 13,250 0.123 
Run2 0.0851 0.252 0.008 0.02 3.17 27,700 0.248 

Table 1. Flow conditions for the physical models Radius of curvature R=15.24m, Weir length 
L=1.8m, Weir angle , maximum depth Hm=0.182m, clarence Hc=0.095m, average depth 
Ha=0.106m. Mean water depth was used to calculate Reynolds number and Froude number. 

A mesh sensitivity test was conducted to determine if the computational mesh had sufficient 
density for the problem. Simulation results of three mesh resolutions ( I J Kmax max max  
45x142x11, 79x142x11 and 45x142x31, in transversal, longitudinal and vertical directions, 
respectively) were compared. These meshes were designed to have much higher nodal 
density near the weir than that in the up and downstream part of the channel with smooth 
transitions. The second and the third mesh had a much higher number of nodes in the cross 
section and vertical direction. These extra mesh lines result in a higher element 
concentration around the weir and near the tip of the weir in particular. Simulations of the 
same flow scenario were conducted and the computational results compared to see if 
significant improvements were gained from the finer meshes. No significant difference was 
found in the near and far field of computed flows with the first two meshes. The third mesh 
results in more details in the recirculation zone, but no significant change in the flow in 
general. The validity of the first mesh for production runs was therefore confirmed.  

3.2 Comparison of the simulation results and the measurements 
Fig. 3 shows the bed bathymetry of the channel near the bend apex. The channel thalweg is 
closer to the outer bank to which the weir shoulder is attached. The submerged weir of = 
20o and L= 1.8 m is clearly seen. The dot lines aligned parallel to the weir are measurement 
ranges. The ranges are numbered from upstream to downstream, with three ranges on the 
front side (upstream) and the remaining on the back or downstream side. The longitudinal 
spacing between the first and the second range, the third and fourth, and between the 
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seventh and those that follow were 0.3048 m. The spacing between the other ranges is 0.1524 
m. The transversal spacing of points along range 1, 8, 9, and 10 is 0.3048 m, with a spacing of 
0.1524 m for the rest of ranges. Velocity data were taken at three levels (0.2 h, 0.6 h from 
surface and close to bed) at each measuring location. The data were sufficient to study the 
general flow distributions. 
 

 
 

Fig. 3. Configuration of velocity measurement points around the submerged weir 

Fig. 4a shows computed and measured velocity magnitude (Run2) along the 10 measurement 
ranges (transects) shown in Fig. 3. The velocities shown were measured at 20% of local flow 
depth (0.2 h) from the water surface. The horizontal axes are the distance from the left (outer) 
bank of the channel. The comparison of simulation and measurements for Run1 showed 
similar agreement in trend.  
At Ranges 1, 2, and 3 located in front of the weir, the flow velocities were suppressed near the 
center part of the channel while the near bank velocities increase toward the weir. This was 
due to the high pressure resulting from the blockage of flow by the weir. This phenomenon 
was also evident for the velocity at the other levels (0.6 h and near bottom level). The increase 
of velocity near the tip of the weir in the physical model had resulted in some visible erosion 
or scouring of the bed. Ranges 4 through 10 were aligned behind the weir. Immediately 
downstream of the weir, the surface velocities were very high due to the pressure difference 
across the weir top (Section 4, 5, and 6). Because of the low pressure behind the weir, the 
velocities in further downstream sections were reduced, particularly in the center area. The 
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velocities near the bank were higher than those in the center part of the channel. The trend of 
decreasing velocity near the channel center line extends downstream beyond the last 
measuring section. Further downstream, the influence of the weir decreased and flow 
gradually recovered so that the maximum velocity re-appeared at the center of the channel.  
 

 
Fig. 4a. Comparison of simulated and measured total flow velocities at 0.2 h from the water 
surface around the submerged weir. Horizontal axis is the distance from the outer bank. 

Fig. 4b shows the comparison of measured and computed velocities in these ten sections at 
the level 0.6 h from the water surface. The deceleration and separation of flow on the 
upstream side of the weir are more significant than those near surface. The trend that the 
flow accelerates along the streamlines near the banks is more pronounced. Downstream of 
the weir, the velocity decrease near the channel centerline is also more significant than the 
velocity decrease near the surface due to the existence of the recirculation flow. Since this 
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level is close to or cuts across the shear layer with a sharp angle where velocity varies 
rapidly in the vertical direction, the comparisons at this level on the downstream side have 
larger discrepancy than at other locations. 
 

 
Fig. 4b. Comparison of simulated and measured total flow velocities at 0.6 h from the water 
surface around the submerged weir. Horizontal axis is the distance from the outer bank.  

Fig. 4c shows the comparison of measured and computed velocities near the bed. The trend 
of approaching flow deceleration and separation just upstream of the weir are similar to 
those at the 0.6 h level. Because the front surface of the weir was not vertical, the flow tends 
to adhere to the sloping surface. No recirculation of horseshoe type was observed. Directly 
downstream of the weir, the near bed measurement level is in the recirculation zone. Both 
measured and computed velocities at Range 4 and 5 are negative (downstream direction is 
defined positive) close to the weir. Further downstream, negative velocities become positive 
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and increase gradually over the zone of reattachment. The near bed velocity in the thalweg 
changed direction near the Range 6 and the computed velocities agreed well with those 
measured. The overall agreement of measured and computed velocities at this level is better 
than those at the 0.6 h level. Since the reattachment occurred along the triangle-shaped edge 
of the recirculation zone and the measurements were taken along straight lines with 
relatively large spacing, it is difficult to compare reattachment directly.  
 

 
Fig. 4c. Comparison of simulated and measured horizontal flow velocities near the bed 
around the submerged weir. Horizontal axis is the distance from the outer bank. 
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3.3 Flow structure around a submerged weir 
The flow near a submerged weir in a channel bendway is highly three-dimensional and 
complex. Because the weir is the largest obstacle in the flow path, the flow pattern in the 
vicinity of the weir is dominated by parameters such as weir length, height, angle, shape 
and roughness. Fig. 5 shows computed flow (vector) field in the recirculation zone directly 
behind the weir with the vertical scale enlarged (4x) to enhance clarity. Fig. 5a is the vector 
pattern near the bed. Fig 5b is a vertical section cut through middle of the circulation. The  
 

    
 

   
 

Fig. 5. Vector field of the flow behind the submerged weir (velocity near water surface is 
about 0.3 m/s). a: computed vectors near the bed; b: computed vectors in a vertical section 
across the weir; c: computed vectors on the water surface; d: observed confetti trace lines. 

flow in the recirculation zone behind the weir is directed backward against the weir and 
entrained by the shear layer. Fig. 5c shows the flow vectors on the water surface, with some 
longitudinal mesh lines shown as references. The vectors near the tip of the weir turn to the 
inner bank while those near the shoulder are toward the outer bank. Apparently, the pattern 
of a typical helical secondary current in a channel bendway has been altered due to the 
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presence of the submerged weir. Significant flow velocity change occurs over the top of the 
weir. Because the water depth over the weir was small, comparable to the size of the ADVP 
device, velocity measurement over the weir top was difficult. Similarly, the velocities at the 
flow surface could not be measured. Due to these shortages one was unable to validate the 
computed secondary flow direction at the surface. Confetti trace lines of the physical model 
(Fig. 5d) and the particle trace lines released on the water surface level of the computed flow 
field were compared. The distributions of these trace lines are very similar which indicate 
the predicted surface velocity directions are consistent with the physical model.  
Fig. 6 shows the surface elevation contour lines. A high pressure zone forms at upstream of 
the weir with a low pressure zone forming just downstream. The well known pattern of 
water surface superelevation in a bendway is altered significantly due to the presence of the 
weir. Because the alignment is 20˚ toward upstream, the high pressure zone is located closer 
to the outer bank and low pressure zone is closer to the tip of the weir and the inner bank. 
The flow passing the top of the weir inevitably turns toward the inner bank under such a 
pressure distribution. The pressure skew seems to be the key to understanding why the 
secondary current near the weir changes direction and become favorable to navigation.  
 

 
Fig. 6. Pattern of water surface elevation contour (m) near the submerged weir 

Summarizing the observations in the physical model and numerical simulation, the flow 
pattern sketch around a submerged weir is shown in Fig. 7. Upstream of the weir, the high 
pressure zone slows down the approach flow and tends to force the flow to separate. The 
general helical secondary flow pattern in the approach channel is thus being changed. The 
high pressure difference across the weir (shown in Fig. 6) accelerates the flow which tends to 
pass over the top of the weir perpendicularly and creates a recirculation zone behind the 
weir near the bottom. This recirculation zone and the overtop flow are separated by a shear 
layer. Due to the shape of the channel bed, the recirculation zone is approximately 
triangular. In the deeper portion of the channel, the recirculation enhanced by the shear flow 
is stronger and requires a longer distance to dissipate. This triangular recirculation zone can 
be clearly seen in the physical experiments. After the flow has passed the weir, the flow 
pattern caused by the weir dissipates gradually downstream. The distance to fully recover 
the flow pattern depends on the flow condition and the weir configuration. This distance is 
important for determining optimal weir spacing when a multiple weir design is considered.  
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Fig. 7. Flow structure around a submerged weir 

3.4 Flow field of the helical secondary currents 
In order to illustrate secondary flow patterns, the computed flow fields are presented in a 
series of cross-sections. These cross-sections are aligned in the direction of the radius of 
curvature; the secondary current was defined as the velocity normal to the main flow 
direction. The main flow direction was defined as the mean flow direction in the channel 
without the submerged weir. Additional simulations were conducted to compute the main 
flow directions for each submerged weir case.  
Fig. 8 shows the weir alignment near the bendway apex and the display cross-sections (J). 
All the cross-sections are equally spaced (l) along the centerline. For clarity, the spacing 
between these sections in the figure was exaggerated. The secondary currents presented in 
Fig. 9 are from some of these sections.  
 
 

 
Fig. 8. Sketch of the simulation channel and the display cross-sections 
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The cross-sections in Fig. 9 are from upstream (Fig. 9a) to downstream (Fig. 9k), with the 
outer bank on the left and inner bank on the right side. The counter clockwise secondary 
current shown in section 40 (Fig.9a), far upstream of the SW, is a typical helical flow pattern. 
Closer to the SW in section 47 (Fig. 9b), the helical structure is altered because the main flow 
decelerates and separates. Since the weir has an angle of 20o from the radius line, it 
intercepts with several display sections (Fig. 8). The presence of the SW is reflected by 
highly complex secondary current and strong vertical motion shown in section 49, 50, 51, 52, 
(Fig. 9c, 9d, 9e, 9f) which cut across the SW.  

 

 
 

Fig. 9. (a) (b) (c) (d). Secondary current in the approach flow 

The single celled, counter-clockwise helical current in the approaching flow becomes three 
cells behind the weir: the one in the center is strong and has inverse, clockwise direction; 
the other two near the banks are weaker (Fig. 9g and 9h). The inverse cell appearing on 
the right side of the weir is actually on the downstream side if one observes a top view of 
the flow pattern. The inverse cell is strong near the weir and dissipates gradually 
downstream, indicating that the influence of the weir is in a limited distance. The two 
cells near the banks are much weaker than the inverse center cell, however, they are of the 
same direction as that of the helical current in the approach flow. These two concomitant 
circulations are partly driven by the inverse cell and partly influenced by the flow around 
the tips of the weir. They gain strength gradually as the inverse cell is dissipated (Sec. 54, 
58, 60, 66, Fig 9g, 9h, 9i, 9j). They finally reconnect and form a single helical current cell 

Secondary Vector 1111 J= 40, 47, 49, 50

X (m)

Z
(m

)

0.5 1 1.5 2 2.5 30.0

0.2

0.4

X (m)

Z
(m

)

0.5 1 1.5 2 2.5 30.0

0.2

0.4

X (m)

Z
(m

)

0.5 1 1.5 2 2.5 30.0

0.2

0.4 0.1 m/s

X (m)

Z
(m

)

0.5 1 1.5 2 2.5 30.0

0.2

0.4

a 

b 

d 

c 



 
Turbulent Flow Around Submerged Bendway Weirs and Its Influence on Channel Navigation 261 

across the channel (Sec. 78, Fig. 9k). The helical current will strengthen further downstream 
until complete recovery. 
 

 

 
 

Fig. 9. (e) (f) (g) (h) (i) (j) (k) Secondary flow passing the submerged weir 
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Because of the inverse flow cell, the flow velocity near the centerline on the water surface is 
toward the inner bank instead of the outer bank. This cell of secondary flow inverse to the 
normal helical cell is beneficial to navigation because it cancels the effect of the general 
helical current and realigns flow toward the inner bank. The foot print of the inverse 
secondary current on the free surface is an area extending downstream from the SW. The 
length, width, and location of this realigned area are important to the safety of channel 
navigation. Since the flow velocity could not be measured close to water surface and the 
measuring ranges were set near the SW, one could not directly validate the predicted 
surface flow realignment. More detailed measurements covering the entire zone would be 
necessary to confirm the numerical results.  

4. Study of Victoria Bendway 
4.1 River geomorphology, hydraulic structures and measured velocity data 
In 1995, six submerged weirs were constructed on the outer bank of Victoria Bend in the 
Mississippi River in an attempt to improve navigation conditions (Fig. 10). The effectiveness 
of submerged weirs on surface flow realignment in Victoria Bendway (VBW) of the 
Mississippi River was studied. 
VBW is located at the confluence of the White River, between the State of Arkansas and 
Mississippi. The discharge in the Mississippi River upstream of the VBW is influenced by 
the White River. VBW is a highly curved bend, with a ratio of the radius of curvature to the 
channel width varying from 1 to 3 approximately, depending on the river stage. It has a 108o 
heading change and a radius of 1280 m. It is expected that the secondary current would be 
very strong in such a channel, which creates a navigation hazard to navigating barges. 
The submerged weirs were oriented upstream with angle from 69 to 76 degrees between the 
weirs and the bend longitudinal line. Post-construction surveys indicated deposition at the 
upstream reach of the weir field and scouring throughout the rest of the weir system. Three 
long spur dikes were constructed on the flood plain or point bar of the VBW. The effect of 
these dikes is to converge the flow to the main channel, therefore the point bar is protected 
from erosion, and the channel is re-aligned to enhance navigation. 
A comprehensive survey of this reach was conducted by the US Army Corps of Engineers in 
1998. The data were measured by acoustic devices with bed elevation referenced to a 
Cartesian coordinate system. In addition to the bed elevations, velocity data were taken in 
VBW using Acoustic Doppler Current Profiler instrumentation on June 11 and June 12, 1998. 
Three velocity transects were taken adjacent to each of the six submerged weirs: one 
upstream, one downstream, and one over the top of the weirs (Fig. 11). A few transects were 
taken between weirs with others downstream of the weir field where strong scouring 
occurred. Because of the highly turbulent flow in the bendway, the surveyed velocity 
transects were not straight across the channel.  
The flow discharge in these two days was about that of a one year return flow and almost 
constant. The flow depth and width of the channel were large at this discharge with the flow 
depth in the main channel at about 15-35 m. The depth clearance above the weirs for 
navigation is about 6 m. The point bar was fully submerged with two of the three dikes 
partially submerged and the third one (downstream) completely submerged at this flow 
condition. The discharge was determined by integrating the measured flow flux in transects. 
Integrations of the flow flux using the measured velocities in each survey path indicate these 
surveys were quite consistent, resulting in a near constant discharge (~12,600 m3/s) with 
only a few exceptions.  
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Fig. 10. Victoria Bendway of the Mississippi River, the White River and submerged weirs 

Fig. 11 shows the bathymetry of the VBW and the 34 survey transects for measuring the 
velocity field. The weirs constructed in the main channel are depicted using contours of bed 
elevation. At each survey point, three-dimensional velocities were obtained along a vertical 
line at a number of points ranging from 5 to more than 100, depending on the flow depth. 
The velocity data measured on June 11, have 17 sections with a total of 2210 survey points 
while the data taken on June 12, include 17 transects with a total of 2494 survey points. Due 
to turbulent flow and complex bed bathymetry, the transects could not be held straight, 
particularly at where the point bar and thalweg meet. Actual transects are longer than those 
shown in Fig. 11, extending from the outer bank onto the point bar. The survey paths shown 
are the portion in the main channel consisting of about 35% of the total length of transects. 
Because the beam angle of the ADCP was 20˚, the sampling diameter near the bottom of the 
main channel (~30 meter deep) would be around 22 meters. This implies that scattering of 
the data would be large, particularly close to the irregular part of the bed and weirs, and the 
data may not be able to resolve flow structures in the weir field. Muste et al. (2004) 
discussed factors influencing the accuracy of ADCP measurement in general and evaluated 
a particular velocity profile measured in the middle of a straight reach of the Upper 
Mississippi River (Pool 8 near Brownsville, MN). For a steady flow of 4.5 m deep at the 
measuring point, sampling duration of 11 minutes were necessary at a fixed point to obtain 
a stable mean velocity profile. The measured mean velocity could differ as much as 45% if 
the sampling duration was less than 7 minutes. Since the flow velocity in the VBW was 
stronger and the flow depth larger, the measured mean velocity therefore could have a 
larger error because the survey vessel was moving continuously and the data was obtained 
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by averaging signals sampled in a short distance. The average time for measuring one 
transect of the VBW was about 10 minutes and that for a point was a few seconds. The 
velocities measured at the surface level often have large differences from those measured at 
lower levels, due to perhaps the influence from navigation traffic in the river, the survey 
vessel, or limitations of the measuring instrumentation.  

 

 
Fig. 11. Bed bathymetry, submerged weirs and the survey paths in the main channel. Section 
numbers are marked along the outer bank. 

There was a large elevation difference between the main channel bed and the point bar, 
particularly near the downstream of the bendway. The weir field has caused additional 
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deposition and erosion at the upstream and downstream channel of the bendway, 
respectively. The bed between the weirs was also severely scoured. The resistance of the 
weir field would slow down the approach flow, stimulate deposition and cause additional 
flow toward point bar. The scouring in and downstream the weir field may result from 
additional turbulence due to the weirs and the reduced sediment load in the flow.  
The approach of this study is to apply the 3D numerical model validated using experiment 
data to simulate the flow and evaluate the effectiveness of weirs. The numerical solutions 
provide a much higher resolution of the flow field and make it possible to resolve more 
detailed flow around the submerged weirs. The field velocity measurements were used to 
validate again the three-dimensional flow model. Comparison of the simulations for the pre- 
and post-weir channel revealed the effect of the weirs on the flow pattern. 

4.2 Numerical simulation and model validation 
Although the three-dimensional velocity data obtained were very detailed, the resolution of 
the three survey transects adjacent to a weir were not sufficient for analyzing the near field 
flow and its effect on navigation. Because the river channel near the Victoria Bendway was at 
the confluence with the White River, the channel pattern was complicated (Fig. 10). In order to 
use available computational resources efficiently, the 3D simulation was limited to a short 
bendway reach with a curved computational domain of 4.6 km along the main channel and 1.8 
km wide in the apex section. A two-dimensional model (CCHE2D, Jia & Wang 1999; Jia et al., 
2002a) was used to simulate a much longer reach (a 33.866 km stretch) to calibrate the 
resistance parameter and to establish initial flow, upstream and downstream boundary 
conditions for the 3D simulation. The effective roughness heights of the channel were obtained 
by calibration using measured water surface elevation along the channel. This roughness was 
used for the 3D simulation with the exception of the surface roughness of the SW. It was 
approximated to be one half of the gravel of which it was constructed. The upstream flow 
boundary conditions for the 3D model (flow rate and direction distributions) were specified 
with the 2D model results. The depth-averaged velocity at each point of the boundary of the 
3D domain was converted to a logarithmic profile and no secondary flow was imposed since 
the inlet boundary was located in a relatively straight portion of the channel (Fig. 10).  
The extended 2D channel stretches upstream and downstream of the VBW with a mesh size 
of 123 (transversal) x 622 (longitudinal); more than 50% of the horizontal mesh nodes were 
in the range of the bendway where 3D computations were carried out. The 3D computation 
is for the flow in the bend with a mesh of 123 (transversal) x 322 (longitudinal) x 11 
(vertical); more vertical mesh points were located near the bed. Three 3D grids (G1:58x189x8, 
G2:123x322x11, and G3:123x324x14) were tested. Using the three meshes, the RMS error of 
the simulation results and the measured data were computed and indicated in Table 2. Non-
dimensional u and v  are for the u and v velocity component, respectively. Computational 
points in the domain are much more than those measured. RMS errors were computed 
using measured data and computational results interpolated to the measuring point. The 
error of simulations is considerably less in the upper part of the flow (less than 8 m from the 
surface) than that in the lower part (deeper than 8 m from surface). The accuracy of the 
simulations did not significantly improve when mesh resolution was increased. As was 
mentioned earlier the scatter of the ADCP data was quite large particularly near the bed. 
This is attributed to larger data scatter near the bed such that the numerical accuracy 
improvement due to mesh refinement was much smaller than the data scattering.  
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Mesh No. of vertical points Zone of calculation u meanU/  v meanU/  

G1 8 
Upper profile 0.219 0.269 

Lower profile 0.363 0.34 

G2 11 
Upper profile 0.218 0.262 

Lower profile 0.36 0.336 

G3 14 
Upper profile 0.220 0.269 

Lower profile 0.36 0.337 

Umean~1.4 m/s is the mean velocity for the entire reach. Upper profile is the water surface to the 8 meters 
deep point, Lower profile is from the point to the bed.  

Table 2. RMS error of the data and simulation results using three meshes 

The mesh size of G2 in the main channel ranges from 12 to 30 m, approximately. A 
submerged weir was resolved by 15 to 20 grid points. The submerged weirs are the largest 
resistance elements in the main channel. The back side slope of the weirs observed from the 
bed topography is less than 15˚. The largest weir in the bendway was about 230 m long and 
10 m high. The first weir upstream was hardly visible due to significant deposition in front 
of the weir.  
2D simulation was used as a tool to calibrate roughness of the channel. The calibrated 
Manning’s coefficient n=0.037 is reasonable considering large scale of bed forms, the 
number of structures (dikes, submerged weirs) built in this channel reach. Water stage data 
on June 11, 1998, from five gauge stations along the reach of 2D simulation, were used for 
the calibration. The calibrated Manning’s coefficient was then transformed to equivalent 
roughness height for the three-dimensional model by using Strickler’s function  
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where A is an empirical constant which may represent both grain and form resistance 
(A=19 according to Chien and Wan, 1999), and d (~0.121 m) is the effective roughness 
height which is consistent with a large data set for the Mississippi River (van Rijn, 1989). 
Graf (1998) showed that A could vary from 20 to 45 in rivers with cobble or gravel bed. 
The effective roughness is used in the wall function for specifying hydraulic rough 
boundary condition: 
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where uo is the near bed flow velocity, u* is shear velocity,  (=0.41) is the Karman’s 
Constant, z is the distance from a wall,   is the fluid viscosity and ks (~d) is the roughness 
height. Although roughness height can be converted from the Darcy-Weisbach factor, 
Chezy’s coefficient or Manning’s coefficient more rigorously (van Rijn, 1989), Eq. 11 was 
used for its simplicity. Since d was a calibrated parameter, it lumps many factors related to 
the resistance such as bed forms and grain roughness. The three point-bar dikes are large 
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and resolved by the 2D model. The area of the submerged weir field was less than two 
percent of the 2D simulation domain; the effective roughness height thus evaluated was 
affected by the weir field only slightly. Measurement of bed form in the Mississippi River 
(Leclair, 2004) revealed that the size of dunes ranges from 120 to 11 m with height ranges 
from 3 to 1 m; dune length near a bendway is about 69 m. Considering the mesh size of the 
main channel (12-30 m), the bedforms were not resolved by the model. Therefore, it is 
reasonable to model their resistance using a lumped effective roughness height, and the 
computational grid was considered being over the roughness elements (Wu et al., 2000). The 
mixing length and k- turbulence closure schemes were applied in this study. Results 
indicate that the solutions from these two schemes had no significant differences in terms of 
defining the main and helical flow. Bed roughness varies spatially in the channel and the 
effective roughness used was a constant calibrated according to water surface profile. 
 

 
Fig. 12. Simulated flow pattern (velocity m/s) near water surface in Victoria Bendway 

Fig. 12 demonstrates the simulated flow field near the free surface of the channel. For clarity, 
the resolution (velocity points) shown is only a few percent of the original. The first and 
second dikes on the point bar were submerged only slightly. They were treated as un-
submerged in the simulation. A large area of recirculation was present between the first and 
second long spur dikes, with the recirculation lengths limited by the dike spacing. The 
recirculation behind the second dike was limited closely behind it and small in size, due to 
channel curvature. One can also observe the flow pattern from the point bar returning to the 
main channel near the end of the bendway.  
Contour lines of surface velocity magnitude on the background of bed elevation shading are 
shown in Fig. 13. The river stage was high with the point bar and the third dike on the right 
bank submerged. One can see the flow velocity variation along the channel due to the 
existence of the second dike and weir structures. Because the water depth was less over the 
submerged weirs, the flow accelerates over the weirs.  
Fig. 14 shows the computed water surface elevation contour overlaying the image of bed 
elevation. More contour lines are concentrated near the weir and show a similar pattern: the 
contour lines align parallel to the weirs and widen near the tips of the weirs. This distribution 
 

~ 2.1 m/s 
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Fig. 13. Simulated distribution of velocity magnitude (m/s)  near the water surface level 

 

    
Fig. 14. Water surface elevation contours (m) in the main channel with submerged weirs 

would accelerate the flow over the weir top normally and tends to turn the flow toward the 
inside of the bend. The helical current due to channel curvature is toward the outer bank; 
therefore, such a surface elevation pattern resulting from the submerged weirs reduces the 
strength of the helical current. In Fig. 6, the simulated surface elevation contours for the 
experiment case was also aligned parallel to the weir, similar to this field case; although due 
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to the difference in channel bathymetry, flow depth, and weir size relative to channel, etc., 
the patterns of the simulated water surface in these two cases are not exactly the same. 
However, the paralleled contours produce pressure gradients perpendicular to the weirs 
and thus help improving navigation. 
To evaluate the quality of numerical simulations, model validation was performed by 
comparing the simulation and the measured 3D velocity data. Because the computational 
mesh points were different from those of the velocity survey, one has to interpolate the 
numerical solution to the 3D survey points. Inverse distance interpolation was used to 
compute the velocity from the eight vortices of a hexahedral mesh cell containing a 
measuring point. 
 
 

 
 

 
 

 

u (m/s)

D
ep

th
(m

)

-4 -3 -2 -1 0 1 2 30

5

10

15

Section 2 Point 15

v (m/s)

D
ep

th
(m

)

-4 -3 -2 -1 0 1 2 30

5

10

15

Section 2 Point 15

w (m/s)

D
ep

th
(m

)

-0.9 -0.6 -0.3 0 0.30

5

10

15

Section 2 Point 15

Total Velocity (m/s)

D
ep

th
(m

)

0 1 2 3 4 5 6 70

5

10

15

Section 2 Point 15

u (m/s)

D
ep

th
(m

)

-4 -3 -2 -1 0 1 2 30

5

10

15

20

25 Section 6 Point 15

v (m/s)

D
ep

th
(m

)

-4 -3 -2 -1 0 1 2 30

5

10

15

20

25 Section 6 Point 15

w (m/s)

D
ep

th
(m

)

-0.9 -0.6 -0.3 0 0.30

5

10

15

20

25 Section 6 Point 15

Total Velocity (m/s)

D
ep

th
(m

)

0 1 2 3 4 5 6 70

5

10

15

20

25 Section 6 Point 15

u (m/s)

D
ep

th
(m

)

-4 -3 -2 -1 0 1 2 30

5

10

15

Section 9 Point 15

v (m/s)

D
ep

th
(m

)

-4 -3 -2 -1 0 1 2 30

5

10

15

Section 9 Point 15

w (m/s)

D
ep

th
(m

)

-0.9 -0.6 -0.3 0 0.30

5

10

15

Section 9 Point 15

Total Velocity (m/s)

D
ep

th
(m

)

0 1 2 3 4 5 6 70

5

10

15

Section 9 Point 15



 
Hydrodynamics – Optimizing Methods and Tools 270 

 
 

 
 

 
 

 

u (m/s)

D
ep

th
(m

)

-4 -3 -2 -1 0 1 2 30

5

10

15

20

25 Section 12 Point 24

v (m/s)

D
ep

th
(m

)

-4 -3 -2 -1 0 1 2 30

5

10

15

20

25 Section 12 Point 24

w (m/s)

D
ep

th
(m

)

-0.9 -0.6 -0.3 0 0.30

5

10

15

20

25 Section 12 Point 24

Total Velocity (m/s)

D
ep

th
(m

)

0 1 2 3 4 5 6 70

5

10

15

20

25 Section 12 Point 24

u (m/s)

D
ep

th
(m

)

-4 -3 -2 -1 0 1 2 30

5

10

15

20

25 Section 16 Point 18

v (m/s)

D
ep

th
(m

)

-4 -3 -2 -1 0 1 2 30

5

10

15

20

25 Section 16 Point 18

w (m/s)

D
ep

th
(m

)

-0.9 -0.6 -0.3 0 0.30

5

10

15

20

25 Section 16 Point 18

Total Velocity (m/s)

D
ep

th
(m

)

0 1 2 3 4 5 6 70

5

10

15

20

25 Section 16 Point 18

u (m/s)

D
ep

th
(m

)

-4 -3 -2 -1 0 1 2 30

5

10

15

20

25 Section 20 Point 18

v (m/s)

D
ep

th
(m

)

-4 -3 -2 -1 0 1 2 30

5

10

15

20

25 Section 20 Point 18

w (m/s)

D
ep

th
(m

)

-0.9 -0.6 -0.3 0 0.30

5

10

15

20

25 Section 20 Point 18

Total Velocity (m/s)

D
ep

th
(m

)

0 1 2 3 4 5 6 70

5

10

15

20

25 Section 20 Point 18

u (m/s)

D
ep

th
(m

)

-4 -3 -2 -1 0 1 2 30

5

10

15

Section 22 Point 15

v (m/s)

D
ep

th
(m

)

-4 -3 -2 -1 0 1 2 30

5

10

15

Section 22 Point 15

w (m/s)

D
ep

th
(m

)

-0.9 -0.6 -0.3 0 0.30

5

10

15

Section 22 Point 15

Total Velocity (m/s)

D
ep

th
(m

)

0 1 2 3 4 5 6 70

5

10

15

Section 22 Point 15



 
Turbulent Flow Around Submerged Bendway Weirs and Its Influence on Channel Navigation 271 

 
 

 
 

Fig. 15. Comparisons of computed and measured velocity profiles, along the main channel, 
Victoria Bendway 

Because there were more than 4500 survey points, it is impossible and unnecessary to show 
all the comparisons. Instead, only a limited number of points are presented. Several vertical 
profiles are selected along the main channel (Fig. 11). Some points are located in scour holes 
between weirs, and others are very close to the weirs. Fig. 15 shows comparisons of these 
velocity profiles. Along each profile, computed and measured velocity components u, v, w 
and total velocity are compared. The depth of the flow at these survey points ranges from 
less than 20 m to about 35 m. Results indicate that the computed velocity profiles are smooth 
curves in most areas of the channel, with the velocity magnitude increasing toward water 
surface. Most of the comparisons show adequate agreement between data and simulation, 
particularly in trend. The agreement is generally better for points away from the weirs. No 
recirculation zone was found behind the weirs in the field data. In general, measured data 
show scatter and variation along vertical lines and transects, and the scatters appear to be 
random. For example, at measuring point 30 of Section 28, the measured velocities indicate 
stronger variations along the vertical. Distributions like this are often located either near 
abrupt bed change or close to a weir. At these locations, turbulence would be very strong 
and the upper and lower portion of the flow may have different directions. Simulating a 
mean turbulent flow, the numerical model resulted in a much smoother flow field than the 
measured velocities taken in highly turbulent and unsteady natural conditions.  
Fig. 16 shows the computed and measured velocity magnitude at ten selected transects. 
Comparisons at three levels 0.05h, 0.4h and 0.8h (from the bed to water surface) are 
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presented. One finds general agreements along each level and section. The data scatter near 
the channel bed is, in general, greater than in the upper portion of the water column, 
consistent with the RMS errors indicated in Table 2, which could be resulted from the large 
near-bed sampling volume of the ADCP and complex channel topography. The 
comparisons were performed for the main channel rather than the point bar, because the 
main interest of this study was the flow characteristics in the main channel. Although the 
differences between the computed and measured data are large for many points, the trend 
of the numerical results generally agrees with the data, particularly near the free surface 
(0.8h). These comparisons (Fig. 15 and Fig. 16) have confirmed the consistency of the 
numerical model with the field data and its applicability to this particular problem. 
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Fig. 16. Comparison of computed and measured flow velocity at selected sections (a) near 
water surface (z/h=0.8); (b) near middle depth (z/h=0.6); (c) near middle depth (z/h=0.4); 
and (d) near bed (z/h=0.05). 
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4.3 Helical secondary current and submerged weirs 
Fig. 17 shows a plan view of the simulated 3D flow and comparison of computed and 
measured secondary flows in a transect. Vectors (in red) at surface level (Fig. 17a) are 
plotted with those near the bed (in black). The difference in their directions at each point 
represents the helical current. For clarity, only a limited number of vectors are shown. 
Looking upstream, the main helical current in the main channel is clockwise. The secondary 
flow near the tip of the spur dike is also clockwise, but has been weakened or even reversed 
at some locations. Since it does not follow the channel curvature, the flow over the point bar 
goes directly into the main channel and alters the main flow there. 
 
 
 
 
 
 

 
 
 

Fig. 17. Simulated secondary helical current in the bendway. a) General flow pattern; b) 
Measured secondary velocity in the main channel near the point bar;  and c) Computed 
secondary velocity in the main channel near the point bar. 
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The flow over the point bar starts to converge back to the main channel at the downstream 
port of the bend. The returning flow near the edge of the point bar is not parallel to the edge; 
the component normal to the main flow affects secondary current in the main channel. With 
this particular bendway morphology configuration, the flow from the point bar back to the 
main channel tends to enhance the helical current. Since the main channel deepens near the 
6th SW, a large bed elevation step appears between the point bar and the main channel. 
Affected by the flow from the point bar, the secondary current in the main channel appears 
to be intensified (around survey section 30, Fig. 11), as indicated by measurement (Fig. 17b) 
and simulation (Fig. 17c). The influence on the channel flow is similar to those observed by 
Sellin (1995) and by Shiono & Muko (1998) in their experiments in which the flow from a 
flood plain affects the secondary flow in the main channel. This indicates that the helical 
flow in the main channel is strengthened, consistent with the observation that severe 
channel erosion occurs on the downstream portion of the bend.  

5. Influence of submerged weirs on navigation in VBW 
Navigation problems in bendways are mainly attributed to the helical secondary current 
which tends to push vessels toward the outer bank (the inertial and centrifugal forcing due 
to the vessel’s own motion are not considered). The simulated secondary flows with and 
without the submerged weirs were compared to assess the effectiveness of these weirs in 
reducing the strength of the secondary flow. The submerged weirs were removed from the 
computational domain; the deposition and erosion patterns, due to the presence of the 
weirs, were corrected using the channel bathymetry (cross-sections) surveyed in 1994 before 
the weir field installation as a reference. A 2D simulation was also conducted for producing 
boundary conditions.  
The influence of the submerged weirs on the helical current was evaluated by the difference 
in the secondary current with and without weirs. Fig. 18a shows the computed secondary 
current in sections upstream, over, and downstream submerged weir No. 4. The orientation 
of these sections was approximately normal to the main flow direction. The secondary flow 
is strongly changed by this submerged weir. In the section over the weir, the changes in the 
secondary flows are dramatic. Near the water surface, the transversal flow toward the outer 
bank is reduced or reversed. Because vessels in bendways are pushed laterally by the 
transverse flow, this submerged weir effect would be beneficial to the channel navigation. In 
sections between weirs, the secondary current tends to recover the normal pattern of curved 
channel flows. Fig. 18b shows the computed helical current in the corresponding sections 
without the submerged weir. 
The direction of the near surface flow defined by the angle 

 transversal

longitudinal

u
u

arctan    (14) 

was used as an indicator of the flow alignment or navigation condition in bendways. If the 
angle () is very small, the navigation condition is considered good because the flow would be 
aligned more along the main channel. To evaluate how the weir system influenced the flow 
angle, the difference of the flow angle at the free surface in the main channel with and without 
weirs, = with weirs - without weirs) was computed and presented in Fig. 19. Considering the 
secondary flow is normally in the order of 0.1ulongitudinal, or less, the change of flow angle in the 
order of 5.7 degree would be sufficient to cancel the near surface secondary velocity.  
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Fig. 18. Secondary currents around submerged weir No. 4; a) with weirs, b) without weirs 

 
 

 
Fig. 19. The difference of the flow angles between the flows with and without submerged 
weirs. Only the main channel is shown. The portion with improved condition (with negative 
) is shaded. 
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The areas with a negative angle represent where the flow condition is improved, whereas 
the areas with a positive value indicate where the condition became worse. To distinguish 
the areas with an improved condition, the contours of the area with a worsened condition is 
replaced with white. It is seen that the total improved area is larger than 50% and that 
conditions are better near the weirs. The flow angle change is high over the weir tops and 
low between them. The maximum angle change reaches about 6.8˚ with less change between 
weirs. The flow condition near weir No. 6 is worsened, because the strong flow from the 
point bar returns to the main channel and the secondary current intensifies. After the 
construction of the weirs, the resistance of the main channel increased resulting in more 
water flowing over the point bar at the entrance of the bend and then returning to the main 
channel. The strength of the secondary current near weir No. 6 is thus increased (Fig. 17). 
The excessive deposition upstream of the weir field in the main channel has disabled the 
first weir; thus, the first weir is not functional (Fig. 19). In addition, the first and last weir 
were angled less than others, so they should be less effective even without the influence of 
the flow from the point bar and sedimentation. To a certain extent, a weir would be more 
effective if it is angled more toward upstream; its effect on realigning the flow is also 
influenced by relative length, relative depth, and channel curvature, etc. (Jia et al., 2002b). 
Future submerged weir designs should consider the influence of local morphology (flood 
plain). Since the influence of the weirs varies in terms of water depth and relative weir 
height, additional studies with several more flow conditions are necessary to enhance 
submerged weir designs. 

6. Conclusions 
A three-dimensional computational model for free surface turbulent flows, CCHE3D, has 
been applied to study flows in bendways affected by submerged weirs. Both experimental 
data and field data were used for model validation. The flow distribution due to a weir in a 
bendway was discussed and the effect of multiple weirs in the Victoria Bendway in the 
Mississippi River on channel navigation was studied. The comparisons showed good 
agreement in both the experiment and field cases between measured and simulated data 
which confirmed the consistency of the numerical model, the physical model and the large 
scale field case.  
The general helical secondary current pattern in the experimental channel was disturbed by 
the single weir, particularly in its vicinity. In the experiments with a submerged single weir, 
it was found that the weir resulted in a high pressure zone forming on its upstream side and 
a low pressure zone on the downstream side. The high pressure zone slows the approaching 
flow and tends to separate it, forcing more flow toward the ends of the weir with the 
velocities near the tips increasing and higher than in the center region of the weir and the 
channel. The low pressure behind the weir creates a triangle-shaped recirculation zone. Due 
to the alignment of the weir (angled toward upstream), the high pressure and the low 
pressure zones are not located along the general stream direction. The high pressure zone is 
located closer to the outer bank and the low pressure zone is closer to the inner bank (tip of 
the weir). The skewed distribution tends to realign the overtopping flow toward the inner 
bank, which is opposite to the general helical current direction. The realigned surface 
current and the recirculation behind the weir form an inverse secondary cell. Two weaker 
secondary cells along the banks were also observed parallel to the inverse cell.  
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Due to the submerged weir, the flow velocity near the center of the experimental channel 
decreases and that near the tips of the weir increases. These high velocity zones may result 
in bed erosion and channel widening. The contours of the water surface are parallel to the 
weir direction and surface flow direction was realigned to the inner bank, thus being 
favorable to navigation. The effect of the weir is limited, and normal curved channel flow 
pattern may recover downstream. Further research is necessary to quantify sediment 
transport characteristics of bendways containing submerged weir fields.  
In Victoria Bendway with multiple weirs, the simulation indicated that the helical current 
was only significant in the main channel. The flow over the point bar has little curvature and 
secondary current structure under the flow conditions studied is very weak. The helical 
current in the main channel was enhanced by the flow returning back to the main channel 
from the point bar.  
For the case of Victoria Bendway, the computed velocities were smooth curves varying in 
the vertical direction, while the measured velocities show scatters much larger than the 
experiment case. Because of the nature of the ADCP instrument, the scatters are particularly 
strong near the bed, in close vicinity of weirs, and where the main channel and point bar 
join. A larger discrepancy of velocity comparisons would appear in these areas. The 
comparisons along measured transects at several vertical levels show reasonable agreement 
with the best agreement appearing near the water surface (0.8h).  
In the main channel of Victoria Bendway, the direction and magnitude of the secondary 
current were affected by the submerged weirs. Not only was the secondary current structure 
changed, the secondary flow near the free surface around the weirs was weakened. This is 
consistent with the simulated water surface elevation pattern which tends to realign the 
flow over the top of the weirs. The way the flow is affected by these weirs is similar to that 
observed in the experimental channel of the physical model. 
To study the overall effectiveness of the weir field, numerical simulations without weirs 
were also carried out and the solutions were compared to that with weirs in Victoria 
Bendway. Flow direction change in the main channel was compared and the weir 
effectiveness was evaluated. Most of the weirs (four out of six) were found effective, but the 
first and last weir were not. The ineffectiveness was caused by the channel deposition and 
the flow returning from the point bar enhanced the helical current. In addition, a smaller 
alignment angle made them less effective.  
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1. Introduction 
Self-areation is a very relevant phenomenon that occurs in flows on stepped chutes, and is 
one of the reasons of building such structures. In this sense, the main purposes of stepped 
chute structures is to increase the energy dissipation of the flows by internal friction and to 
protect the bed of  spillways through the presence of the air absorbed  from the atmosphere. 
It is a “lucky coincidence” that, while the steps significantly increase the energy dissipation 
rate, they also increase the air uptake, reducing the risks of cavitation along the bed of the 
channel (Peterka, 1953; Frizell & Melford, 1991). 
An additional consequence of the use of stepped chutes is the reduction of the size of the 
energy dissipation basins at the toe of the spillways, implying in reduction of the total costs 
of the spillway structures. Physically, it is observed that the superficial air uptake begins at 
the cross section where the turbulent boundary layer attains the water surface, as described 
for example by Chanson (1997), and predictions of the location where water depth and 
boundary layer thickness coincide, and of the amount of air absorbed by the water, are 
important for the design of spillways. 
As a consequence of the abovementioned characteristics, stepped chutes are extensively 
used in hydraulics and environmental engineering. The air-water two-phase flow along the 
stepped channels is generally classified accordingly to its regime, as Skimming flow, Nappe 
flow and Transition flow, and the change from one regime to the other is still matter of 
discussion in the literature. 
In this chapter, a procedure is followed, aiming to adjust numerical tools in order to 
adequately represent the air-water interface along stepped chutes. In this case, it implies in 
finding conditions that allow the “breaking” of the surface, so that air can be incorporated 
by the water. Such a tool is interesting for the prediction of gas transfer in stepped 
spillways, and it is expected to be used by designers that need to quantify the so called self-
aerated flows. As mentioned, the air is incorporated into the water through the surface, and 
knowing the distribution of the entrained air and the flow conditions, the gas transfer along 
the different positions in the cross section of the flow can be estimated, until it attains the 
bottom of the chute. In addition, having a good numerical code, it may be possible to obtain 
the pressure distribution along the structure and to localize the potential cavitation regions, 
allowing to “test numerically” possible solutions to enhance the air content and to reduce 
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cavitation damages (Gomes, 2006; Olinger, 2001). The obtained results presented in this 
chapter are still approximate, but already show that the problem is treatable using 
numerical tools. The main problems, as shown in this chapter, are related to the behavior of 
the free surface. 
This study considers the skimmimg flow regime, which generally occurs for large specific 
water discharges (Chanson, 2000). It is expected that the bed profile of the inlet structure 
affects the position of the inception point of the aeration (Boes & Hager, 2003a; Chanson, 
2001). This study presents results of computational analyses for two inlet conditions of a 
stepped chute with an ogee crest. The aeration of the flows was investigated for an entry 
profile containing 1) steps with the same size, and 2)”transition steps” (steps with sizes 
increasing between the smooth bed and the stepped bed). 
In the last few decades, the computational fluid dynamics, CFD, has imposed itself as one of 
the best tools for the prediction of flow fields with accuracy and detail (Versteeg & 
Malalasekera, 1995). But even considering its success, complex flows still need many efforts 
to be completely understood. The description of the physical processes of a two phase flow 
involves a broad variety of computational methodologies to predict the quantities of the 
constituent components and the behavior of the interface. In the present study, the 
numerical procedures for the stepped channel flow simulations were conducted using the 
open softwares Salome and OpenFoam® (Open Source Field Operation and Manipulation), 
for mesh generation and CFD, respectively. In a general way, it may be commented that the 
implementation of CFD modeling is still limited, due, in part, to the relatively high costs of 
the commercial softwares. OpenFoam® is an open CFD software that helps to fill this gap. 
For the purposes of this chapter, the particularly relevant characteristic of the mentioned 
software is its ability to simulate flows interacting with hydraulic structures.  
The skimming flows along stepped chutes are inherently turbulent (Lima, 2003, Chamani, 
2000), and their “turbulent characteristics” were investigated here using the "k-ε" model of 
turbulence, and adequate wall functions for the wall boundaries. The VOF method (Volume 
Of Fluid), was used for the interface-capturing procedures in the two-fluid model. Further, 
the PISO method (Pressure-Implicit with Splitting of Operators) was used as the pressure-
velocity coupling scheme. In the calculations performed for this chapter, the rasInterFoam 
solver was chosen because, traditionally, the flow along spillways is considered 
incompressible (its velocity is much lower than the speed of the sound in water). The main 
purposes of this chapter were to show the implementation of the mentioned open softwares 
for the problem of aerated flows over stepped chutes, and to compare some calculated 
hydrodynamics characteristics with the literature, like the pressure distribution on the steps.  
The literature addresses the position of the inception point by empirical correlations (see, for 
example, Chanson (2006)). In the present study, numerical models are applied to evaluate 
the interface behavior, air concentrations along the flow, and to investigate the dependence 
between the inception point position and the bed profile characteristics. First results are 
shown, which show that these calculations are possible, and that more studies are necessary 
to improve the results. 

2. Physical model description 
2.1 Structure design 
The parameters to be adjusted for stepped spillways during the design phase, such as step 
height, flow regime, and the desired air flow rate will of course depend on the application 
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proposed for the steps. In general the stepped design takes into account the higher energy 
dissipation efficiency of the stepped chutes, when compared with smooth chutes, because it 
implies in reduction of costs of the dissipation basin (Arantes, 2007). Fig. 1 shows structures 
of spillways with different geometries, which illustrate that the purposes of the structure 
define the kind of spillway to be used.  
 
 
 
 

   
 

 
 
 

Fig. 1. Illustration of dam structures: a) Traditional smooth chute, b) Flow over a stepped 
chute, c) Labyrinth (Picture acknowledgements: Fig.1a: Stuart Longley; Fig.1b and Fig.1c: 
Engevix Company). 

The spillway profiles used in this chapter are based on the WES profile (Waterways 
Experiment Station). The WES standard spillway profile is shown in Fig. 2. It has a basic 
slope of 0.78H: 1V, and the curved shape upstream from the crest is a composition of two 
circumferences. For the sizes considered in this study, Fig. 2 shows that the tangency point 
between the two circumferences occurs at (x= 0.61m, y=0.48m). Transition steps were 
proposed by García & Mateos (1995) after the crest. The steps grow continuously from a 
relatively small height to the constant step height.  
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Fig. 2. WES standard spillway profile with the transition steps proposed by García & Mateos 
(1995). 

The crest inlet profile strongly depends on the structure discharge operation capacities. 
And the flow over the structure is analyzed based in the structure inlet design to achieve a 
minor impact on the structure, to reduce cavitation risks and to optimize stilling basin. 
With the pressure diagrams, it is possible to compute an operation curve to optimize the 
flow over the structure. In this matter, all parameters as inflow conditions, reservoir 
volume, outflow discharge and the maximum discharge capacity are enrolled in the 
optimization process. 
As already mentioned, basically two distinct flow regimes occur on stepped spillways, as a 
function of the discharge and the step geometry (Povh, 2000). In the nappe flow, the steps 
act as a series of falls and the water plunges from one step to the other. Nappe flows are 
representative of low discharges capacities and large steps. On the other hand, small steps 
and large discharges are addressed by the skimming flow regime. This flow regime is 
characterized by a main stream that skims over the steps, which are usually assumed as 
forming the so called “pseudo-bottom”. In the cavities formed by the steps and the pseudo-
bottom, recirculation vortices are generated by the movement of the main flow. Perhaps the 
simplest form to quantify the transition from nappe to skimming flow is to express it 
through the ratio between the critical flow depth Yc and the step height Sh. Rajaratnam 
(1990) suggested the occurrence of the skimming flows for Yc/Sh > 0.8. This theme was also 
a matter of study of Stephenson (1991), who introduced a Drop term, D= q2/gSh3 to 
distinguish between both regimes: for nappe flow, D< 0.6, and for skimming flow, D > 0.6. 
Chanson (2006) proposed limits for both flow regimes. He suggested, as a limit for the 
nappe flow, the approximated equation ௒೎ௌ೓ = 0.89 − 0.4 ௌ೓௟ೞ  , while the limit for the skimming 

flow was given by the following approximation: ௒೎ௌ೓ = 1.2 − 0.325 ௌ೓௟ೞ . This short presentation 

shows that this transition is still a matter of studies, and that a more general numerical tool 
is desirable to overcome the difficulties of defining a priori the flow regime along a stepped 
chute, (Chinnarasri & Wongwises, 2004; Chanson, 2002). Fig. 3 shows the main 
characteristics of the two flow regimes mentioned here.  
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Fig. 3. Flow regimes along stepped chutes: a) Nappe flow (low discharges capacities), b) 
Skimming flow (large discharges capacities). 

3. Mathematical aspects 
3.1 Free surface flow 
The most difficult part of the interface simulation procedures is perhaps to obtain a realistic 
free surface flow solution. In a free surface flow, special numerical techniques are required 
to keep the position of the interface between the two phases. There are many free surface 
techniques available in the literature, which involve different levels of difficulties and 
several procedures to obtain a solution.  
In general, the numerical methods are under constant modifications, in order to improve 
their results and to avoid, as best as they can, nonphysical representations. Because the 
computational tool itself is under constant improvement, increasing both, the storage and 
the calculation speed capacities,  this situation of constant improvement of the numerical 
methods is understood as a “characteristic” of this methodology of study. In this sense, the 
prediction of the behavior of interfaces is one of the problems that is being “constantly 
improved”, so that different “solutions” can be found in the literature.   
Some of the procedures devoted “to the capture of the interface” introduce an extra term 
that accounts for the “interface compression”, which acts just in the thin interface region 
between the phases. Some improvements related to the stability and efficiency calculations 
are described, for example, in Rusche (2002). In the present study a time step was adjusted 
to impose a maximum Courant number, and the prediction of the movement of the interface 
was viewed as a consequence of drag forces and mass forces acting between the phases. 
More details of the numerical procedures followed in this chapter are presented in the 
Section 4. 

3.2 Self-aerated flow 
The phenomenon of air entrainment and bubble formation is initiated by the entrapment of 
air volumes at the water surface, which are then "closed into bubbles", or really entrained 
into the flow. At the upstream end of usual spillways, the flow is smooth and no air 
entrainment occurs, so that it is called briefly as "black water". The flow turns into the so 
called "white water", or two-phase flow, only after a distance has been traversed, which may 
involve several steps, (see Fig. 4). The inception point of aeration is generally defined as the 
position where the boundary layer formed at the bed of the chute attains the water surface, 
(Carvalho, 1997; Boes & Hager, 2003b). 
The distance travelled by the water until attaining the inception point is commonly named 
as “black water length”. Downstream, after a distance in which the air is transported from 
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the surface of the flow to the bottom of the chute (named “transition length” by Schulz & 
Simões, 2011, and Simões et al., 2011), the flow attains a “uniform regime”. Fig. 1b illustrates 
this uniform flow far from the inception point (in this example, it is impossible to attest for 
the uniformity of the velocity profiles, but it is possible to verify that the white-water global 
characteristics are maintained). The air uptake is generally described as a consequence of the 
turbulent movement at the water surface. 
 
 
 

 
 

Fig. 4. Self-aeration: inception point and the distinct boundary layers.  

Fig. 5 shows two sketches of the position of the inception point, for the two geometries 
considered here (only large steps in figure 5a, and transition steps in figure 5b). As can be 
seen, air is captured by the water only after the boundary layer has attained the surface.  
 
 

 
 

Fig. 5. Boundary layer growth and the differences of the inlet profiles used in this study. a) 
With same size for all steps, b) Initial steps with smaller size. 
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The black water length (position of the aeration inception point) is a matter of continuing 
studies. Tombes & Chanson (2005), for example, furnished the predictive Eq. 1. 

 ௅಺௄ೞ =  ଴.଻ଵଷ (1)(∗ܨ)଴.଴଻ଽ଺(ߠ݊݅ݏ)9.719

 ௒಺௄ೞ = ଴.ସ଴ଷସ(௦௜௡ఏ)బ.బర   ଴.ହଽଶ (2)(∗ܨ)

∗ܨ  = ௤ೢඥ௚	௦௜௡ఏ(௄ೞ)య (3) 

It is based on the distance Li with origin at the crest of the spillway, the flow depth Yi, 	ܭ௦ = ܵ௛ܿߠݏ݋ (which represents the step depth per unit width), where qw is the discharge per 
unit width, g is the gravity acceleration, ߠ is the angle between the bed of the chute and the 
horizontal, Sh is the step height and F* is the dimensionless discharge. Other expressions for 
the location of the inception point have been proposed by several authors.  See, for example, 
Chanson (1994).   
The air concentration distribution, downstream of the inception point, may be obtained, for 
example, using a diffusion model (Arantes et al., 2010), as proposed by Chanson (2000), 
which leads to Eq. 4. 

ܥ  = 1 − ℎଶ݊ܽݐ ቀ݇´ ௬ଶ஽´௒వబቁ (4) 

C is the void fraction, tanh is the notation for hyperbolic tangent, y it is a transverse 
coordinate with origin at the pseudo bottom, D′ is a dimensionless turbulent diffusivity,  
K′ is an integration constant, Y90 is the normal distance to the pseudo-bottom where C is 
equal to 90%. D′ e K′ are functions of the depth-averaged air concentration, C. As can be 
seen, such equations involve constants which must be obtained from measurements. 
In this study, the transition between the black water and the white water is of the major 
interest. That is, the simulation of the transition of the smooth surface to the turbulent 
multiphase surface flow, and the calculation of the void fraction distribution along the 
flow are important for the present purposes. A sketch of the mentioned region is seen in 
Fig. 6. 
 
 

 
Fig. 6. Sketch of superficial disturbances and formation of drops and bubbles around the 
interface.  
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3.3 Two phase flow 
A two phase flow is essentially composed by two continuing fluids at different phases, 
which form a dispersed phase in some “superposition region”. According to the volume 
fraction of the dispersed phase, the prediction of multi-phase physical processes may differ 
substantially. According to Rusche (2002), the CFD methodologies for dispersed flows have 
been focused on low volume fraction so far. Processes which operate with large volumes of 
the dispersed fraction present additional complexities to predict momentum transfer 
between the phases and turbulence.  
In the self-aerated flow along a stepped spillway, the flow behaves like an air-water jet 
that becomes highly turbulent after the air entrainment took place, where the flow can be 
topologically classified as dispersed. To computationally represent the localization of the 
interface with the dispersed phase (composed by drops and bubbles) is an extremely 
difficult task. Considering the traditional procedures, the optimization of the design of 
stepped structures crucially depends on the measurement of the inception point and the 
void fraction distribution (Tozzi, 1992). Both are mean values (mean position and mean 
distribution), obtained from long term observations. Energy aspects are obtained from 
mean depths and mean velocities (Christodoulou, 1999; Peterka, 1984). But, as such 
measurements are generally made in reduced models, the scaling to prototype 
dimensions may introduce deviations. When considering the cavitation risks, the scaling 
up questions may be more critical (Olinger & Brighetti, 2004). The main numerical 
simulation advantages rely, in principle, on the lower time consumption and lower costs, 
in comparison to those of the experimental measurements (Chatila & Tabbara, 2004). 
However, when simulating the flow, it is necessary to generate first a stable surface, 
continuous and unbroken, and then allow its disruption, generating drops, bubbles, and a 
highly distorting interface. Further, this disruption must happen in a “mean position” that 
coincides with the observation, and it must be possible to obtain void fraction profiles that 
allow concluding about cavitation risks. As can be seen, many numerical problems are 
involved in this objective.  

4. Numerical aspects 
4.1 Equation for the movement of fluids  
The two phase flow along a stepped spillway is modeled by the averaged Navier Stokes 
equations and the averaged mass conservation equation, complemented by an equation to 
address fluid deformations and stresses.  In this chapter the heat and mass transfers, as well 
as the phase changes, were not considered. 
The flows are inherently turbulent and their characteristics were investigated here using the 
k-ε turbulence model and adequate wall functions for the wall boundaries. 
The averaged Navier Stokes equations neglect small scale fluctuations from the two phase 
model. However, if the two phase flow has small particles in the dispersed phase, it has to 
be taken into account in the analysis, in order to achieve an accurate prediction of the void 
fraction.  
Eq. 5 represents the Navier-Stokes equations for incompressible, viscous fluids (it is 
represented here in vectorial form, thus for the usual three components). It is not discretized 
in this chapter, because the rules for discretization may be found in many basic texts. But it 
is understood that it is important to show that the analysis considers the classic concepts in 
fluid motion. 
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 డఘడ௧ Ԧݒߩ + (ԦݒԦݒߩ)∇ = −∆ܲ + ∇߬ + ߩ Ԧ݂ (5) ݒ is the velocity, ߩ is the density,	ܲ is pressure, ݐ is time, ߬ represent the shear forces and ݂ 
represent the body forces. An outline of the boundary conditions applied to solve the 
equations is presented in Section 3.4.  

4.2 Closure problem 
As known, the averaging procedures applied to the Navier Stokes equations introduce 
additional terms in the transport equations, that involve correlations of the fluctuating 
components. These terms require new equations, which is known as the problem of 
“turbulence closure”. Based on the Boussinesq hypothesis, it is possible to express the 
turbulent stresses and the turbulent fluxes as proportional to the gradient of the mean 
velocities and mean concentrations or temperatures, respectively. For the two phase flow it 
is still required to examine the effects of the dispersed phase on the turbulent quantities. 
There is a very wide spectrum of important length and time scales in such situations. These 
scales are associated with the microscopic physics of the dispersed phase in addition to the 
large structures of turbulence. The complexity of such flows may still be hardly increased if 
considering high compressibility and the simultaneous resolution of the large scale motion 
and the flow around all the individual dispersed particles. 

4.3 Two phase methods 
The physical representation of the air inception point is an application which considers 
the primary complex phenomena of the breakup of a liquid jet. When considering the 
simulation of the jet surface, it is necessary to track it. In general, the tracking 
methodologies are classified into different categories. We have, for example the Volume 
Tracking Methodology where the method maintains the interface position, the fluids are 
marked by the volume fraction and conserves the volume. The volume is also conserved 
in the moving mesh method, but the mesh is fitted to follow the fluid interface (Rusche, 
2002). 
In this study an Euler-Euler methodology is applied, in which each phase is addressed as 
a continuum and both phases are represented by the introduction of the phase fractions in 
the conservation equations. An “interface probability” is considered, and closure methods 
are adopted to account for the terms that involve transfer of momentum between the 
continuous and the dispersed phases.  
In general, the numerical models are able to predict the mean movement of the free surface, 
but they fail to predict the details of the interface (which are important, for example, to 
incorporate air). In this study the disruption of the interface was imposed, in order to verify 
if it is possible to generate realistic interface behaviors and to obtain mean values of the 
relevant parameters. To attain these objectives, the conservation equations were discretized 
using the finite volume method, and the PISO (Pressure-Implicit with Splitting of Operators) 
algorithm was adopted as the pressure-velocity coupling scheme. 
Considering the Volume of Fluid Method, VOF, the fluids are marked by the volume 
fraction to represent the interface and it is based on convective schemes. The volume 
fraction are bounded between the values 0 and 1 (values that correspond to the two 
limiting phases). 
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As mentioned, in this study the VOF method was used. The volume of the fluid 1 in each 
element is denoted by V1, while the volume of fluid 2 in the same element is denoted by V2. 
Defining α = V1/V, where V is the volume of the cell or element, it implies that V2=1-. In 
this chapter, if the cell is completely filled with water, α =1, and if the cell is completely 
filled with the void phase, α =0. As usual, mass conservation equation (relevant for the 
mentioned volume considerations) is given by:   

 ஽ఘ஽௧ + Ԧݒ∇ߩ = 0 (6) 

Where, ߩ is the density, ݐ is time, ݒ is velocity. 
A sharp interface can be achieved in the solver activating the term to interface compression.  
Eq. 7 illustrates the mass conservation equation with the additional compression term. 

 డఘడ௧ + (Ԧݒߩ)∇ + 1)ߩ)∇ − (௥ሬሬሬԦݒ(ߩ = 0 (7) 

Where ݒ௥	is a velocity field suitable to compress the interface. 
Literature examples show that the mathematical model for two phase flows used by 
interFoam (OpenFoam® two phase flow solver), allowed to obtain appropriated solutions 
when using the mentioned interface capturing methodology. For example, when simulating 
the movement of bubbles in bubble columns, two types of bubble trajectories were obtained: 
a helical trajectory, for bubbles larger than 2mm, and a zigzag trajectory, for smaller 
bubbles. Rusche (2002) mentions the agreement of the terminal velocity of the air bubbles 
with literature empirical correlations, which are also based on the bubbles diameters, with 
diameters between 1 and 5 mm. Although in the present analysis the problem of isolated 
bubbles is not considered, the mentioned agreement is a positive conclusion that points to 
the use of this method. 

4.4 Boundary conditions 
In the traditional CFD methodologies, the wall boundary condition is highly depending on 
the mesh size. The no-slip condition can be applied when the size near the wall is very fine. 
On the other hand the slip condition is used when the near wall mesh is very coarse. Most of 
the times, the use of wall functions are appropriate and it imposes a source term at the 
boundary faces (Versteeg & Malalasekera, 1995).  
For the inlet boundary, two conditions were adopted here. 1) An initial condition similar to 
a dambreak problem, with a column of water having a predefined finite height above the 
weir crest. 2) A constant water discharge having a uniform velocity profile. The water 
surface elevation upstream of the spillway crest was not specified as a boundary condition 
because this height is part of the numerical solution. The constant discharge (or constant 
flow rate) was imposed by a “down entrance” of water into the domain.  
The dam break problem has been studied by theoretical, experimental, and numerical 
analysis in hydraulic engineering due to flow propagation along rivers and channels 
(Chanson & Aoki, 2001). However, in this study we were interested in the shape of the 
flow generated by an abrupt break of a dam gate, which then flows over the stepped 
spillway. Note that, if a constant water height would be defined upstream and far from 
the weir crest, only the transient related to the growing of the depth would be observed. 
So, a “water column” was imposed, and the growing and decreasing of the water depth 
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along the spillway was observed. The initial boundary conditions and a subsequent 
moment of the flow can be visualized in Fig.7a and Fig 7b. The second moment was taken 
close to the end of the flow of the phenomenon. (Physically, it corresponds to the time of 
16s). 

 
 

      
 
Fig. 7. Phase fraction diagram. a) Initial water column (As an initial condition for phase 
fraction, InterFoam solver requires that both phases exist into the domain, at least into some 
volume cells), b) Water discharge following the structure slope. 

At the outlet boundary, an extrapolation of the velocities was applied. It was applied 
locating the outlet of the flow far from the flow region of main interest. The local phase 
fraction varies accordingly to the diagram of Fig. 7, and it was observed that it tends to 
reach a more uniform characteristic at the structure toe (this was better observed for the 
constant inflow condition).  
When using the k- ε model, the turbulent kinetic energy and the energy dissipation rate 
must be imposed at the inlet boundaries. The actual value of these two variables is not easy 
to estimate. A too high turbulence level is not desirable since it would take too much time to 
dissipate. In this study, as the flow has a “visual laminar” behavior at the inlet, this 
condition allowed some simplifications. The closing equations originated from k-ε model 
are described by Eqs. 8,9,10,11 and 12. 
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Although known, the above equations are presented here to stress that the present chapter 
considers the classical ad hoc approximations for turbulent flows. The k- ε constant models 
are described at Table 1 in Section 6.1.2. 

5. Simulation tools 
As mentioned the open softwares Salome and OpenFoam® were used here for mesh 
generation and CFD, respectively. A Table with the software versions applied for 
simulations in this study is described at the Appendix II, as well as those respective websites 
for download. 

5.1 Mesh generation 
To simulate the flow over the domain, a structured mesh was generated at Salome software 
that is produced by OpenCascade. Some difficulties arise for the mesh generation in classical 
spillways, which are associated with the shape of the crest of the inlet structure (used to 
provide a sub-critical inflow condition). The structured mesh generation was a choice to 
have a mesh with hexahedral elements, which are highly recommended in the literature for 
treatment of free surface problems. 
There are many free softwares for mesh generation available for download, therefore many 
of them don´t have the ability to generate a hexahedral mesh. In this way, it must also be 
mentioned that some of the aroused difficulties may be related to the limitations of the 
specific software. In this case, a structured mesh was generated, based on the software 
characteristics for hexahedral algorithms. 
Limiting the y+ value (One of the parameters that indicate mesh refinement), it is possible 
to reach more accurate results. However, the computational costs may significantly 
increase.  
Some general characteristics are mentioned here, as the case of adopting a too coarse grid, 
which leads to the situation that the results obtained are rather independent of the 
turbulence model, because the numerical diffusion dominates over the turbulent 
diffusion.  
As an auxiliary tool to the mesh algorithm the domain were partitioned with many 
horizontals and vertical plans to direct the algorithm in the specific regions as small steps 
and crest. In this way the mesh is extremely refined in these regions, as shown in Fig. 8. 
The mesh used to represent the domain in this study has approximately 3,5 million of 
hexahedral elements. It is a tri-dimension mesh. However the domain in the z-direction is 
simulated for 1m of length and the mesh for this direction has a reduced number of eight 
columns. 
After generating the mesh, and creating the faces to apply the boundary conditions at 
Salome software, it can be easily exported to OpenFoam® through the “.*UNV” file format. 
At OpenFoam® all mesh properties can be checked and at the boundary file at the 
“\case\constant\polymesh\” path the boundary condition properties for any face can be 
visualized and edited. 
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Fig. 8. Ilustration of structured hexahedral mesh. 

6. Simulation and flow details  
6.1 Setup 
In this study, OpenFoam-1.7.1 were used to conduct the numerical results (as described in 
Appendix II). All the numerical analyses were processed considering that the chute is 
composed by a prismatic channel with rectangular cross section and having a stepped bed.  
The flow calculations involved discharges varying from 0.5m3/s to 20m3/s. The discharge 
condition directly influences the flow regime over the structure. This range was used to test 
the performance of the program and the adopted procedures.  
The inlet conditions for the gas phase fraction and the liquid velocity were taken directly 
from inlet water discharge measurements found in the literature. By The maximum specific 
discharge applied for a good hydraulic performance is 25-30 m3/s m (Boes & Minor, 2000). 
The interface momentum transfer (Rusche, 2002) is used to account for the lift force and 
predict the phase fraction.  
The surface tension coefficient between the two phases is set with the value of 0.07N/m. The 
gravitational acceleration had the value of 9.81 m/s2. The outlet velocity was fixed with a 
zero gradient far from the interesting flow region and all walls were treated with wall 
boundaries lawyers. The water properties were considered at the temperature of 298K. 
The time precision was automatically adjusted by the solver. Initially it was set to have the 
value of 0.0001s. Therefore with the solver feature to automatically adjust the time step, it 
suffered changes trough the time to attempt the maximum Courant Number specified as a 
precision acceptable to the numerical simulation.  
In the phase fraction field the solver allow to set a number of sub-cycles in which the phase 
fraction equation is solved without doing an extremely reduction in the time step and 
hardly increasing the cost with time precision.  
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In the PISO algorithm, the number of correction for the pressure was set to three. To the 
initial conditions group of sets, all patches defined as faces in the process of mess generation 
to represent the described domain in the Salome software had a value assigned for volume 
fraction, pressure and velocity respecting the interaction between them to represent the 
initial physical properties of the domain described in the Section 4.4.  
The divergence terms in the velocity equations and in phase fraction equations were 
discretized using a central difference scheme. While for the Laplacian terms a Gauss upwind 
scheme was defined. For temporal discretization a Crank-Nicolson method was used. 

6.1.1 Discretization schemes 
An accurate numerical scheme is very important to obtain a solution. In order to check the 
influence of the numerical scheme on the solution, two different configurations for the 
numerical discretization have been used. With the present model, the two phase flows are 
better predicted with a higher order scheme. The first order scheme is not able to correctly 
predict the flow around the spillway crest without producing very large oscillations, as 
shown in Fig. 9. On the other hand, the second order schemes produce a large and stable 
recirculation bubble zone between the steps (while the first order did not generate such 
recirculation zone). Both schemes were used, because the main characteristics of the flow 
were still being adjusted, but it is necessary to use a more adequate scheme to reproduce the 
interfaces between air and water (free flow and between the steps). Due to the large size of 
the domain, and the related computational costs, only some more critical regions were 
refined. The numerical mesh was refined, for example, around the ogee profile, where the 
oscillations were observed. The different discretization schemes and mesh refinements were 
also used to check the sensibility of the model. It was observed, as expected, that not refined 
discretization lead to unreal interface waves, which increase significantly. As pressure 
condition in the flow, the hydrostatic pressure gradient was used. Further, most of the tests 
in this study were run using an upwind scheme.  
Depending on the boundary conditions applied, the flow can be always supercritical, or it 
can achieve a supercritical condition inside the domain. In this case, the relevant boundary 
condition is the discharge applied at the inlet, which directly influences the flow regime. 
 

 
Fig. 9. The influence of the first order discretization scheme along the first part of the surface 
for the flow over the spillway with varying step sizes.  
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The distance covered by the subcritical flow, for the adopted inlet conditions, allowed 
investigating the surface characteristics of the flow along the hydraulic structures for both 
the proposed inlet profiles, as shown in Fig. 5a and Fig. 5b, and Fig. 10a and Fig. 10b, 
respectively. Although in all situations a region with “unbroken liquid” is observed, 
followed by the broken liquid, the calculated surface did not maintain a smooth 
characteristic, although with smaller instabilities in relation to Fig. 9. As the breaking of 
the interface was an objective of this study, the numerical schemes were not chosen to 
guarantee the unconditional stability of the surface. However, as mentioned, they 
produced instabilities from the very beginning of the accelerated region (spillway 
entrance), and not only after attaining the position where the boundary layer coincides 
with the surface of the liquid.  
The algorithm PISO used in this study is based on the assumption that the momentum 
discretization may be safely kept through a series of pressure correctors. It needs small time-
steps. As a consequence, the PISO algorithm is also sensitive to the mesh quality. Aiming to 
guarantee the convergence, the Courant number, Co, must keep a low value (it is function of 
the time step, the magnitude of the velocity through the element, and the element size) 
(Versteeg & Malalasekera, 1995). In order to check the influence of the mesh size in the 
solution, a more refined mesh can be tested.  
 
 
 

      
 

Fig. 10. Inlet profile: a) Initial structure steps with smaller size. b) With same size for all 
structure steps.  

6.1.2 Turbulence properties 
As mentioned, the k- averaged turbulence model was used. As expected in the RANS 
computations, the simulations converged to steady solutions. Table 1 shows the values of 
the constants usually adopted for the k- model (see Eq. 7 through 11). 
 

Cµ Cε1 Cε2 ߪ௞ ߪఢ 

0.09 1.44 1.92 1.0 1.3 
 

Table 1. Empirical constants of k-ε model. 
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7. Preliminary Results 
7.1 Pressure diagram distribution 
The pressure distributions along the steps are important to study the risk of cavitation in 
stepped chutes (Franc & Michel, 2004). It is not only the position of the lower pressure that is 
important, but also its value and frequency. In particular, the results calculated in the 
present study show no qualitative differences between the measured literature data, when 
considering the position and the mean pressure distribution analysis (Amador, 2005). As 
mentioned, the frequency of the low values is important, which points to the need of 
instantaneous values, and not only the mean profiles.  
The negative pressure plotted in Fig. 11 were also predicted by Chen et al. (2002) for a WES 
structure with the transition steps.  
 

      
Fig. 11. Negative Pressure. a) Along stepped chute, b) In a step along the structure.  

The pressure distributions over the steps in a stepped chute depend on the position of the 
faces of the steps. In the vertical face a separation flow region occurs and the pressure 
achieve negative values. Over the horizontal face the pressure distribution is influenced by 
the recirculation in the cavity, which results in a positive value for the mean pressure. The 
last step of Fig. 11a, amplified in Fig. 11b, shows this difference between the behavior of the 
pressure along the horizontal and vertical surfaces. 

7.2 Velocity distribution 
The velocity of an aerated flow is expected to be higher than the velocity of an unaerated flow, 
because the entrained air reduces the wall friction (Steven & Gulliver, 2007). Fig. 12 shows a 
velocity diagram obtained in the present simulations. The values obtained, though not directly 
compared to the results of other sources Cain & Wood (1981), are of the same order.   
Amador (2005) described results of experiments of velocity fields over steps located in the 
developing flow region, were the growth of the boundary layer was analyzed (upstream of 
the inception point). The study shows the presence of large size eddies at the corner of the 
step faces, and recirculation areas. Recirculation and air concentration distributions were 
also investigated by Matos et al. (2001). The authors mentioned differences for the flows 
between the step edges and in the steps cavities, describing it and mentioning the effects of 
turbulence intensity. 
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In this study, a calculated velocity field is shown in Fig. 12, where the region of maximum 
velocity, for example, is easy to be observed. As can be seen, the mentioned recirculation is 
adequately reproduced, which corresponds to the negative horizontal velocity that can 
happen between the steps.  
 

 
Fig. 12. Velocity distribution along the structure. 

7.3 Void fraction distribution 
As described before, the attention of this chapter is more concentrated in the phenomena 
related with the air transfer between the two phases interface. Fig. 13 shows an 
instantaneous of the position of the interface and of the void distribution, obtained 
following the present procedures. In this case, the example is for constant steps. The 
imposed flow rate was 15 m3/s m. 
 

 
Fig. 13. Skimming flow regime.  Result for constant steps at the entrance. 
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As can be seen, the surface is highly distorted, reproducing the conditions found in real flows. 
The deformations characterize entrapped air, as defined by Wilhelm & Gulliver (2005), and not 
entrained air, but they also allow to calculate a mean “void concentration”, a procedure 
followed to check the methodology which is being tested here. As showed by Lima et al. 
(2008), measured concentration profiles may involve a relative high percentage of entrapped 
air, which may induce to mistakes in the calculations of the air flow rate introduced by the 
water flow. In this sense, the present methodology shows that this “entrapped air 
concentration profile” may be calculated to correct the evaluation of the entrained air. In Fig. 
14 the results of the present calculation of the void fraction obtained for different depths is 
shown. The flow conditions are those imposed to obtain Fig. 13. As mentioned, these 
simulation results show that the method allows to obtain void fraction profiles.  
 

 
(a) 

 

 
(b) 

Fig. 14. Volumetric fraction along the flow. The position 0.0 corresponds to the bottom, and 
the position 1.0 corresponds to the surface. a) Histogram of void fraction where 
alpha1_average represents a statistic temporal alpha average, b) presents first results of air 
entrainment at any location of the spillway, allowing the prediction of the air concentration 
profiles (void fraction profiles) for all calculation domains. 

Fig. 15 is an example of shown in Fig. 14b, obtained for the position indicated in Fig. 15b. 
With the distribution of entrained air, the gas transfer along the flow can be estimated, or, in 
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other words, the air flow discharge is obtained. This quantification is relevant, allowing to 
check experimental results and predictive equations obtained from simplified models, 
conducting (in a more complete stage of these studies) to a better understanding of the air 
entrainment phenomena on stepped chutes. In addition, concentration fields like that shown 
in Fig. 15a will allow to correlate pressure and void fraction distributions, and to recognize 
regions where the air content is not enough to reduce cavitation damage (that is, the the 
regions under risk of cavitation). From Peterka (1953), the air concentration that is sufficient to 
avoid cavitation damage is about 5 to 8%. The inlet of air increases the mixture compressibility 
and the flow becomes able to absorb the impact of collapsing vaporized bubbles.  
Fig. 15a also shows the concentration regions defined by Chanson (1997), considered here to 
verify the possibility of obtaining practical information of such simulations. Accordingly to 
Chanson (1997), three concentration ranges can be considered in the concentration analyses, 
as shown in Table 2.  
 

Rate Classification 
C < 0.3 to 0.4 Clear water comprising air bubbles 
C > 0.6 to 0.7 Air flow comprising water droplets 
C > 0.7 Two-phase flow with equal air and water contents 

Table 2. Main regions of concentration profiles. (Chanson, 1997) 

As already mentioned, two examples are considered: The opening of a dam gate, a transient 
situation, and a steady-state simulation that allows evaluating changes of the void ratio 
along the self-aerated spillway flow. Air concentration profiles C(y) are taken in several 
cross sections at steps downstream from the inception point.  
 

   
Fig. 15. Phase fraction a) Contours of isosurfaces, b) Distribution of void fraction for the 4th 
step. 

8. Continuing studies 
The results presented in this chapter show that the proposal of studying the breaking of the 
air-water interface and the formation of a dispersed phase is a challenging issue, and is still 
not definitively quantified. It was possible to show that instabilities can be produced at the 
interface in a way to maintain the main flow stable, but these instabilities did not follow a 
realistic behavior. The aim is to break the surface in the position of the inception point of 
aeration, but the instabilities were formed in the very beginning of the accelerated region of 
the flow, at the spillway entrance.  
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Bubbles and drops were “formed” in the numerical simulations, as shown in Fig. 16. However, 
the sizes of both depend of the numerical mesh used, and, in this sense, the reproduction of 
these geometrical characteristics is still limited by the mesh. In practice, smaller drops and 
bubbles are formed. The numerical solution were processed with the discharge of 20 m3/s m. 
 

 
Fig. 16. General characteristics observed in a simulated flow: 1) Unrealistic superficial 
instabilities in the accelerated region of the flow; 2) Formation of drops and bubbles, as 
expected; 3) Cavities between the steps.   

Depending on the conditions of the flow, the abovementioned characteristics are damped, 
or not observed. This is the case shown in Fig. 17, where the instabilities were minimized 
and no drops or bubbles were formed along the spillway. As a conclusion, the 
hydrodynamic characteristics still need to be better reproduced in the simulations, in order 
to guarantee the formation of the dispersed phase. The numerical solution were processed 
with the discharge of 15 m3/s m. 
 

 
 

Fig. 17. Velocity distribution along the structure. In this case, no drops and bubbles are 
formed.  

Numerical simulations over stepped spillways which take into account the stable and 
unstable regions of the interface, disrupting it and forming the dispersed phase, have not 
been yet presented in the literature. However high quality measurements of different 
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characteristics of such flows, including cavitation predictions, are found in the literature, 
and can serve as guide for the mentioned simulations.  

9. Conclusions  
Skimming flow over stepped chutes were simulated to verify the possibility of obtaining 
results of air entrainment in stepped spillways. The stable/unstable behavior of the air-
water interface was discussed, and the difficulties to obtain a realistic breaking of the 
interface and the formation of the dispersed phase were exposed.  
Two situations related to the geometry of the spillways were considered: constant step sizes 
and varying step sizes. Also two situations related to the flow conditions were considered: 
constant inlet water discharge, and a “sluice-gate-brake”, that is, a kind of “dam-break” 
situation flowing over the stepped spillway.  
Results of pressure fields, velocity fields, void fraction profiles, along the simulated 
spillways were furnished, showing behaviors similar to those observed and simulated in the 
literature. For the void fraction profiles, also a “entrapped air” profile was furnished, 
showing that the methodology allows to confirm experimental studies about entrapped air 
found in the literature. 
Unrealistic behavior of the surface instabilities were observed. They were formed in the 
accelerated region of the flow over the spillway, and for some flow conditions they 
produced large disturbances, a negative characteristic that still need to be solved.  
Drops and bubbles could be formed in the flow over the spillway, but their size was shown 
to be limited by the mesh characteristics. The two fluid model adopted neglects the effects of 
large scales and uses an average momentum transfer between the phases. Although the 
surface deformation could be reproduced, the interface tracking calculation showed to be 
difficult to apply when considering the formation of a dispersed phase.  
The open codes “OpenFoam®” and “Salome” were used, showing that such codes are 
capable to furnish useful results for engineers and researchers in hydraulics and fluid 
mechanics.  

10. APPENDIX I: Software information  
The OpenFoam® software is a continuum mechanics simulation tool, but it is also an object-
oriented numerical code, and a toolkit for programming. It is written in C++ programming 
language and can be freely download at the website https://www.opencfd.co.uk. The CFD 
library is extensive and incorporates several types of solvers. The software also contains 
tools for mesh conversion from many mesh generation softwares, including commercial and 
free codes. The open source code has the advantage of the “transparency”, that is, it allows 
following the methodology adopted for the calculus, and the assumptions made to obtain a 
solution (ever present in any code). The results also can be converted to be visualized and 
post processed in a number of different softwares. A version of the Paraview software is 
integrated in OpenFoam® as its standard post processing tool.   

11. APPENDIX II: Useful information about the open software 
Some useful links with open software information are addressed in Table 3 with the 
respective version of software applied in this study.  
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Tools applied for numerical simulations 
OpenSuSe 11.2  http://www.opensuse.org 
OpenFoam 1.7.1 http://www.OpenFoam.com 
ParaFoam 1.7.1 http://www.OpenFoam.com 
Salome 5.4 http://www.salome-platform.org 

Table 3. Open software. 

12. APPENDIX III: Numerical procedures in CFD software 
The numerical simulations using the OpenFoam® software are basically performed by file 
editing. The software is structured using three basic directories. The constant sub-
directory contains all properties folders for the fluids settings and mesh characteristics. 
Some physical constants. 
For InterFoam solver this directory contains three files designed as: transportProperties, 
enviromentalProperties and dynamicMeshDict and a specific folder for mesh properties 
named as polyMesh. Into the transportProperties all information about the properties of the 
two phases can be edited. The dynamicMeshDict file allows to enable the mesh movements. 
The polyMesh constant sub directory keeps all information about the mesh. 
In the OpenFoam® the system sub-directory contains exactly five files: ControlDict, 
DecomposeParDict, fvSchemes and setFieldsDict. The contolDict file allows users set the 
simulation process information like starting, end and time step. User also can choose the 
methods to save the simulation data.  
In the fvSchemes system file, the descritization schemes can be setted. The fvSolution file is 
responsible for all solver settings like the number of iterations.  
In the free surface problems, the initial condition for the volume fraction of the two fluids 
also needs to be defined. The setFieldsDict allows setting different density values for each 
part of the domain. The decomposeParDict file describes the decomposition for 
multiprocessing simulation.  
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1. Introduction 
Membrane distillation (MD) is an evaporation/condensation process of volatile 
components through a hydrophobic porous membrane. The maintenance of gas phase 
inside the membrane pores is a fundamental condition required to carry out the MD 
process. A hydrophobic nature of the membrane prevents liquid penetration into the 
pores. Membranes having these properties are prepared from polymers with a low value 
of the surface energy, such as polypropylene (PP), polytetrafluoroethylene (PTFE) or 
polyvinilidene fluoride (PVDF) (Alklaibi & Lior, 2005; Bonyadi & Chung, 2009, Gryta & 
Barancewicz, 2010). Similar to other distillation processes also MD requires energy for 
water evaporation. The hydrodynamic conditions occurring in the membrane modules 
influence on the heat and mass transfers, and have a significant effect on the MD process 
efficiency. 
The MD separation mechanism is based on vapour/liquid equilibrium of a liquid mixture. 
For solutions containing non-volatile solutes only the water vapour is transferred through 
the membrane; hence, the obtained distillate comprises demineralized water (Alklaibi & 
Lior, 2004; Gryta, 2005a; Schneider et al., 1988). However, when the feed contains various 
volatile components, they are also transferred through the membranes to the distillate (El-
Bourawi et al., 2006; Gryta, 2010a; Gryta et al., 2006a). Based on this separation mechanism, 
the major application areas of MD include water treatment technology, seawater 
desalination, production of high purity water and the concentration of aqueous solutions 
(El-Bourawi et al., 2006; Drioli et al., 2004, Gryta, 2006a, 2010b; Karakulski et al., 2006; 
Martínez-Díez & Vázquez-González, 1999; Srisurichan et al., 2005; Teoh et al., 2008). 
A few modes of MD process are known: direct contact membrane distillation (DCMD), air 
gap membrane distillation (AGMD), sweeping gas membrane distillation (SGMD), vacuum 
membrane distillation (VMD) and osmotic membrane distillation (OMD). These variants 
differ in the manner of permeate collection, the mass transfer mechanism through the 
membrane, and the reason for driving force formation (Alklaibi & Lior, 2005; Gryta, 2005a). 
The most frequently studied and described mode of MD process is a DCMD variant. In this 
case the surfaces of the membrane are in a direct contact with the two liquid phases, hot 
feed and cold distillate (Fig. 1). The DCMD process proceeds at atmospheric pressure and at 
temperatures that are much lower than the normal boiling point of the feed solutions. This 
allows the utilization of solar heat or so-called waste heat, e.g. the condensate from turbines 
or heat exchangers (Banat & Jwaied, 2008; Bui et al., 2010; Li & Sirkar, 2004). 
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Fig. 1. Principles of DCMD: T1, T2, TF, TD — temperatures at both sides of the membrane, 
and temperatures of feed and distillate, respectively; pF, pD and hF, hD— water vapor partial 
pressure and heat transfer coefficients at the feed and distillate sides, respectively 

The driving force for the mass transport in DCMD is a difference of the vapour pressure 
(p), resulting from different temperatures and compositions of solutions in the layers 
adjacent to the membrane (Fig. 1). The stream parameters (temperature, concentration) at 
the solution/membrane interface differ significantly from those in the bulk, as a result of the 
polarization phenomena associated with both the temperature and concentration. These 
phenomena cause a decrease in the vapour pressure difference across the membrane which 
in turn leads to the reduction of the permeate flux in the MD process. Therefore, the 
hydrodynamic conditions have a pronoun influence on the efficiency of the MD process 
(Alklaibi & Lior, 2005; Gryta, 2002a, 2005a, 2005b; Gryta et al., 2000; Martínez-Díez & 
Vázquez-González, 1999; Li & Sirkar, 2004). 
The feed temperature in the MD module decreases due to evaporation, which also causes a 
reduction of MD driving force, in addition to the temperature polarisation. Therefore, the 
permeate flux can be increased several times when the flow rate and temperature of the feed 
is enhanced in an appropriate way. Moreover, the shape and dimensions of the channels 
through which liquid flows in the module has an important effect on the permeate flux 
(Gryta et al., 2000; Schneider et al., 1988; Teoh et al., 2008). 
The efficiency of MD process depends, in a significant degree, on the morphology of used 
membranes. The permeate flux increases along with an increase in membrane porosity and 
pore diameter (El-Bourawi et al., 2006). The higher the wall thickness of membrane, the 
larger the diffusion resistance. Therefore, a larger efficiency can be achieved for thinner 
membranes. However, the thick membranes undergo mechanical damage more easily, and, 
the manner of their assembly in the MD module plays an essential role (Gryta et al., 1997). 

2. Heat and mass transfer in MD process 
In the MD process both heat and mass transfer occur simultaneously, therefore, both 
temperature and concentration polarization effects should be taken into consideration. A 
number of theoretical models have been developed for the description of the membrane 
distillation (Alklaibi & Lior, 2005; El-Bourawi et al., 2006; Gryta, 2002b, 2008; Gryta et al., 
1997, 1998; Lawson & Lloyd, 1997; Li & Sirkar, 2004; Martínez-Díez & Vázquez-González, 
1999). The models of direct contact MD were based on the assumption that vapour 
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permeates through the porous membrane, as a result of the molecular diffusion, Knudsen 
flow and/or the transition between them. The permeate flux can be described by: 

 D
WA

m F

P pM
J D Pln

s RT P p







 (1) 

where pF and pD are the partial pressures of saturated water vapour at temperatures T1 and 
T2 (Fig. 1), and , , s, Tm are the porosity, tortousity, thickness, and mean temperature of the 
membrane, respectively, and M is the molecular weight of water, R is the gas constant, P is 
the total pressure, and DWA is the effective diffusion coefficient of water vapour through the 
membrane pores. The vapour pressure of water for the diluted solutions can be determined 
e.g. from the Antoine equation (Gryta et al., 1998). However, for concentrated solutions the 
effect of solute concentration on the partial vapour pressure it should be taken into account. 
The literature offers a considerable number of equations and the experimental data, which 
can be used to solve this problem. 
The temperatures in the layers adjacent to the membrane (T1, T2) are dependent on the 
values of the heat transfer coefficients in the MD module (Gryta et al., 1997, 1998). The 
values of these coefficients increase along an increase of the flow rates, thus, the 
temperature polarization can be considerably reduced by the application of high flow 
rates. Moreover, a higher flow rate decreases the temperature difference of streams at the 
inlet and outlet of the module, resulting in the increase of the temperature difference 
across the membrane.  
The temperatures T1 and T2 cannot be measured directly. A series of equations for their 
calculations have been presented in the MD literature (Alklaibi & Lior, 2005; Gryta et al., 
1997, 1998; Khayet et al., 2004; Lawson & Lloyd, 1997; Schofield et al., 1990). These equations 
were derived for the steady state conditions, under which the amount of heat transferred to 
and from the surfaces adjacent to the membrane is equal to the amount of heat transferred 
inside the membrane. For the case presented in Fig. 1 we can write: 
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A solution of the above equations allows to determine the temperatures T1 and T2 – Eqs. 2 
and 3. These equations were derived with the assumption of the linear temperature change 
in the membrane and isoenthalpic flow of vapour (Gryta et al., 1998). 
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where H is the vapour enthalpy, H and hi are the overall and convective heat transfer 
coefficients, and m is the membrane thermal conductivity. The hi coefficients can be 
estimated from the Nusselt number: Nu=hi dh, where dh is the hydraulic diameter and is 
the thermal conductivity of liquid. 
The thermal conductivity coefficient for membranes utilized in MD changes in a small range 
of 0.04–0.06 W/mK, and it can be determined on the basis of the membrane material data 
(Phattaranawik et al., 2003): 

   = m g s1       (5) 

The convective heat-transfer coefficient (hi) can vary in a wide range, depending on the 
design and working conditions of the MD module. Thus, the accurate determination of its 
value has an essential meaning. The coefficients hD and hF can be calculated from equation: 

 ih = i

h

Nu
d


 (6) 

The Nusselt number occurring in this equation is most often determined from the following 
correlation: 

 
c
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Nu = C Re  Pr
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where C, a, b, c are the coefficients depending on a channel configuration of the heat 
exchanger and a flowing character of the streams. Nusselt number correlations developed 
for the heat exchangers can be used for heat transfer calculations in MD modules. However, 
care must be taken in the selection of the appropriate correlation. The Nu correlations 
selected for the tubular exchanger were also applied successfully for the model calculation 
of MD process in the capillary module. For a MD module with the membranes arranged in a 
form of braided capillaries the following form of the Nusselt number was successfully used 
for laminar flow (Gryta et al., 1998): 

 

dh0.036 × Pe ×
LNu = 4.36 +

0.8dh1 + 0.0011× Pe ×
L

 
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 
 
 

 (8) 

where L is the module length, the Peclet number (Pe) is given by the equation Pe=PrRe, the 
Prandtl number (Pr) is Pr=cPS, the Reynolds number (Re) is Re=v dh and cPS, are 
the viscosity, density and the specific heat of solution, respectively. 

2.1 MD process parameters 
The feed stream temperature has a significant effect on the level of permeate flux in the MD 
process (Fig. 2). At constant distillate temperature (293 K) the elevation of TF from 333 K to 
358 K caused an increase in the permeate flux by about 100-200% (Wang et al, 2008). The 
presented results confirmed that a high efficiency in the MD process could be achieved 
when the feed temperature is close to the boiling point. Such a high increase of the flux can 
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be explained by an exponential dependence of the vapour pressure on temperature (Fig. 2 – 
broken line). Thus, the driving force for the mass transfer also increases with increasing the 
feed temperature. Increasing the distillate temperature causes the reverse effect, i.e. declines 
of permeate flux. However, the changes of permeate flux are not so pronounced as in the 
case of feed temperature variation. As a results of the exponential function p=f(T) 
considerably large changes of p were achieved for the feed (e.g. from 333 to 358 K) than for 
distillate (e.g. from 293 to 318 K) (Gryta, 2002b; Gryta et al., 2000). 
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Fig. 2. The influence of feed temperature on the permeate flux and water vapour pressure. 
Capillary Accurel PP S6/2 membrane, module length 0.6 m, counter-current flow, TD=293 K 

The results presented in Figs. 2 and 3 demonstrate that the flow rate of streams also 
considerably affects the efficiency of the MD process. Generally, the efficiency of MD 
module increases with an increase of the flow rate. This effect is particularly significant for 
the feed flow rate and is slightly smaller for the distillate flow rate (Gryta et al, 1998, 2000). 
The effect of the feed flow rate was particularly noticeable in a region of low flow rates. 
Moreover, the improvement of module efficiency obtained by a variation of the flow rate is 
limited, since the optimum flow rate of streams exists for each MD module. The 
experimental results demonstrate that the efficiency of MD module used in the studies (Fig. 
3) approaches to a plateau for the feed flow rates above 0.6 m/s.  
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Fig. 3. Influence flow rate of the streams on the MD module efficiency. Module length 1 m, 
TF= 358 K, TD=293 K 
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The observed dependence of permeate flux on the flow rate is essential due to two effects. 
Firstly, the values of the heat transfer coefficients rise along with an increase of the flow rate, 
thus a negative influence of temperature polarization decreases. The value of coefficient h 
equal to 5000 W/m2K is considered a threshold value; above this value the effect of 
temperature polarization may be neglected (Gryta et al, 1998, 2000). This value was achieved 
at vF of about 0.6 m/s. Secondly, an enhancement of the flow rate caused that the outlet 
temperatures of streams were closer to their temperatures at the module entrance (Fig. 4), 
which also increases the driving force for mass transfer (Gryta, 2002b; Gryta et al., 2000).  
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2.2 Heat exchanging between feed and distillate stream  
The heat transfer inside the membrane takes place by two possible mechanisms, as 
conduction across the membrane material (QC) and as the latent heat associated with vapour 
diffusing through the membrane (QV). The amount of heat exchanged in the MD module 
increases along with an increase of the feed temperature (Fig. 5). However, under these  
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Fig. 5. Influence feed temperature on the MD process efficiency 
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conditions the permeate flux also increases, which causes the limitation of heat losses 
(heat conducted through the membrane material). As a result, an increase in the module 
yield influences on the enhancement of heat efficiency of the MD process and the amount 
of heat conducted across the membrane (QC) decreases (Criscuoli et al. 2008; Gryta, 
2006b). The streams in MD modules may flow either co-currently, or counter-currently 
similarly as in the heat exchangers. The larger driving temperature differences can be 
achieved using the counter-current flow. As a result, an adverse increase in the amount of 
heat conducted (QC) take place in the MD process, whereas the permeate flux is only 
slightly enhanced (Fig.5). 
A serious drawback of the counter-current flow is that the flow enables the accumulation of 
inert gases inside a MD module (Fig.6). The gas bubbles fill the channels hindering the 
liquid flow and they adhere to the membrane surface, which hinders the mass transfer and  
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Fig. 6. Accumulation gas bubbles inside the MD modules 

as a consequence the MD module efficiency is reduced (Gryta, 2006c). The amount of gases 
evolved from liquid increases with increasing feed temperature. During the desalination of 
natural water by MD the desorption of gas form the separated feed is particularly intensive 
above 343 K. The horizontal arrangement of MD module allows, in a certain degree, to 
remove a portion of gas bubbles accumulated in the module channels. In the case of module 
working in a vertical position, the gas will be removed only from the space in which the 
liquid flows upwards, whereas on the other side of the membrane (e.g. on the shell side – 
Fig. 6) a volume of entrapped gas phase will be systematically increasing. As a result, the 
efficiency of module positioned vertically is definitely smaller than that obtained for 
modules working in a horizontal position (Fig. 7). The inert gases can be removed from the 
MD installation using degassing of water feeding the membrane module. However, this 
requires an additional operation that increases the process costs. 
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Fig. 7. Influence the position of MD module (vertical or orthogonal) on the permeate flux in 
the case, when inert gas is accumulated inside the module shell 

The problem of inert gases can be solved in a simple way when an additional port-valve is 
added to the upper part of housing of vertically positioned module (Fig, 8). It enables the 
removal of inert gases accumulated in the shell of the module. This prevents a decline of the 
permeate flux and the module efficiency was progressively increased along with increase of 
feed temperature (Fig. 9). Similarly as before (Fig. 5), the permeate flux for the counter-
current flow was only slightly larger than that obtained for the co-current flow. For this 
reason, it is advantageous to eliminate gas accumulation in the module channels using co-
current flow (Gryta, 2005b). In this case the MD module is vertically positioned, and the 
streams of feed and distillate flows upwards in the module. This allows to remove the 
bubbles of inert gases formed from MD module in a natural way.  
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Fig. 8. The design of module head enables to remove inert gas from module shell  
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Fig. 9. Influence the feed temperature and direction of streams flow inside the MD module 
on the permeate flux 

2.3 Hydrodynamic entrance length 
The distance from the channel inlet to the point of the stabilization of laminar velocity 
profile is defined as the hydrodynamic entrance length (marked as “LH”) (Andersson & 
Irgens, 1990; Chu-Lien et al., 2010; Doughty & Perkins, 1970; Zhang et al., 2010). Different 
correlations for the calculation of the Nusselt number are presented in literature for entrance 
and fully developed flow regions (Gryta et al., 1997, 1998). In the membrane systems often 
the laminar flow is applied. The membrane modules are relatively short; therefore, the flow 
development in the entrance region cannot be sometimes omitted. It will be suitable only in 
the case, when the ratio of the entrance region to the total membrane area is low.  
Heat and mass transfer in membrane-formed parallel-plates channels play a key role for 
performance analysis and system design. The streams flow in the plate-and-frame module is 
similar to laminar flow inside the rectangular channel. Therefore, the calculation of LH 
entrance length can be made based on the Navier-Stokes equations (Bennett & Myers, 1962; 
Zhang et al., 2010). For the symmetric channels the growing of hydrodynamic boundary 
layer is completed when the axial line of duct is reached. The solution of Navier-Stokes 
equations for the flow between the parallel walls is given by Howarth, and for this case we 
have (Bennett & Myers, 1962): 

 LH=0.015 Re h (9) 

where h is a high of channel. 
A similar relation for analysis of flow inside the broad rectangular channel was obtained, but 
the coefficient value was 0.04 (Prandtl, 1949). The correlation allowing to calculate the LH value 
for the flow in tubes have a similar form to that presented by equation (9). Most frequently the 
value of this coefficient is given as equal to 0.03 or 0.0575, whereas the Re number is 
determined for an average flow rate in the tube. The permeate flow through the porous wall 
influenced on the velocity profile, however, for most membrane processes (wall Re <1) the 
analytical solution is sufficient because the symmetric radical of velocity profiles exists. 
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Parallel-plates channels are the most common structure for plate-and-frame modules. They 
are simple, and easy to assemble. In plate-and-frame modules usually occur a number of 
smaller parallel channels instead of one wide channel (Gryta et al., 1997). This caused, that the 
interaction of side walls also have the influence on the formation of velocity profile. The 
studies carried out to determine the LH value for a channel with width 45 mm and height 
respectively: 5, 10 and 15 mm gave different results in a comparison with those calculated 
from Eq.(9). The velocity parabolic profile in XY plane (flow only between parallel plates) was 
formed earlier, and the observed side–walls effect increases with increasing LH values. Due to 
the side-walls interactions, the hydrodynamic entrance length was established faster, and 
indicated nonlinear function (Fig. 10). In the rectangular channel the created temporary 
parabolic profile (plane XY) was transformed into the deformed parabolic profile (plane XYZ). 
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Fig. 10. Variation of hydrodynamic entrance length with flow rate (profile formed in XY 
plane). Lines – calculated from Eq. (9) described the flow between parallel plates. 

According to the theory of boundary layer, the entrance length LH is dependent as follows: 

 LH=f(vA, , a, h) (10) 

where a is the channel width, vA and are average flow rate and kinematic viscosity, 
respectively. Taking into consideration a non-linear form of function and the dimensional 
analysis, the expected function can be expressed as: 

 
b2

H h
a

L = b1 Re  d
h

 (11) 

where dh is hydraulic diameter. 
The b1 and b2 coefficients were estimated from the Levenberg-Marquardt Method with 
minimization of sum of the square deviation. Two hundred of measuring points were used 
for this analysis. The Snedecors test (F) for significations correlation study has been applied 
(Volle, 1969). The significance of coefficients study was carried out using Student test (t). In 
the both tests the signification level has been taken as =0.05. The obtained function was as: 

 0.5
H h

a
L = 0.069 Re  d  

h
 (12) 
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The calculated values of squared coefficient of variation for this equation was 0.95. 
The results presented in Fig.11 indicated, that the correlation between experimental and 
calculated data is very good. This confirmed the usefulness of proposed Eq. (12) to calculate 
the hydrodynamic entrance length under a laminar flow inside the rectangular channel. An 
estimation of LH values gives possibility to calculate the area of entrance region for the plate 
and frame modules (Zhang et al., 2010). 
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Fig. 11. Variation of hydrodynamic entrance length with velocity for water flow inside 
rectangular channel (velocity profile formed in XYZ plane). Lines – calculated from Eq. (12) 

3. Membrane modules for MD process 
The availability of the industrial MD modules is currently one of the limitations for MD 
process implementation. Flat-sheet membranes in plate-and-frame modules or spiral wound 
modules and capillary membranes in tubular modules have been used in various MD 
studies (Gryta et al, 2000; Schneider et al., 1988). The design of the MD modules should 
provide not only good flow conditions, but also has to improve the heat transfer and 
thermal stability (Teoh et al., 2008; Srisurichan et al., 2006; Phattaranawik et al., 2003). 

3.1 Capillary MD modules  
The capillary membrane module is a bundle of porous capillaries packed into a shell similar 
in configuration to a tube-and-shell heat exchanger (Ju-Meng et al., 2004; Schneider et al., 
1988). Because of their very high rate of mass transfer, the capillary modules have been used 
in many practical applications, such as liquid/liquid extraction, artificial kidney, and 
desalination studies (Singh, 2006). As a thermally driven process, MD can be significantly 
affected by temperature polarization (Alklaibi & Lior, 2005; El-Bourawi et al., 2006, Su et al., 
2010). Among various types of membrane modules, the capillary module shows the least 
temperature polarization, so it must have a great future in this field (Zhongwei et al., 2003). 
In a capillary module used in MD process, the fluid temperatures and transmembrane flux 
may vary axially alongside the module (Gryta, 2002b). Usually, the feed flows inside the 
capillary lumen, and distillate flows on the shell side. Theoretically, the capillaries in a 
bundle can be packed regularly across the shell of a module as in tube-and-shell heat 
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exchanger. In most industrial modules, however, the distribution of capillary is far more 
arbitrary; the capillaries are randomly packed in the shell. This leads to a range of duct sizes 
and shapes in the shell, or the module shows a certain extent variation of the local packing 
fraction (Gryta et al., 2000, Ju-Meng et al., 2004; Zhongwei et al., 2003). The vast majority of 
the MD processes occur in the regions with the local packing fraction, φ between 0.3 and 0.6. 
Production rate (93%) of the module is from these regions, and they occupy only 75% of the 
overall membrane area of the module. In the regions with φ larger than 0.6, the distillate 
flow rates are too much smaller than that of the feed, so their temperatures are very close to 
that of the feed. This means that more than 20% of the feed stream goes through the module 
almost without any driving force for MD process, so the associated membrane area, more 
than 20% of the total, is ineffective (Ju-Meng et al., 2004). 
A dislocation of the membranes can be limited using a high value of packing fraction φ. 
However, this caused a reduction of the channel dimensions on the shell side and the 
increase in the flow resistance, which hinders the application of appropriate high flow rate 
of distillate. This is an important aspect, because when the distillate flow rate increases, its 
temperature will become less affected by heat transfer and vapor condensation from the 
feed side of the membrane, and so does the feed stream. This means that the increment of 
flow rates can enlarge the temperature difference between these two streams in the module, 
and in this way the MD process is improved (Zhongwei et al., 2003). 
With regards to this, a value of the φ coefficient in MD modules should amount to 0.4-0.6 
(Gryta et al., 2000; Ju-Meng et al., 2004; Schneider et al., 1988). In order to limit the changes 
of capillaries arrangement inside the shell, one should use such assembly of capillaries, 
which prevents their free displacements. Good results have been obtained by assembling the 
membrane capillaries inside the sieve baffles or by a tight packing of membranes in a form 
of braided capillaries (Gryta et al., 2000; Schneider et al., 1988). A comparison of results 
obtained for the module having the same value of φ coefficient equal to 0.33, but differing in 
the manner of membranes assembling is presented in Fig. 12. A traditional construction 
(module M1) based upon the fixation of a bundle of parallel membranes solely at their ends  
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Fig. 12. The influence of feed temperature and the mode of membrane arrangement in a 
capillary module on the permeate flux. M1 - bundle of parallel membranes; M2 - braided 
capillaries; and M3 – capillaries mounted inside mesh of sieve baffles 
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results in that the membranes arrange themselves in a random way. This creates the 
unfavorable conditions of cooling of the membrane surface by the distillate, which resulted 
in a decrease of the module efficiency (Gryta et al., 2000; Schneider et al., 1988; Zhongwei et 
al., 2003). In module M3 the membranes were positioned in every second mesh of six sieve 
baffles, arranged across the housing with in 0.1–0.15 m. The most advantageous operating 
conditions of MD module were obtained with the membranes arranged in a form of braided 
capillaries (module M2). This membrane arrangement improves the hydrodynamic 
conditions (shape of braided membranes acted as a static mixer), and as a consequence, the 
module yield was enhanced (Gryta et al., 2000) 
A good indicator of the hydrodynamic conditions in a module is the analysis of residence 
time distribution (RTD). The value of liquid flowing time through the module with good 
design solution should be closed to the RTD value. The effect of shell-side residence time 
distribution on mass transfer performance was studied (Lemanski & Lipscomb, 1995). It 
was pointed out that plug flow would be obtained in an ideal hollow fiber module, but in 
real shell-side flow the distribution of fluid across the capillary bundle tended to broaden 
the RTD. 
The studies of residence time distribution for a colored impulse in the modules M1-M3 
were shown in Figs. 13-14. The RTD value was calculated for assumed plug flow, taking 
into account a value of φ=0.34. A dye injected into the module appeared the fastest at the 
outlet of module in the case of module M1 (bundle of parallel capillaries), moreover, the 
residence time of dye in this module was also the longest. Such result indicates that the non-
uniform distribution of capillaries inside the shell caused the formation of channels with 
different diameters. The distillate was flowing faster in wider channels than the calculated 
average velocity. As a result, colored water was out flowing faster from the module exit 
than the calculated RTD value. 
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Fig. 13. The influence of flow rate on the relative initial time of colour water residence inside 
the module. M1 - bundle of parallel membranes; M2 - braided capillaries; and M3 – 
capillaries mounted inside mesh of sieve baffles 
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Fig. 14. The influence of flow rate on the total time of dye residence inside the module. M1 - 
bundle of parallel membranes; M2 - braided capillaries; and M3 – capillaries mounted inside 
mesh of sieve baffles 

As a result of larger values of local capillary packing, the water flows slower in the narrow 
channels (larger resistance of flow), what prolonged the residence time of dye in the 
module. An increase in the flow rate increases the turbulence of water flow in the module 
and dye was washing out faster also from the narrow channels. Due to, the residence time of 
liquid in the module for larger velocities was closer to the average value. The housings of 
modules M1-M3 were made of glass tube. This enables the observation of dye spreading out 
inside their interior. The visual observations of colored streams confirmed these conclusions.  
The time of water flow in the two remaining modules (M2 and M3) was definitely closer to 
the RDT value. This indicates, that the dimensions of channels between the capillary 
membranes had the similar dimension and liquid flows uniformly through the module 
cross-section. The visual observations also confirmed this fact; dye was uniformly filling up 
the housing space. The situation was different in the case of module M1, where due to 
differences in the flow rates, preceded diversity in the intensity of water coloration.  
A prolongation of residence time of dye in the module was observed at the flow rates higher 
than 0.5 m/s. This was associated with growing intensity of liquid mixing in their internal. 
It was observed, that the vortexes appeared along with the increase in the flow rates. As a 
result, the portion of colored water were backward transferred, what caused the coloration 
of new portion of water and due to growing volume of colored water, an apparent longer 
time of residence in the module was noticed.  

3.2 Module with flat sheets membranes  
The flat sheet membranes are used in the plate-and-frame modules and spiral-wound 
module design. In the first case, the flat sheet membranes are assembled between the plates 
having several channels. The membranes are stacked in flow channels connected in series or 
in parallel. Usually, the plates are rectangular with the flow from one end to the other. The 
spiral-wound module uses the flat sheet membranes wound around a central tube. The 
membranes are glued along three sides to form “leaves” A feed channel spacer (a net-like 
sheet) is placed between the leaves to define the channel height. A three-channel design can 
be used in the spiral wound module, which allows the recovery of heat transferred from the 
feed to distillate (Fig.15).  
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Fig. 15. Module channel arrangement for permeate gap membrane distillation (Winter et al., 
2011) 

Based on this solution, spiral wound MD modules with a 5-14 m2 effective membrane area 
have been developed by Fraunhofer Institute for Solar Energy System (Winter et al., 2011). 
The cold feed water enters the condenser channel and is heated to approximately 346 K 
due to internal heat recovery. An external heat source (e.g. solar collector) heats the feed 
water up to 353 K. The hot feed flows through the evaporator channel in a counter-current 
direction and exits the module at 300 K. Water vapour passes through the membrane and 
condenses in the distillate channel. The latent and sensible heat is transferred through the 
condenser foil to preheat the feed water in the condenser channel. Due to increasing flow 
resistance, a fast feed flow cannot be used in such a module. As a result, decreasing the 
vapour pressure with salinity reduces the process driving force. The feed water salinity is 
considered one of the most important parameters affecting the spiral wound module 
concept. Larger flow velocities can be used in the plate-and-frame module than in the 
spiral wound modules. Therefore, the plate-and-frame modules can be utilized for the 
separation of concentrated salt solutions. The channels in the plate-and-frame modules 
are shorter; and as a result, an excessive increase of hydraulic pressure is limited. For this 
reason, several authors suggest the use of spacers as the turbulence promoters (Chu-Lien 
et al., 2010, Martínez & Rodríguez-Maroto, 2006), because turbulent flow is an appropriate 
method to decrease the negative effect of polarization phenomena. The turbulent or upper 
transition flow regime was found in the spacer-filled channels for UF although the 
Reynolds numbers were still in the laminar regime (Phattaranawik et al., 2003). Net-type 
spacers are often put into the flow channels in the membrane processes to improve the 
mass transfer and to reduce the effect of concentration polarization and fouling. The 
spacers can also be utilized in MD since they destabilize the flow and create eddy currents 
in the laminar regime so that heat, and mass transfer are enhanced (Teoh et al., 2008; 
Phattaranawik et al., 2003). 
The permeate fluxes obtained from the experiments with spacer-filled channels were 
compared with those obtained in the experiments performed under laminar and turbulent 
flow conditions, but for modules with non-filled channels. In the case of experiments with 
the spacers, a 26–56% increase in the permeate fluxes was achieved, compared with the 
fluxes performed under laminar flow (Martínez & Rodríguez-Maroto, 2006). However, these 
fluxes were much lower than those obtained from turbulent flow conditions in the empty 
channels. This results from the fact, that the feed evaporates during the flow through a 
module, causing a relatively fast decrease of the feed temperature, which reduces a value of 
driving force for mass transfer. Thus, in the MD process both the value of the flow rate 
(m/s) and the volumetric flow (m3/s of feed per unit of the membrane area) have a 
considerable importance. A sufficiently large value of heat transfer coefficient (e.g. 5000 
W/m2K) allowing to eliminate the temperature polarization, can be generated for laminar 
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flow (Gryta, 2002b). Although a further increase in the flow rate will not have a substantial 
influence on the reduction of the temperature polarization, the value of volumetric flow 
(m3/s m2) will increase significantly, and beneficial results, such as enhancement of the 
permeate flux, will be obtained.  
The nets exhibit the filtration properties, which hinder the use of modules with the channels 
filled with the nets in certain applications (Fig.16). 
 
 
 

 
 
 

Fig. 16. SEM image of deposit formed inside the net supporting the membrane in the MD 
module 

The concentration of non-clarified juices cannot be carried out with the utilization of such 
modules (Jiao et al., 2004). The desalination process of hard water, in which significant 
amounts of CaCO3 precipitates are formed (Gryta, 2005a, 2006b), can be another negative 
exemplary. As demonstrated the nets, favors the hydrogenous crystallization (Gryta, 2009), 
which would increases the intensity of scaling in the module. 
The flat sheet membranes exhibit a low resistance to mechanical damage; therefore, they are 
reinforced by the application of supporting nets. However, the presence of nets decreases 
the heat and mass transfer to membrane surfaces, while significantly enhancing the 
polarization phenomena. These phenomena reduce the difference between T1 and T2 
interfacial temperatures (Fig. 1), compared to the design when no net was used. 
Consequently, the driving force for mass transfer is also reduced in the case of net 
supported membranes. Therefore, a module design in which a part of channel is empty, 
while a part is filled by net supporting the membrane, significantly influenced reduction of 
MD efficiency (Gryta et al., 1997).  
The module performance can be improved by elimination of nets and by an increase of the 
number of channels on a module plate so that their walls fill the role of edges supporting the 
membrane (Fig. 17). It was found that an arrangement of edges every 15-20 mm was 
appropriate for the membranes made of PVDF and PTFE with the thickness of 100-150 m 
(Gryta et al., 1997; Tomaszewska et al., 2000).  
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Fig. 17. Plate-and –frame MD module design. 1 – module plate, 2 – inlet channel, 3 – outlet 
channel, 4 – lateral feeding channel, 5 – distribution channels, 6 – edges supporting the 
membrane, 7 – o-ring 

The individual plates of the module possess a series of channels connected most frequently 
with one feeding channel. As the pressure in this channel increases along with the increase 
in the flow rate, it may lead to membrane damage in this region. This problem was solved 
by placing an inlet opening of feeding channel below a plane of the distribution channels, 
which were connected by an additional lateral channel (Fig.17). As a result, liquid with large 
velocity flew out from the inlet channel and spreads on sides in the lateral channel. As its 
cross-section is several times larger, liquid flow rate slows down and flows into the 
distribution channels with a lower energy (Fig. 18). 
A visualization of feed flow in the distribution channel of the plate-and–frame module with 
a central one-point feeding of the plate was shown in Fig. 19.  
 
 
 
 

 
 
 

Fig. 18. The schema of water flow inside the distribution channel of the plate-and-frame 
module presented in Fig. 17 
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Fig. 19. A visualization of feed flow in the distribution channel  

3.2.1 Uniformity of flow  
In the capillary modules good conditions of mixing and a flow close to plug flow can be 
achieved by using an appropriate design, e.g. by assembling the braided capillaries. 
However, the achievement of uniform flow of liquid throughout the entire cross-section of 
plate-and-frame modules is definitely more difficult. As a rule, one can expect different flow 
rates in the particular channels. The studies have demonstrated that this variability is 
dependent not only on the location of channels, but also on the rate of module feeding. A 
visualization of variations in the flow rates of liquid in the particular channels of the module 
with a central one-point feeding of plate was shown in Figs. 19 and 20. The larger is the 
fraction of a given channel filled with colored water, the larger is the flow rate of liquid in 
this channel (relative for each case). In these studies, a module was feed with a flow rate of 
0.1-0.86 dm3/min, which corresponds to the average flow rate of 0.007-0.06 m/s. The 
obtained results indicate that the highest flow rate was achieved in the terminal channels, 
whereas the lowest rate was obtained in the module axis. This tendency was growing along 
with an increase in the supply flow. Most likely, a slight increase in the middle channel 
width would reduce the flow rate resistance, and as a result, cause a larger uniformity of 
flow rate distribution across the entire plate of the module.  
 

   
A) feeding 0.1 dm3/min   B) feeding 0.21 dm3/min 
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C) feeding 0.44 dm3/min   D) feeding  0.86 dm3/min 

 

Fig. 20. Visualization of variations in the flow rates of water (302 K) in the particular 
channels of the module (channel dimension 6x3.9 mm) with a central one-point feeding of 
plate 

A substantial improvement in the flow uniformity was achieved when the water was feed 
into the feeding channel in two places (Fig. 21). In this case, the connections were 
assembled in a distance of ¼ plate width from each end of the channel. The module was  
 
 

  
A) feeding 0.1 dm3/min 

 

  
B) feeding 0.21 dm3/min 
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C) feeding 0.44 dm3/min 

 

 
D) feeding  0.86 dm3/min 

 

Fig. 21. Visualization of variations in the flow rates of water (302 K) in the particular 
channels of the module (channel dimension 10x3.5 mm) with a two-point feeding of module 
plate 

feeding with the flow rate of 0.1-0.86 dm3/min, which corresponds to the average flow rate 
0.008-0.07 m/s. The presented pictures indicate that a velocity profile characteristic for the 
laminar flow can be observed only for a very slow flow (0.008 m/s). An increase in the 
uniformity of liquid coloration in the channels was observed at larger supply flows what 
indicates for a flow close to the plug flow. Most probably this effect was obtained due to an 
increase in the turbulent flow of liquid in the feeding channel. This may equalize the 
hydraulic pressure along this channel, and cause liquid to flow more uniformly into the 
distribution channels. 

4. Conclusions 
The driving force of MD depends, in a significant degree, on turbulence of stream flow in 
the membrane module. Therefore, the hydrodynamic conditions existing in the module 
have a large influence on the MD process efficiency. Just as in the modules used for 
pressure-driven processes, it is important to minimize the flow resistance through the MD 
module channels. However, the reason for this was different, because the pressure drop is 
not limited, rather, the hydraulic pressure should be as low as possible, so as to restrict the 
membrane wettability. 
The maintenance of adequately high flow rates limits the concentration polarization and 
fouling, but in the case of MD modules the magnitude of temperature polarization also has a 
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substantial influence. The latter polarization can be significantly reduced when the flow 
turbulence yield a heat transfer coefficient above 5000 W/m2K. This coefficient is affected by 
the value of the flow rate as well as by the design of flow channels. The filling of channels 
with nets or an arrangement of braided capillary membranes ensures an increase in the flow 
turbulence and good conditions for heat transfer can be achieved at lower values of flow 
rates. Therefore, in the case of MD modules construction, one should consider design 
requirements typical for pressure driven membrane processes as well as a necessity to 
ensure the appropriate conditions for heat transfer. 
The efficiency of MD capillary modules is significantly affected by the manner in which the 
membranes are arranged within a housing. A traditional construction based upon the 
fixation of a bundle of parallel membranes solely at their ends causes that the membranes 
arranged themselves in a random way. This creates unfavorable conditions of cooling of the 
membrane surface by the distillate; hence, the module efficiency is reduced due to the 
enhancement of temperature polarization. On the other hand, arranging the membranes in a 
way to ensure a uniform distribution over the module cross-section (braided membranes or 
supported by sieve baffles alongside module) increases the efficiency over 100%.  
The feed temperature in MD module decreases due to the evaporation, which also causes a 
reduction of MD driving force, besides the temperature polarization. Therefore, the 
permeate flux can be increased several times when the feed outlet temperature is closed to 
its inlet temperature, which is obtained by increasing the flow rate. The optimal value of the 
flow rate for several studied modules amounts to 0.6–1 m/s and 0.4–0.7 m/s for feed and 
distillate, respectively. 
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1. Introduction 
Gas hydrate is an ice-like solid and a kind of inclusion compounds of which the cage-like 
structure formed by hydrogen-bonded water molecules can include various kinds of guest 
gas molecules. In general, gas hydrates are formed with “host” water and “guest” gas 
molecules under lower temperature and higher pressure conditions, but sometimes large 
differences in the hydrate formation conditions are observed among guest gases. In such 
cases, if gas hydrate is formed with such a gaseous mixture, it can be anticipated that the 
component of which the hydrate formation condition is milder (that is, higher temperature 
and lower pressure conditions relatively) could be enriched in the hydrate phase. Effective 
gas separation, or higher selectivity, can be achieved for gas mixtures with larger differences 
in the hydrate formation conditions. On the other hand, multi-component gas hydrates are 
formed under higher pressure and lower temperature conditions in which any component 
of gaseous mixture can change to hydrate.  
Several applications have been proposed in environmental and energy fields by using the 
inclusion abilities in the framework of gas hydrates; natural gas transport (Gudmundsson & 
Børrehaug, 1996), gas storage (Lee et al., 2005), and gas separation (Kang & Lee, 2000) and so 
on, and thus many investigations for gas hydrate formation, especially thermodynamics and 
gas hydrate formation kinetics, have been carried out in batch systems. The solid hydrate 
can be dissociated to recover a product gas. The selectivity and production rate are key 
factors in determining the performance of hydrate-based applications. Although the 
selectivity is limited by the thermodynamic equilibrium of the hydrate phase and the feed 
vapour phase (Nagata et al., 2009), the production rate is dependant on the hydrate 
formation rate and the system design.  
Gas hydrate-based applications would require an efficient formation or production process 
of gas hydrates, and the elucidation of the formation mechanism of gas hydrates. Gas 
hydrate formation is similar to crystallization from liquid mixture, and gas-liquid system 
changes to liquid-solid or gas-solid systems. In general, it is known gas hydrate forms on 
gas-liquid interface, and thus the gas-liquid interfacial area, the driving force, and kinetic 
constant can affect hydrate formation. Therefore, an efficient way to increase these factors is 
necessary for continuously forming gas hydrate solid in gas-liquid system. For example, 
several efficient processes to increase the interfacial area for gas hydrate formation have 
been demonstrated, including a spray (Fukumoto et al., 2001) or jet reactor (Szymcek et al., 
2008; Warzinski et al., 2008), and a bubble column (Luo et al, 2007; Hashemi et al., 2009) 
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besides general stirred tank. However, gas hydrate formation is very complicated by the 
presence of three phases (gas-liquid-solid) during gas hydrate formation; the formation of 
solid (gas hydrate) can occur on gas-liquid (water) interface.  
Although many investigations about gas hydrate formation have been published, this 
chapter deals with gas hydrate formation kinetics with focusing on author’s research with a 
semi-batch flow reactor equipped with static mixer. In the broad sense, this chapter will 
cover the multiple flow and pipe flow. The gas hydrate formation is composed of two main 
processes as well as crystallization; hydrate nucleation and hydrate growth processes. This 
chapter focuses attention on the overall gas hydrate formation process, and thus discusses 
the hydrate formation process based on the experimental data by varying thermodynamic, 
mechanical, and chemical conditions.  

2. Semi-batch flow reactor with static mixer 
In author’s study, gas hydrate formation from gas-liquid fluids is carried out in Kenics static 
mixer. Static mixers are motionless mixing devices with fixed “mixing elements” arranged 
in a straight pipe. The Kenics static mixer experiments demonstrated that two fluids 
(drop/bubble and water) are efficiently agitated with the mixing elements and are 
subsequently converted to hydrate formed on the drop/bubble surface at specific 
temperature and pressure conditions (Tajima et al., 2004, 2007). Several structures of mixing 
element are designed for efficient agitation/mixing of fluids more than one. Compared with 
stirred tank type mixers, static mixers also generally provide continuous operational 
availability, small size and space requirements, flexibility in the process installation, and low 
power requirements (Godfrey, 1997).  
Fig.1 shows the author’s semi-batch flow reactor with static mixer for continuous gas 
hydrate formation system. Kenics-type mixing elements of a stainless steel static mixer are 
used. There are 24 mixing elements and these are inserted into a pyrex glass tube (455 mm, 
i.d. 11.0 mm) for low pressure conditions (< 0.5 MPa) or into a stainless steel tube (same size 
to glass tube) with a pyrex glass window for high pressure conditions (< 2.0 MPa). Static 
mixer can achieve the mixing performance depending on the gas and water flow rates. The 
target gas is injected with mass flow controller at the bottom of the reactor and the water 
flow rate is operated with the water supply pump either counter or co-current to the gas 
flow direction. At water flow rate of zero this system is regarded as a semi-batch system that 
only the gas go in and out of the reactor. The injected gas is converted to gas hydrate in the 
static mixer unit and unconverted gas is vented from at the top of the reactor. Transport of 
formed hydrate particles are carried out with the water fluid, and the hydrate particles are 
settled and separated at the recovery vessel. Water without large hydrate particle, therefore, 
is always supplied to the reactor. The recovery vessel is set up in a manner to prevent the 
gas hydrate blocking the gas supply nozzle or the reactor, and thus the continuous hydrate 
formation is achieved. Pressure and temperature conditions for target gas hydrate formation 
are selected according to gas-water-hydrate equilibrium condition in available literature 
data. The reactor, the recovery vessel, and the water supply pump are all placed in a low 
temperature thermostatic chamber to control the system temperature. Experimental 
pressure is controlled within ±0.01 MPa by a pressure-regulating valve installed on the 
downstream side of the reactor. Various gas hydrate formations are carried out under 
constant pressure and temperature conditions.  
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To calculate the hydrate formation rate, outlet gas flow rates are measured by a mass flow 
meter after the gas had passed through the reactor. Gas hydrate formation was confirmed 
by both visual observations and variations in outlet gas flow rates. The gas uptake rate into 
hydrate was determined using the difference between inlet and outlet gas flow rates, 
assuming that all the gas molecules are used to form hydrate. The gas uptake rate is equal to 
overall gas hydrate formation rate (rhy).  
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(a) Schematic drawing of the system  (b) Appearance in the chamber 

Fig. 1. Semi-batch flow reactor with static mixer for gas hydrate formation system 

 

   
(a) no-mixing element (empty tube)   (b) mixing element insert 

Fig. 2. Static mixing effect on gas-water-hydrate fluids (CH2FCF3 gas-water system at 276K 
and 0.20 MPa with 200 mL/min of gas flow rate)  

Fig.2 shows the static mixing effect on gas hydrate formation from CH2FCF3 gas-water 
system. When the gas hydrate formation is carried out in empty tube, bubble surface is 
covered with hydrate, and consequently the flow channel in the tube is blocked (Fig.2a). The 
insert of mixing elements can form hydrate slurry and prevent the tube blockage by mixing 
functions long time (Fig.2b). This result indicates that the mixing function of this mixing 

Elapsed time Elapsed time



 
Hydrodynamics – Optimizing Methods and Tools 

 

338 

element is important for the removal of hydrate film from bubble surface. The details of 
mixing function effect have been mentioned in previous literature for liquid CO2-water 
system in the co-current flow reactor (Tajima et al., 2005). In the semi-batch flow reactor, the 
hydrate slurry formation is depending on not only mixing functions of the mixing elements 
but other conditions; operation pressure, operation temperature, gas and water flow rates, 
gas species, and so on. The relation between the hydrate formation pattern and these 
conditions will be discussed again later.  

3. Hydrate formation rate analysis 
There are many discussion about gas hydrate formation kinetics. With regard as this 
point, another book about natural gas hydate is available (Sloan and Koh, 2008). Although 
gas hydrate nucleation and growth processes have been investigated and discussed by 
many researchers, temperature difference, chemical potential difference, and fugacity 
difference are selected as the driving force. Here, let’s say overall gas hydrate formation 
rate rhy is expressed by the chemical potential difference between formation and 
equilibrium as the driving force (Englezos et al., 1987; Daimaru et al., 2007; Li et al., 2009; 
Tajima et al., 2010a). 

  g eq
d
d

*
hy

n
r aK

t
      (1) 

where n is the number of moles of target gas (guest gas) consumed in the gas phase, t is 
elapsed time, aK* is the hydrate formation rate constant, a is the interfacial area, K* is the 
overall kinetics constant, and µg and µeq are chemical potentials of guest gases in the gas 
phase and hydrate phase, respectively. The overall kinetics constant K* will be expressed 
using the mass transfer coefficient kL and the hydrate crystal growth constant kf.  
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This idea is very similar to the treatment of crystal growth behavior of crystalization (the 
nucleation process is ignored because of crystal seed addition) and gas absorption with 
reaction in chemical engineering field.  
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Although Eq.(2) may have to take account of the hydrate nucleation actually, we omits the 
part of the nucleation here. Because the chemical potential terms can be reduced to the 
fugacity of the gas, Eq.(1) can be easily transformed to the form of Eq.(3). R is the gas 
constant, T is the operation temperature, and fg and feq are the fugacities of the guest 
molecules in vapour phase and in hydrate phase, respectively. The fugacity feq is equal to 
that under equilibrium. Because the fugacity can be simply expressed by the pressure and 
fugacity coefficient  (Eq.(4)), Eq.(3) will be appropriated by Eq.(5).  

 f P   (4) 
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where Pg and Peq are the pressure in the gas phase and in equilibrium, respectively. Equation 
(5) was used to calculate the hydrate formation rate constant aK* using the experimental 
overall gas hydrate formation rate rhy, experimental gas phase pressure Pg, and available 
literature data for the gas-water-hydrate equilibrium pressure Peq at the experimental 
temperature.  
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Fig. 3. Typical gas consumption line to calculate the overall hydrate formation rate (Tajima 
et al., 2010a).  

 
Guest 

gas 
aK*

[mol2/(s·J)] Pg [MPa] T [K] Reactor Reference 

CH2FCF3 2.08 x 10-8 0.20 276.2 Author’s reactor Tajima et al., 2010a 

CHClF2 4.40 x 10-8 0.16 276.1 Author’s reactor Tajima et al., 2011a 

Xe 1.2 x 10-8 3.5 275 Stirred tank Daimaru et al., 2007 

CH4 6.22 x 10-10 6.0 275.15 Stirred tank Daimaru et al., 2007 

CO2 1.33 x 10-7 6.0 277.65 Stirred tank Li et al., 2009 

SF6 4.26 x 10-9 0.30 276.1 Author’s reactor Tajima et al., 2011b 

Table 1. A type of gas hydrate formation rate constant of various guest gases.  

Figure 3 shows typical gas consumption line in the semi-batch flow reactor. During the early 
stage of hydrate formation, the gas consumption is very small and unequable, which is 
parhaps because of the hydrate nucleation and unsteady state. The gas consumption 
becomes constant over time because the hydrate formation in the reactor reachs a steady 
state. Therefore, the overall hydrate formation rate can be calculated from the slope of the 
gas consumption line in the late stage. For instance, Table 1 summarizes the hydrate 
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formation rate constant from our studies and previous literatures in which hydrate 
formation rate is analysed with the similar equation. In the study using the stirred tank 
reactor, the hydrate formation rate constant have been calculated assuming that the gas-
water sytem is sufficiently agitated, that is, kL >> kf. This assumption will be discussed 
later. The hydrate formation rate constant aK* for freon gas hydrate (CH2FCF3, CHClF2) 
are same order of magnitude as xenon hydrate, and two order of magnitude higher than 
that of CH4 hydrate. The aK* for SF6 hydrate was one order of magnitude lower than 
above freon gas hydrate. The aK* for CO2 hydrate is highest among above other gas 
hydrates. It is guessed that the gas hydrate formation rate constant may be depending on 
the guest gas solubility in water, but further information and investigation are necessary 
to confirm this relationship.  

4. Relation between hydrate formation and operation conditions  
This section focuses on the relation between the gas hydrate formation and the operation 
conditions in the semi-batch flow reactor. The overall gas hydrate formation process is very 
affected by varying thermodynamic, mechanical, and chemical conditions. Thermodynamic 
conditions are operation pressure and temperature. The gas and water flow rate are defined 
as the mechanical conditions because the flow rates will vary the gas-water mixing state by 
mixing element in the semi-batch flow reactor. Here, it is regarded as the chemical 
conditions that the hydrate formation promoter is added in water phase, because the 
additives will vary the chemical potential of water phase and interfacial tension.  

4.1 Thermodynamic conditions 
In general, gas hydrate formation rate constant in stirred tank and agitation is analyzed 
assuming that kL >> kf, but this assumption requires careful attention. In the static mixing 
reactor, depending on the pressure and temperature conditions (thermodynamic 
conditions), a single non-hydrate and main two types of hydrate formation patterns are 
observed regardless of target gas species. Fig.4 shows typical gas hydrate formation 
patterns observed in the semi-batch flow reactor. In this case, the operation temperature is 
gradually decreased under constant pressure or Pg increases under constant T, constant 
gas and water flow rates. There is a gas-water system under outside pressure and 
temperature conditions of hydrate equilibrium curve (Fig.4a). Under near-equilibrium 
conditions, the hydrate formation is not occurred (Fig.4b). The non-hydrate formation 
condition is probably a meta-stable region. The two types of gas hydrate formation 
patterns, which are detailed below, are labelled “hydrate plug” (Fig.4d) and “hydrate 
slurry” (Fig.4c). The hydrate plug has a target gas hydrate “shell” formed on the surface 
of the bubbles. Whereas the hydrate slurry consists of very small target gas hydrate 
particles in water and a hydrate shell rarely formed on the bubble surface (Tajima et al., 
2007). The observation results imply that the formed hydrate peels and sheds from the 
bubble surface. Three step mechanisms of hydrate film growth at gas-water interface have 
been reported (Sloan & Koh, 2008); (1) thin porous hydrate film formation, (2) thick 
porous hydrate film formation, and (3) nonporous hydrate film formation. Hydrate slurry 
pattern is perhaps formed by peering and shedding porous hydrate film at Steps 1 and 2. 
If nonporous hydrate formation is achieved due to higher hydrate growth rate, it is 
difficult to shed the film and hydrate plug formation will become dominant. Hydrate 
slurry turned into hydrate plug with an increase in operation pressure and a decrease in 
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operation temperature, which means the increase in the hydrate formation rate by 
increasing the driving force. Therefore, the assumption, kL >> kf, may be unsuitable 
depending on the hydrate formation patterns, and the hydrate shedding will be an 
important consideration for gas hydrate formation from gas-water system.  
 
 
 

   
 
 

   (condition d) Hydrate plug formation   (condition c) Hydrate slurry formation 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Fig. 4. Typical gas hydrate formation patterns in the semi-batch flow reactor. Conditions (a) 
and (b) are gas-water system, (c) and (d) are time-course in the hydrate formation, hydrate 
slurry and hydrate plug (Tajima et al., 2007)  
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(a) operation pressure effect   (b) operation temperature effect 
 

Fig. 5. Effect of operation pressure and temperature on the aK* value of various gas hydrate 
at constant another one (Tajima et al., 2010a, 2011b).  
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Fig.5 shows the effect of operation pressure on the aK* value of various hydrates at constant 
temperature. Without respect to gas species the aK* is decreased with an increase in the 
operation pressure but the data for SF6 are scattered because of very small value. Although 
the hydrate formation rate may increase with operation pressure increase essentially, higher 
formation rate leads to form the strong hydrate shell on bubble surface. The formation of 
strong hydrate shell on bubble surface will prevent further hydrate formation, and thus 
reduce the aK*. Fig.5 also shows the effect of operation temperature on the aK* at constant 
operation pressure. These conditions are corresponding to the equilibrium pressure change. 
The aK* value decreases and approaches a certain value with decreasing operation 
temperature at constant pressure. As well as operation pressure effect, hydrate shell 
formation will prevent further hydrate formation.  
All present gas hydrate formation shows similar trend for thermodynamic condition 
change; the gas hydrate formation rate constant aK* is decreased with the increase in 
operation pressure and decrease in temperature. These results indicate that the hydrate 
formation (nucleation and crystal growth) and mass transfer are largely inhibited by the 
formation of strong hydrate shell at bubble surface. The gas hydrate shell is easy to form on 
target gas bubble when no-mixing condition. Although the static mixing operation in the 
reactor can accelerate the hydrate shedding and thus keep the gas-water interfacial area 
(Tajima et al., 2005, 2010a), higher hydrate growth rate do not allow the strong hydrate shell 
to shed from bubble surface. The strong hydrate shell formation implies that the hydrate 
crystal growth rate is higher than the mass transfer rate (which includes the shedding rate of 
hydrate formed at the bubble surface). Therefore, in the higher pressure and lower 
temperature case, hydrate formation rate constant is apparently decreased. This trend is 
independent with hydrate structure, sI and sII (pure CHClF2 gas forms sI hydrate, and pure 
CH2FCF3 and SF6 gas are sII hydrate).  
As presented above, this hydrate shell formation inhibits hydrate growth and is decreased 
the aK* value because of two causal factors mainly; decrease in the interfacial area a, and 
resistance to mass transfer from gas to water phase kL. Therefore, the peel of hydrate shell 
from bubble surface is a point well taken for a feasible hydrate formation mechanism. 

4.2 Mechanical conditions 
As discussed above, for gas hydrate formation, it is necessary to prevent hydrate growth 
inhibition by hydrate shell formation at the bubble surface. The author investigated varying 
both the flow rate and direction of water flow compared with gas flow in the reactor (Tajima 
et al., 2010a). When changing the mechanical condition, that is the change of water-flow rate 
like as gas adsorption equipment, water recycling in the hydrate reactor accelerates hydrate 
formation. With gas-water co-current flow, the interfacial area and mixing effect of the static 
mixer are expected to increase, although the residence time of bubbles in the reactor 
decreases because they rise faster with the water flow. In contrast, a counter-flow increases 
the residence time. The counter-flow will also result in easier peeling and shedding of the 
formed hydrate from the bubble surface because of an increase in the shear force on the gas-
water interface. Both water flow directions can increase the hydrate formation rate. 
Fig.6 shows the effect of water-flow rate (QL) on freon gas (CHClF2 and CH2FCF3) hydrate 
formation rate constant. A positive water flow rate indicates co-current flow to the target 
gas, and a negative flow rate indicates counter flow. In the complete semi-batch system, the 
water flow rate is zero. The vertical axis is the ratio of aK* to one at QL = 0. Despite holding 
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thermodynamic conditions (operation pressure and temperature) constant for each gas, the 
gas hydrate formation is accelerated. Hydrate slurry formation is observed for both water 
flow conditions even though the hydrate shell formation is observed at QL = 0. Without 
respect to gas species and hydrate structure, the water flow can avoid the hydrate shell 
formation. In the thermodynamic condition in which the hydrate slurry is formed at QL = 0 
(0.15MPa for CH2FCF3), the aK* value has low dependence on water flow rate. These results 
indicate that under mechanical mixing condition there are two important factors in 
acceleration of hydrate formation; the increase in the gas-water interfacial area from 
breaking up bubbles and a renewal of the gas-water interface. The increase in the gas-water 
interface occurs with breaking up the bubble covered with hydrate shell during water-gas 
cocurrent flow, and causes of the continued presence of a fresh interface in the counter flow 
by peeling hydrate formed on bubble surface. Under thermodynamic conditions formed 
hydrate slurry at QL = 0, the mechanical effect is low because they meet sufficient conditions 
(higher hydrate peeling and shedding rate than hydrate growth rate) necessary for 
avoidance of hydrate shell formation. The kinetic data indicates that the overall hydrate 
formation rate would be equal to the mass transfer rate including the rate of hydrate peeling 
from the gas bubble.  
 

 
Fig. 6. Effect of water flow rate and direction on the aK* at 275.8±0.3K for CH2FCF3 and 
0.40MPa, 282.3±0.2K for CHClF2 (Tajima et al., 2010a, 2011b). 

4.3 Chemical conditions 
A well-known promoter of gas hydrate is a surfactant, such as sodium dodecyl sulfate 
(SDS), of which the acceleration effect of the hydrate formation (Zhong & Rogers, 2000). 
Such surfactant additives, in the first place, have been used and investigated to prevent 
hydrate plug, namely hydrate inhibitor, in pipelines under certain pressure and temperature 
conditions because hydrate is a problem to the oil and gas industry (Huo et al., 2001). Effects 
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of surfactant such as SDS on gas hydrate formation have been widely investigated by many 
researchers, and the author has also investigated the ability of SDS to accelerate hydrate 
formation (Tajima et al., 2010b). Here focuses on the effect of SDS addition on the hydrate 
formation process under the SDS concentration below the critical micelle concentration 
(CMC). The surfactant additives do not shift the hydrate equilibrium condition and do not 
change hydrate structure, but these change the solution properties. Here the surfactant 
addition is defined as chemical condition for hydrate formation.  
Fig.7 shows direct observation result of hydrate formation in SDS solution. From direct 
observation of hydrate formation, the hydrate shell is formed at the surface of bubbles in 
any SDS concentration, but the appearance of the hydrate shell and its behaviour are 
significantly changed with increasing the SDS concentration. Under the certain pressure and 
temperature conditions, CHClF2 hydrate plug including bubble covered with the strong 
hydrate shell is formed (Fig.7a). Without SDS, smooth and homogenous hydrate film is 
formed at the surface of bubbles. Target gas is trapped in the rigid hydrate shell, and the 
bubbles are agglomerated each other to form a grape-like structure. Adding a small amount 
of SDS in water, hydrate shell formed is easily disappeared (Fig.7b). By the addition of SDS, 
the hydrate shell forms with rougher and heterogeneous surface; the hydrate shell seems to 
become loosely, and easily collapsed by the buoyant motion of target gas trapped in the 
shell.  
 

 
Fig. 7. CHClF2 hydrate formation in water (a) and 400ppm SDS aqueous solution (b) at 
0.40MPa, 283K (Tajima et al., 2010b). 
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Fig. 8. Effect of SDS concentration on CHClF2 hydrate formation rate constant. (Tajima et al., 
2011a)  

From point of view of hydrate formation kinetics, the promoting effect and the inhibition 
effect on gas hydrate formation emerged in each SDS concentration below CMC. Fig.8 
shows the effect of SDS concentration on CHClF2 hydrate formation rate constant. The value 
of aK* is increased up to 0.03wt% SDS solution. The aK* value at 0.03wt% SDS solution is 
10.5 x 10-8 mol2/(s·J), which is about 2.4 times larger than that in water (0wt% SDS). The aK* 
value is gradually decreased as SDS concentration further increased. At 0.08wt% of SDS 
concentration, the aK* value returns nearly to the level in water. There results have a similar 
trend to the experimental results using sodium alkylsulfonates (Daimaru et al., 2007) as 
promoting additive. 
One of factors for promoting effect is the interfacial area, a, expansion came from the 
interfacial tension reduction. SDS addition in water is decreased in the surface tension of 
water, and thus gas bubble size before hydrate formation reduces with increasing additive 
concentration. In addition, SDS adsorption on bubble and hydrate surface would accelerate 
forming rough hydrate and peeling easily hydrate formed, that is, the increase in the overall 
kinetic constant, K*. The SDS concentration range shown the promoting effect is close to that 
of the mono- and multi-layer adsorption of SDS on hydrate surface but the different guest 
molecule species (Zhang et al., 2008; Lo et al., 2008). SDS as a surfactant will promote not 
only the crystal growth but also the gas-liquid contact, mass transfer, with adsorption. Thus, 
the enhancement of the gas hydrate formation by the SDS addition can be attributed to the 
increase of both a and K*.  
Despite the a value is increased with increasing SDS concentration, the aK* value is 
decreased with increase in SDS concentration, and furthermore, returns to the level in water. 
The aK* value reduction implies that the decrease in the overall kinetic constant K* 
counteracts the effect of the interfacial area expansion, which corresponds to inhibition of 
mass transfer or crystal growth. Although SDS cannot form own hydrate, the inhibition 
effect of SDS as anionic surfactant will come from their adsorption on bubbles and hydrate 
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particles. The previous researchers (Daimau et al., 2007) explained that the inhibition effect 
of the anionic surfactant is due to cover the gas-water interface with surfactant molecules. 
Recent research reported by zeta potential measurement that SDS adsorbs hydrate particle 
surface strongly and the SDS adsorption amount increases with increase in the SDS 
concentration (Zhang et al., 2008; Lo et al., 2008). Although zeta potential measurement for 
CHClF2 hydrate in SDS solution cannot be carried out, the similar SDS adsorption will occur 
on CHClF2 hydrate surface because of SDS adsorption via hydrogen bond. The author have 
observed the morphological change, from smooth and homogeneous to rougher and 
heterogeneous, of CHClF2 hydrate surface that is more noticeable for the conditions with the 
SDS concentration higher than about 250 ppm (equal to 0.25 wt%) (Tajima et al., 2010b). The 
direct observation result implies that SDS molecules will absorb bubble and hydrate surface 
and produce a significant change in characteristic of the hydrate formed on the bubble 
surface for the SDS concentration. In higher SDS concentration, therefore, heavy adsorption 
of SDS molecules on bubbles/hydrate particles surface rather prevents CHClF2 hydrate 
strongly from forming and growing despite the increased interfacial area with the decease in 
surface tension.  

4.4 Feasible mechanism of hydrate formation in static mixing-type flow reactor 
From aforementioned above, the hydrate formation process is greatly depending on the 
thermodynamic, mechanical, and chemical conditions; the condition effect is appeared with 
the appearance of hydrate formed. The data obtained for CHClF2, CH2FCF3, and SF6 appears 
to be necessary to explain the mechanism of hydrate formation in the static mixing-type 
flow reactor. Here, the author can estimate a feasible hydrate formation mechanism in the 
static mixing type flow reactor.  
The hydrate formation rate is well known to consist of crystal growth rate and dissociation 
rate (mass transfer rate). In addition, the author requires consideration of the hydrate 
shedding rate to overall hydrate formation (Tajima et al., 2005, 2010b). Therefore, the 
hydrate formation rate will consist mainly of the hydrate formation rate (nucleation and 
crystal growth that is dependant on thermodynamic conditions) and the mass transfer rate 
(target gas dissociation in water and target gas hydrate shedding from bubble surface that is 
dependant on mechanical conditions).  
Fig. 9 shows the speculated mechanisms for hydrate formation in static mixing-type flow 
reactor according to experimental results (Tajima et al., 2004, 2005, 2011b). The rd, rf, and rs 
are rates of target gas dissociation to water, target gas hydrate nucleation and growth, and 
target gas hydrate particle/film shedding, respectively. The Case A-C situations are made 
due to the balance among the thermodynamic, mechanical, and chemical conditions in the 
reactor.  
Case A is for gas hydrate slurry formation. In this case, the apparent interfacial area between 
water and target gas phases, a, is large enough to dissociate target gas from bubble to water 
phase because of rs > rf. As a result, the interfacial area keeps a constant nearly and the target 
gas dissociation is inhibited very little by porous hydrate formation. The overall hydrate 
formation rate rhy depends on the K* value (that is, kL and kf in Eq.(2)) mainly. Because 
continuous hydrate particle formation can be occurred, the overall hydrate formation rate 
constant aK* is high. This situation is relation to mild thermodynamic conditions (lower 
pressure and higher temperature), high mechanical mixing conditions (high water flow 
rate), and lower additive concentration.  
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Fig. 9. Speculated mechanisms of hydrate formation in static-mixing type flow reactor 
(Tajima et al., 2011b)  

Case C is for strong hydrate shell formation. In this case, the target gas bubbles are rapidly 
covered with strong hydrate shell because the hydrate formation rate rf is relatively higher 
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than shedding rate rs. The apparent interfacial area between gas and water, a, is 
considerably restricted and also the dissociation rate rd is considerably decreased (for 
example, a similar situation have been observed in the case of CO2 hydrate formation 
(Ogasawara et al., 2001)). As a result, there is little the further hydrate formation, and thus 
the overall hydrate formation rate constant aK* is low depending on rd and rs. This hydrate 
formation occurs under hard thermodynamic conditions (higher pressure and lower 
temperature) and lower mechanical mixing conditions. Although the additive addition can 
prevent the strong hydrate shell, sufficient mechanical condition is necessary to form further 
hydrate with accelerating the hydrate shedding process.  
Case B is for porous and rough hydrate particle/film formation and the intermediate case 
between Cases A and C. Hydrate particles and partial hydrate film are formed on bubble 
surface. The film pore and void channels allow target gas to diffuse into water phase (Sloan 
& Koh, 2008), and partial hydrate shedding is occurred on bubble surface. The apparent 
interfacial area between target gas and water, however, is decreased and the dissociation of 
target gas into water is limited by rough hydrate film formation. As a result, the aK* value 
(not only a but also K* values) is lower than that for Case A. In another case, higher 
concentration of additive in water phase will contribute to keep porous and rough hydrate 
film (Case B) with preventing hydrate growth (Tajima et al., 2010b). That is, additives (like 
as surfactants) adsorbing on bubble surface can keep the gas dissociation and the hydrate 
shedding rates.  
If the solubility in water is very low, the dissociation rate (mass transfer rate) will be low. As 
a result, the overall formation rate is low. For example, relatively high solubility of CH2FCF3 
and CHClF2 (near CO2 solubility in water) leads to higher dissociation rate and hydrate 
formation rate. On the other hand, lower solubility of SF6 (near CH4 solubility in water) 
cause lower dissociation rate. This trend is in agreement with the data obtained in this study 
(Table 1). The dissociation rate may be a rate-controlling step. Further investigation is 
necessary for hydrate formation rate equation. 

5. Conclusion 
The gas hydrate formation kinetics is investigated in the semi-batch flow reactor equipped 
with static mixer, and thus discusses the hydrate formation process based on the 
experimental data by varying thermodynamic, mechanical, and chemical conditions. In the 
flow reactor, there are multiple flows with gas-liquid-solid system, and the gas hydrate 
formation process is overly complicated. There are mainly two hydrate formation patterns 
in the reactor; hydrate slurry and hydrate plug. According to the experimental observation 
and results, the gas hydrate formation process consists of the hydrate nucleation, hydrate 
growth, hydrate shedding, and gas dissociation processes. Especially, the idea of the 
hydrate shedding from the interface is very important. The balance among these processes is 
altered under thermodynamic, mechanical, and chemical conditions. For the application of 
the gas hydrate technologies, it is necessary to not only convert sufficiently (mixture) gas to 
hydrate but also form hydrate appearance to transport and apply easy. Many researchers 
have investigated about the thermodynamic and chemical conditions in stirred tank, but the 
mechanical conditions have been less noticed. The static mixer in the flow reactor improves 
the mixing function in the reactor. Although it is perhaps difficult to find out the essential 
hydrate formation rate, the author expects that these results help the engineering 
application of gas hydrate.  
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1. Introduction 
A corrosion process can be influenced, in different ways, by the relative movement 
between the metal and the corroding environment. This relative movement can increase 
the heat and mass transfer of reactants towards and from the surface of the corroding 
metal, with a consequent increase in the corrosion rate. Also, if solid particles are present, 
removal of protective films, erosion and wear on the metallic surface can occur. The 
corrosion of the metallic structure under turbulent flow is complex, but this problem has 
been studied mainly in the oil industry (Garnica-Rodriguez et al., 2009; Genesca et al., 
2010; Mora-Mendoza et al., 2002; Papavinasam et al., 1993; Poulson, 1993), where, the flow 
and some gases are very important in the behaviour of the phenomenon processes. This 
oil industry has processes that involve the movement of corrosive liquids in metallic 
structures, for example, the transport of mixtures of liquid hydrocarbons and gas with 
water through pipes. Therefore the influence of flow on the corrosion processes is an 
important issue to be considered in the design and operation of industrial equipment. 
This influence is complex and many variables are involved. Many observations of flow-
accelerated corrosion problems have been documented (Dean, 1990; Garverick, 1994; 
Poulson, 1993). One aim that has been so much studied in the petroleum industry is the 
effect of flow and dissolved gases, such as hydrogen sulphide (H2S) and carbon dioxide 
(CO2). 
The most common type of flow conditions found in industrial processes is turbulent and 
according to increasing of the necessity to describe the corrosion of metals in turbulent flow 
conditions some laboratory hydrodynamic systems have been used with different degrees of 
success (Poulson, 1983, 1993, 1994). Among these hydrodynamic systems, rotating cylinder 
electrodes (RCE), pipe segments, concentric pipe segments, submerged impinging jets and 
close-circuit loops have been used and have been important in the improvement of the 
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understanding of the corrosion process taking place in turbulent flow conditions (Liu et al., 
1994; Lotz, 1990; Schmitt et al., 1991; Silverman, 1984, 1988, 1990). 
The use of the RCE, as a laboratory hydrodynamic test system, has been gaining 
popularity in corrosion studies (Nesic et al., 1995, 2000). This popularity is due to its 
characteristics, such as, it operates mainly in turbulent flow conditions; it has a well 
understood mass transfer properties and it is relatively easy to construct and operate 
(Gabe, 1974; Schlichting & Gersten, 1979; Gabe & Walsh, 1983; Poulson, 1983). The critical 
Reynolds number, Re, for the transition from laminar to turbulent flow is 200 
approximately, for a smooth surface laboratory RCE (Gabe, 1974; Gabe & Walsh, 1983; 
Poulson, 1983, 1993; Galvan-Martinez et al., 2010). This Reynolds value will be equivalent 
to a rotation rate  38 rpm, for a cylinder of 0.01 m of diameter immersed in a fluid of ν = 
1.0E-06 m2s-1 (e.g. pure water). When the RCE is immersed in a fluid and rotated at a very 
low rotation rate the fluid moves in concentric circles around the cylinder (laminar 
conditions). As the rotation rate of the cylinder increases the flow pattern is disrupted, 
cellular flow patterns, known as “Taylor vortices”, appear and the turbulent condition 
develops. These vortices enhance the mass, momentum and heat transfer at the rotating 
electrode (Gabe, 1974; Gabe & Walsh, 1983). In 1954, some researchers published what it is 
now considered as the basic study on the mass transfer characteristics of the RCE 
(Eisenberg et al., 1954). 
The Reynolds number for a RCE is given by the following expression  

 
uu RCE RCERCE RCE

RCE
d ρd

Re
μ

   (1) 

Where uRCE is the peripheral velocity of the RCE, dRCE is the diameter of the RCE,  and µ are 
the density and viscosity of the environment, respectively. It is clear from this equation that 
there is a linear relationship between the Reynolds number and the rotation rate of the 
electrode. Figure 1 shows the correlation between the rotation rate of the electrode and the 
equivalent Reynolds number. 
The RCE in corrosion laboratory studies is an useful tool for the understanding of mass 
transfer processes, effects of surface films, inhibition phenomena, etc., (Galvan-Martinez et 
al., 2010; Mendoza-Flores et al., 2002) taking place in turbulent flow conditions. However, 
the use of the RCE has been questioned by some researchers (Efird et al., 1993), due to the 
differences found between the values of corrosion rates measured on pipe flow electrodes 
and on the RCE. The reasons for these differences are still not well understood. However, 
some works have provided ideas on the explanation of this apparent difference (Mendoza-
Flores, 2002; Mendoza-Flores & Turgoose, 2002; Turgoose et al., 1995). One of the main 
objectives of using hydrodynamic test systems in laboratory studies of turbulent flow is to 
obtain a series of criteria, aimed to help in the explanation and prediction of real life 
situations. In order to attain this, the data measured in one hydrodynamic system has to be 
compared, somehow, with the data measured in other hydrodynamic systems or with data 
obtained in real life systems. It has been suggested that the comparison among the results 
obtained in different hydrodynamic systems can be made by means of the wall shear stress 
(w). This suggestion considers that, when two hydrodynamic systems are at the same value 
of w, at the same flow regime (turbulent or laminar), the same flow velocities near the 
surface and mass transfer conditions, prevail (Silverman, 1990). 
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Fig. 1. Equivalence of rotation rate (rpm) and peripheral velocity (m/s) of the electrode and 
the calculated Reynolds number. 

Dimensionless analysis using mass transfer concepts showed that the corrosion when 
controlled by diffusion of one of the species between the bulk fluid and the surface could be 
modelled completely by the rate of mass transfer of the rate limiting species and the 
Reynolds (Re), Sherwood (Sh) and Schmidt numbers (Sc) (Dean & Grab, 1984; Ellison & 
Schmeal, 1978; Ross et al., 1966). In general, the effect of flow can be used to determine if 
corrosion is under activation, diffusion or mixed control. 

2. Experimental 
2.1 Test environment 
All experiments were carried out at 60°C, under static conditions (0 rpm) and turbulent flow 
conditions and, at the atmospheric pressure of Mexico City (0.7 bars). Two aqueous 
solutions were used as test environment: NACE brine (National Association of Corrosion 
Engineers, 1996) and a 3.5 % NaCl solution. These test environments were selected due to 
the fact that most of the H2S corrosion laboratory tests are carried out in this solutions. The 
solutions were prepared using distilled water and reagent grade chemicals. In order to 
remove oxygen from the solution, N2 gas (99.99%) was bubbled into the test solution for a 
period of 30 minutes before each experiment was carried out. After oxygen removal, H2S gas 
(99.99%) was bubbled into the test solution until saturation was reached. H2S bubbling was 
maintained during all the experimentation.  
The measured saturation pH was 4.4 for the NACE brine and a pH of 4.5 for the 3.5% NaCl 
solution. In order to determine the purging time needed to remove all O2 from the solution, 
a rotating cylindrical platinum electrode was cathodically polarized in a 1 M sodium 
sulphate solution, at room temperature and at different rotation rates. It was established that 
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the region associated to the mass transfer reduction of oxygen, on the cathodic polarization 
curve, disappeared after 30 minutes of purging time. 

2.2 Experimental set up 
All electrochemical measurements were carried out in an air-tight three-electrode 
electrochemical glass cell. Cylindrical working electrodes were used in all experiments. 
These cylinders were made of API X52 steel (American Petroleum Institute, 2004). The 
working electrode (WE) was machined from the parent material API X-52 and it had a 
diameter of 0.0012 m. The total exposed area of the working electrodes was 5.68E-04 m2 and 
3.4E-04 m2 for static and dynamic conditions respectively. As reference electrode (RE) a 
saturated calomel electrode (SCE) was used and a sintered graphite rod was used as 
auxiliary electrode (AE). The experimental set up is schematically shown in Figure 2. 
 
 
 
 
 

 
 
 

Fig. 2. Experimental set-up used in the electrochemical measurement.  

Prior to each experiment, the steel working electrode was polished up to 600 grit SiC paper, 
cleaned in deionised water and degreased with acetone. All electrochemical tests were 
carried out on clean samples. 
Hydrodynamic conditions were controlled using a Perking-Elmer EG&G Model 636 
Rotating Cylinder Electrode system. In dynamic conditions or turbulent flow conditions, the 
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rotation rates tested were 1000, 3000, 5000 and 7000 rpm. It is important to point out that the 
electrochemical measurements were carried out also at static condition or 0 rpm. 

2.3 Electrochemical measurements 
A Potentiostat / Galvanostat was used in all the electrochemical tests. Potentiodynamic 
polarization curves were recorded at a sweep rate of 0.001 mVs-1, starting the potential 
sweep at the rest potential or corrosion potential (Ecorr) towards more cathodic potentials. It 
is important to mention that in order to get a better cathodic study, the cathodic polarization 
curve (CPC) and anodic polarization curve (APC) were made by separated.  
The overpotential range used in the CPC was from +0.015 V to -0.5 V versus to corrosion 
potential (Ecorr), on the other hand, the APC was recorded using an overpotential range 
between -0.015 to 0.5 V versus Ecorr. 
Laboratory tests indicated that, slower scan rates produced have not significant change on 
the measured current. In order to minimize the effect of the solution resistance a Lugging 
capillary was used. All the experiments were carried out by triplicate in order to check the 
reproducibility of the results. A plot of three representative measured plots is presented; this 
is due to the fact that it was found that the experimental variations of the measurements 
were negligible. 

3. Experimental results and discussion 
The corrosion of low carbon steel in brine solution containing H2S has been investigated by 
several authors (Arzola et al., 2003; Galvan-Martinez et al., 2005; Vedage et al., 1993) using 
electrochemical techniques such as linear polarization resistance, electrochemical impedance 
spectroscopy and polarisation curves in quiescent systems. Even though it has been 
recognised for many years that hydrodynamic effects are often important in determining the 
rate of corrosive attack on metals, little attention has been paid to the influence of 
hydrodynamic factors on the analysis of the kinetics of materials degradation. Several 
approaches have been used to obtain some assessment of the magnitude of these 
hydrodynamic effects. Many hydrodynamic systems have been applied in the corrosion 
studies and one of these hydrodynamic systems is the RCE. 
Researches about these hydrodynamic systems (Arzola, 2006; Galvan-Martinez, 2005, 2007) 
have shown that the corrosion mechanism for carbon steel exhibits a significant dependence 
on mass transfer. This has led various workers to suggest the use of dimensionless analysis 
as a means of relating laboratory- scale experiments to industrial-scale corrosion behaviour. 
For an accurate study of the influence of flow velocity upon the corrosion rate of fluids in 
motion, the hydrodynamic conditions must be well-defined. The Reynolds number is a 
dimensionless number dependent on the fluid velocity or the electrode rotation rate 
according to the density and viscosity of the fluid. It is a characteristic dimension in order to 
define the type of flow. At low velocities, i.e. at low Re, a stable or laminar flow is 
encountered. Assuming the fluids under consideration to be Newtonian and incompressible 
in nature, the shear stress () at any point in a laminar flow is given by: 

 
dy

du
   (2) 
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If the velocity is increased, at a critical Reynolds number (Recrit), the flow becomes 
turbulent and an additional mechanism of momentum mass transfer appears which is 
caused by rapid and random fluctuations of velocity about its average value. The Recrit for 
the transition between laminar and turbulent flow will vary depending on the geometry 
and Recrit for usual pipe flow has been experimentally found to be around 2100 (Rahmani 
& Strutt, 1992).  
Figure 3 shows the measured values of corrosion potential (Ecorr) as a function of Reynolds 
number. Ecorr was obtained on the API X52 steel cylindrical samples immersed in NACE 
brine and 3.5% NaCl solution saturated with H2S at different rotation rates (0, 1000, 3000, 
5000 and 7000 rpm) and 60 °C. This figure shows that, for both solutions, Ecorr has the 
general trend to increase with ReRCE, with exception of the range 50000< ReRCE <80000 
approximately, where it decreases. 
The measured Ecorr corresponding to the 3.5% NaCl solution increased from values of –0.739 
V to –0.714 V approximately, whereas in NACE brine increased from values of –0.734 to –
0.719 V approximately. 
 

 

 
Fig. 3. Ecorr as a function of different Re numbers of the cylindrical electrode in NACE brine 
and 3.5% NaCl solution at 60°C and 0.7 bars. 

In order to obtain an estimation of the corrosion current densities (icorr) for the API X52 steel 
immersed in both solutions containing H2S, an extrapolation of the cathodic and anodic 
branches of the polarization curves was made for each case, in a region of ± 0.150 V of 
overpotential, approximately, with respect to the corresponding value of Ecorr.  
Figure 4 shows the estimated values of icorr as a function of the calculated ReRCE. According 
this figure, the icorr values in both solutions increased and fell as the Re number increased. 
This figure demonstrates that the influence of flow on the measured corrosion is not a linear 
relationship. 
Figures 5 and 6 show the cathodic polarization curves (CPC) obtained on API X52 steel 
cylindrical electrodes, in the NACE brine and 3.5 % NaCl solution saturated with H2S at 60 
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ºC and at 0.7 bars, as a function of the rotation rate. In these two figures are possible to see 
that all CPC (at all rotation rates) have a region where a diffusion process, taking place on 
the surface of the electrode, is influencing the overall cathodic current. It is to say, a region 
with well defined cathodic limiting current density, ilim can be observed.  
 
 

 

 
Fig. 4. Corrosion current density as a function of ReRCE. 

 

 

 
Fig. 5. Cathodic polarization curves as a function of the different rotation rate. API X52 steel 
immersed in NACE brine saturated with H2S at 60°C. 
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Fig. 6. Cathodic polarization curves as a function of the different rotation rate. API X52 steel 
immersed in 3.5% NaCl solution saturated with H2S at 60°C. 

In general, for these two hydrodynamic systems, only one plateau (ilim) can be observed in 
the cathodic branches at each rotation rate. This behaviour could be attributed to the H+ 
diffusing either, through the corrosion products layer or from the bulk of the solution 
towards to the surface of the electrode and the reduction of H2S (Arzola, 2006; Galvan-
Martinez, 2004). In both cases, the current plateau is controlled by mass transfer. 
According to the analysis proposed by Schmitt (Schmitt & Rothmann, 1977) and Mendoza 
(Mendoza-Flores, 1997), it is possible to establish the different cathodic reactions involved in 
a system controlled by mass transfer under flow turbulent conditions. 
Previous work about the steel corrosion in a sour solution say that, in a H2S containing 
solution, in the absence of dissolved oxygen, the cathodic reaction of carbon steel, 
responsible for the corrosion of iron, may be attributed to hydrogen evolution produced 
by the reduction of hydrogen ions, where the hydrogen ions are supplied by dissociation 
of H2S. 
The hydrogen evolution can occur as follow: 

 HeH   (3) 

It is important to note that in sour media, the source of the H+, which promotes the 
hydrogen evolution, may be the H2S or H2O. 
Some researchers like Shoesmith (Shoesmith et al., 1980) and Pound (Pound et al., 1985) 
propose that the cathodic reaction in the presence of H2S, might be represented by the 
follow overall reaction: 

  HSHeSH 222 22  (4) 
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This reaction is limited by diffusion of H2S to the electrode surface when the overpotential 
is far removed from the Ecorr (Ogundele & White, 1986). It is important to point out that in 
this work, the measured experimental cathodic current should be a consequence of all the 
possible reduction reactions that can occur in the NACE and 3.5% NaCl solution saturated 
with H2S. According to different researchers (Ogundele & White, 1986; Vedage et al., 
1993), the main cathodic reactions in H2S containing solutions in the absence of oxygen 
are: 

 222 HeH   (5) 

 
 HSHeSH 2  (6) 

At a constant potential (E) value, as the rotation rate of the electrode increase the measured 
values of current density also increase. It is important to note that these features can suggest 
that a diffusion process is taking place on the surface of the cylindrical electrode. 
According to previous cathodic analysis, it is important to define which process is 
controlling the cathodic reaction, the diffusion of the H+ or H2S. This fact can define the 
main reduction reaction. 
With the equation proposed by Eisenberg et al., (Eisenberg et al., 1954) for the RCE is 
possible to calculate the cathodic current density or limiting cathodic current due to the 
reduction for a species i (ilim,i). The equation is: 

 70344030
ilim, u07910 .

RCEi
..

RCEi DdnFC.i    (7) 

Where the ilim,i is the limiting current density in turbulent conditions for species i (A/m2), n 
is the number of electrons involved in the electrochemical reaction, F is the Faraday 
constant, Ci is the bulk concentration of the chemical species i (mol/m3), dRCE is the diameter 
of the rotating cylinder (m),  is the kinematic viscosity of the solution (m2/s), Di is the 
diffusion coefficient of i (m2/s) and uRCE is the peripheral velocity of the RCE (m/s). This 
expression indicates a direct relationship of the calculated limiting current density (ilim,H+) to 
the peripheral velocity of the RCE (uRCE), to a power of 0.7. 
If the concentration of dissolved O2 is considered as negligible, then the species in solution 
capable of being reduced are H2S and H+. As the concentration of H2O can be considered 
constant and the reduction rate of H+ and H2S slow and influenced by the diffusion of 
reactants, then it is possible to assume that in H2S solution, both the H+ ions and H2S are 
reduced at the surface. According to these facts and at given flow rate, the total diffusion 
limited current ilim,t,diff for a H2S solution could be described by the addition of two 
components. 

 S2Hlim,Hlimdifft,lim, iii
,

   (8) 

Where ilim,H+ and ilim,H2S are the limiting current densities for the H+ and H2S under turbulent 
flow condition.  
In order to obtain the ilim,H+ and ilim,H2S Mendoza and Schmitt (Mendoza-Flores, 1997; 
Schmitt & Rothmann, 1977) proposed that the theoretical ilim for H2S and H+ reduction 
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could be compared with the experimentally measured ilim, in order to obtain information 
about the predominant cathodic reaction (kinetics). In order to get the theoretical 
relationship between ilim and uRCE to a power of 0.7 for either H2S or H+, the values of 
density and kinematic viscosity were calculated according to the analysis proposed by 
Mendoza (Mendoza-Flores, 1997).  
Figure 7 compares the different measured and calculated current densities as a function of 
uRCE to a power of 0.7 in NACE brine. The values of cathodic current densities (ic) were 
taken from the corresponding cathodic polarization curves in figure 5, at a constant 
potential of –0.860 V (SCE). The estimated values of corrosion current densities (icorr) 
correspond to NACE brine were showed in figure 4. The values of calculated current 
densities, for the H+ (a) and H2S (b) reduction, were calculated with equation (7). 
Figure 7(a) shows that the experimental cathodic current density increased and decreased 
as the rotation rate of the electrode at a power of 0.7 also increase. On the other hand, the 
corrosion current density has the same behaviour that the ic. According to these facts are 
possible to conclude that the H+ reduction reaction and iron oxidation reaction are no 
flow dependent. It is important to note that, although the ic corresponding to H+ reduction 
reaction has not a linear relationship with respect to the peripheral velocity of the RCE, it 
has a better adjust to the theoretical current obtained by the equation of Eisenberg et al., 
with respect to the ic corresponding to the H2S reduction reaction (see figure 7b). In 
general, the theoretical (ilim obtained by equation of Eisenberg et al.) and experimental (ic 
and icorr) densities corresponding to the H+ reduction have a fits better than the theoretical 
and experimental densities corresponding to the H2S. According to this analysis, one 
conclusion should be obtained: the dominant cathodic reaction is the reduction of 
hydrogen ions. 
 
 
 
 

 
 

Fig. 7. ilim,H+ (a) and ilim, H2S (b) as a function of uRCE to a power of 0.7 in NACE brine. 

In figure 8 is possible to see the comparison of the different measured and calculated current 
densities as a function of uRCE to a power of 0.7 in 3.5% NaCl solution. The values of 
cathodic current densities (ic) were taken from the corresponding cathodic polarization 
curves in figure 6, at a constant potential of –0.860 V (SCE). The estimated values of 
corrosion current densities (icorr) correspond to NACE brine were showed in figure 4. 
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Fig. 8. ilim,H+ (a) and ilim, H2S (b) as a function of uRCE to a power of 0.7 in 3.5% NaCl solution. 

From the figure 8a, it is possible to note the linear relationship between the experimental 
limiting current density of the H+ reduction and the peripheral velocity of the RCE. This fact 
suggests that a mass transfer phenomenon can occurs in the cathodic reaction. According to 
this analysis is possible to say that the measured cathodic current is affected by flow and this 
current can be associated to the H+ diffusing through the corrosion products layer, where they 
are reduced to H2 gas. For that reason, the H+ reduction is flow dependent. In figure 8b is 
possible to see that the comparison of the theoretical (ilim,H2S) and experimental (ic) current 
densities of the H2S reduction have not good correlation. In general, the best fit of the 
theoretical and experimental current densities correspond to H+ reduction. Finally and 
according to the analysis of the figure 8, is possible to say that in the corrosion of the steel 
immersed in 3.5% NaCl solution, the dominant cathodic reaction is the reduction of hydrogen 
ions (H+). As a first approximation to the possible cathodic reaction mechanism prevailing 
under the experimental conditions studied, it was proposed by Mellor (Mellor, 1930): 

 
aq

SH
gas

SH 22   (9)  

In aqueous solutions, H2S is a weak acid (Widmer & Schwarzenbach, 1964): 

 
aq

HS
aq

H
aq

SH 2  (10)  

 
aq

S
aq

H
aq

HS  (11)  

According to reactions predicted by equation (9) it is possible to get in containing dissolved 
H2S, H+ and HS-. Under turbulent flow conditions, and as it has been experimentally 
demonstrated, the diffusion-limited reaction is a consequence of H+ diffusion.  
Silverman (Silverman, 1984) has suggested that the method of quantitatively relating the 
mass transfer relations must also ensure that the interaction between the alloy surface and 
the transfer of momentum is equivalent for both pipe and rotating cylinder geometries. 
Then, for the same alloy and environment, laboratory simulations allow duplicating the 
velocity- sensitivity mechanism found in the industrial geometry. The shear stress is a 
measure of the interaction between metallic surface and fluid. The shear stress at the wall 
can be estimated by the following equation (Bolmer, 1965):  
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 PLANTLAB  
 (12)  

Then, for a given system, the mechanism by which fluid velocity affects corrosion rate in the 
industry is proposed to be identical to that which affects corrosion rate in the laboratory. 
Figures 9 to 12 show current densities and the dimensionless number analysis as a function 
of the wall shear stress (τW,RCE) and the Reynolds number (Re). In this analysis, the H+ ions 
are considered to be the main active specie in the cathodic reaction in the environment. 
Figures 8 and 9 compare the measured cathodic current density (ic) and the corrosion 
current density (icorr) as a function of the wall shear stress (τW,RCE) in NACE and 3.5% NaCl 
solution. The expression used in the calculation of τW,RCT for the RCE was (Denpo & Ogawa, 
1993; Efird et al., 1993; Johnson et al., 1991): 

 23.0
, u079.0 RCERCERCEW Re    (13)  

Mass transfer and surface shear effects may have an important effect on the corrosion rate, 
either by modifying the rate of transport of chemical species to surface or from the surface, 
or by shear-stripping protective films from the metal/solution interface. So that, an accurate 
simulation of corrosion phenomena that occur in pipelines can be made in the laboratory 
only if the hydrodynamic effects are taken into account. For that reason, parameters such as 
the mass transfer coefficient, ki, shear stress at the wall, W, RCE, and the Sherwood number, 
Sh, can be derived from these results. 
Figure 9 shows ic and icorr as a function of τW,RCE in NACE brine. This figure shows that the 
measured ic and icorr increases and decreases as the τW,RCE increases. This behaviour suggests 
that the corrosion rate and the cathodic reaction are no dependent to the wall shear stress. 
This result confirms the behaviour presented in figure 7a, where the ic and icorr are no 
dependent of the flow. 
 

 

 
Fig. 9. Cathodic current density obtained at –0.860 V(versus SCE) on the CPC in figure 5 and 
corrosion current density as a function of τW, RCE.  
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Figure 10 shows ic and icorr as a function of τW,RCE in 3.5% NaCl solution. In this figure, it is 
possible to see that as measured ic increase the τW,RCE also increases. This result suggests that 
the cathodic reaction increased as the τW,RCE also increased. Mass transfer studies of 
electrochemical reactions are normally carried out under mass transfer limited current 
conditions. When limiting conditions prevail, the mass transfer coefficient for a given 
species H+, kH+, can be expressed as (Galvan-Martinez, 2004): 

 





H

H
H CFn

i
k lim,

 (14) 

 
 
 

 

 
 
 

Fig. 10. Cathodic current density obtained at –0.860 V(versus SCE) on the CPC in figure 5 
and corrosion current density as a function of τW, RCE.  

Where: ilim,H+ is the mass transfer limited current for species H+, F is the Faraday´s constant, 
n is the number of electrons involved in the reaction and CH+, is the bulk concentration of 
the diffusing species H+. It is important to mention that Silverman pointed out (Silverman, 
2004) the measured mass-transfer coefficient could be converted to the Sherwood number 
and plotted as a function of the Reynolds number (Galvan-Martinez, 2004). The Sherwood 
number for the RCE (ShH+) is given by the expression: 

 





HH

Hlim,
H CDFn

di
Sh

RCE
 (15)  
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Where: dRCE is the outside diameter of the rotating cylinder, DH+ is the diffusion coefficient 
of specie H+, it is the diffusivity of H+ in the 3.5% NaCl solution -H2S system (or NACE 
brine-H2S system).  
In figure 11, in the 3.5% NaCl solution is possible to see that the Sherwood number increases 
as the Reynolds number increases. This behaviour indicates that the cathodic reaction is 
controlled by the mass transport rate. Based on this study, the Re number dependence with 
the Sh number, appears to be proportional to a 0.7th power law. The coefficient of 0.7, which 
is the flow dependence of the Sh number, almost corresponds to the coefficients of the Re 
number, as indicated by the equation of Eisenberg et al., (Eisenberg et al., 1954) and, Chilton 
and Colburn analogy (Chilton & Colburn, 1934). Eisenberg et al. (Eisenberg et al., 1954) 
showed that in the range of 1.0E03 < Re > 1.0E05, the equation (7) is a straight line 
approximation. 
 
 

 

 
 

Fig. 11. Variation of dimensionless corrosion rate, expressed as the Sh number versus Re 
number to a power of 0.7.  

Figure 12 shows the kH+ as a function of Re number to a power of 0.7. On the 3.5% NaCl 
solution, the behaviour of the kH+ is the same behaviour that showed the Sh number in 
figure 11 because the mass transfer coefficient increases when the ReRCE also increases.  
The behaviour shown in figures 11 and 12 can suggest that the mass transfer coefficient 
(ShH+ and kH+) is flow dependent, because it increases as the rotation rate also increases. In 
general, the behaviour presented by ShH+ and kH+ indicates that the cathodic current is 
controlled by the mass transfer rate. On the other hand, the behaviour of ShH+ and kH+, in 
NACE brine, confirm the behaviour presented by the current densities, the cathodic 
process that happens in the corrosion of the steel immersed in NACE brine is not flow 
dependent. It is because the ShH+ and kH+ increase and decrease as the Re number also 
increase. 
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Fig. 12. Variation of mass transfer coefficient (kH+) versus Re number to a power of 0.7.  

Figures 13 and 14 show the measured anodic polarization curves obtained on X52 steel 
cylindrical electrodes immersed in the NACE brine and 3.5% NaCl solution, respectively, 
saturated with H2S at different rotation rates. 
 

 

 
Fig. 13. Anodic polarization curves as a function of different rotation rates. X52 steel 
electrode immersed in NACE brine saturated with H2S. 

In both figures, it is possible to observe that the anodic Tafel slopes (ba) are relatively high. 
This fact indicates a passivation process, taking place on the surface of the electrode. It is 
important to note that at 0 rpm the anodic polarization curve shows a ba with values from 
115 to 135 V vs. SCE approximately, where these values correspond to an activational or 
charge transfer process. 
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Figure 15 shows the estimated anodic Tafel slopes (ba) as a function of ReRCE, on cylindrical 
X52 steel electrodes immersed in NACE brine and 3.5% NaCl solution saturated with H2S.  
The slopes were calculated on each anodic polarization curve, in the region from + 0.150 V of 
overpotential, to the corresponding Ecorr. All the estimations of the Tafel slopes, in NACE brine 
and 3.5% NaCl solution, carried out from 1000 to 7000 rpm were higher than 0.250 V/decade. 
This fact can be suggested that a passivation process can be influence in the anodic reaction. 
 

 

 
Fig. 14. Anodic polarization curves as a function of different rotation rates. X52 steel 
electrode immersed in 3.5% NaCl solution saturated with H2S. 
 

 

 
Fig. 15. Calculated anodic Tafel slopes as a function of Reynolds number. Cylindrical API 
X52 steel electrode immersed in NACE brine and 3.5% NaCl solution saturated with H2S. 
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4. Conclusions 
According to the experimental results is possible to conclude that the corrosion process of 
the X52 steel immersed in NACE brine and 3.5% NaCl solution at 60°C and turbulent flow 
condition, the main cathodic reaction correspond to the H+ reduction. 

 HeH    

All cathodic polarization curves, in 3.5% NaCl solution, were affected by the rotation rate of 
the cylindrical electrode because all CPC show a region that is influenced by a diffusion 
process, at all rotation rates. In general, when the rotation rate (or Re number) of the 
cylindrical electrode increases, the measured cathodic current density also increases. X52 
steel in NACE brine, the cathodic polarization curves shows a region that is influenced by a 
diffusion process, at all rotation rates, but the current densities are not flow dependent. 
In the corrosion process of the X52 steel immersed in 3.5% NaCl solution, the analysis of the 
current densities (ic at 0.860 V vs. SCE and ilim,H+) and the mass transport (ShH+ number and 
mass transport coefficient ,kH+) can be assumed that the corrosion is being limited by the 
mass transfer rate. This is because the calculated slope of the straight line found in a plot of 
the measured data Sh vs Re number is 0.7. In addition, the above reaction can be assumed to 
be under complete control of mass transfer and, it is a flow dependent reaction. On the other 
hand, the corrosion process of the X52 steel immersed in NACE brine, the analysis of the 
current densities and the mass transport is can be assumed that the corrosion is being 
limited by the mass transfer rate, but the cathodic reaction is not flow dependent because 
the theoretical and experimental current densities and mass transport coefficients increased 
and decreased as the Re number also incremented. 
All the estimations of the anodic Tafel slopes in NACE brine and 3.5% NaCl solution, carried 
out at flow condition (1000, 3000, 5000 and 7000 rpm), were higher than 0.250 V/decade. This 
fact can suggest that a passivation process can be influence in the anodic reaction. 

5. Acknowledgment 
The author, Mr. R. Galvan-Martinez, would like to thank the Mexican National Council of 
Science and Technology (CONACYT), the Mexican Petroleum Institute, the PROMEP 
Program (research project: 103.5 / 07 /2753) of the Ministry of Public Education from 
México and the Universidad Veracruzana for the support given to develop this work. 

6. References 
API Publication “API Specification for Line Pipe, API Specification 5L, 45th Edition, API, 

March-2004 
Arzola-Peralta, S., Genesca-Llongueras, J., Mendoza-Flores, J., & Duran-Romero, R. (2003). 

Electrochemical Study on the Corrosion of X70 Pipeline Steel in H2S Containing 
Solutions. Proceedings of Conferences of NACE-Corrosion, Paper 3401, Houston, USA, 
March 2003 

Arzola-Peralta, S., Mendoza-Flores, J., Duran-Romero, R., & Genesca, J. (2006). Cathodic 
Kinetics of API X70 Pipeline Steel Corrosion in H2S Containing Solutions to Under 
Turbulent Flow Conditions.  Corros. Eng. Sci. Technol., Vol. 41, Issue. 4, (2006) pp. 
321-327, ISSN 1478-422x 



 
Hydrodynamics – Optimizing Methods and Tools 

 

370 

Bolmer, P. W. (1965).  Polarization of Iron in H2S-NaHS Buffers. Corrosion Vol. 21, Issue 3, 
(March-1965), pp. 69-75, ISSN 0010-9312 

Chilton, T. H., & Colburn, A. P. (1934). Mass Transfer (Absortion) Coefficients. Ind. Eng. 
Chem., Vol. 26, (1934), pp. 1183-1186, ISSN 0088-5885 

Dean, S. W., & Grab, G. D. (1984). Corrosion of Carbon Steel by Concentrated Sulfuric Acid, 
Proceedings of Conferences of NACE-Corrosion, Paper 00147, Houston, USA, March 
1984 

Dean, S. W. (1990). Velocity Accelerated Corrosion Testing and Predictions, An Overview. 
Mater. Perform., Vol. 28 Issue 9, (September-1990), pp. 61-67, ISSN 0094-1492 

Denpo, K., & Ogawa, H. (1993). Fluid Flow Effects on CO2 Corrosion Resistance of Oil Well 
Materials.  Corrosion, Vol. 49, Issue 6, (1993) pp. 442-449. ISSN 0010-9312 

Efird, K. D., Wright, E. J., Boros, J. A., & Hailey, T. G. (1993) Corrosion Control for Low-Cost 
Reliability. Proceedings of 12th International Corrosion Congress, Vol. 4, Houston, 
U.S.A. September-1993 

Efird, K. D., Wright, E. J., Boros, J. A., & Hailey T. G. (1993). Correlation of Steel Corrosion in 
Pipe Flow with Jet Impingement and Rotating Cylinder Tests. Corrosion, Vol. 49, 
Issue 12, (December-1993), pp. 992-1003, ISSN 0010-9312 

Eisenberg, M., Tobias, C.W., & Wilke, R. C. (1954). Ionic MassTransfer and Concentration 
Polarization at Rotating Electrode. J. Electrochem.Soc., Vol. 101, Issue 6, (June-1954), 
pp. 306-320, ISSN 0013-4651 

Ellison, B. T., &  Schmeal, W. R. (1978). Corrosión of Steel in Concentrated Sulfuric Acid. .J. 
Electrochem. Soc. Vol. 125, Issue 4, (April-1978), pp. 524-531, ISSN 0013-4651 

Gabe, D.R., & Walsh, F.C. (1983). The Rotating Cylinder Electrode: A Review of 
Development. J. Appl. Electrochem, Vol. 13, Issue 1, (January-1983), pp. 3-22. ISSN 
0021-891x 

Gabe, D. R., (1974). The Rotating Cylinder Electrode. J. Appl. Electrochem., Vol. 4, Issue 2 
(February-1974) pp. 91-108, ISSN 0021-891x 

Galvan-Martinez, R. (2004). Influence Study of the Turbulent Flow on Carbon Steel 
Corrosion Immersed in H2S Containing Solutions, PhD Thesis, UNAM, Mexico 

Galvan-Martinez, R., Mendoza-Flores, J., Duran-Romero, R., & Genesca-Llongueras, J. 
(2005). Rotating Cylinder Electrode Study on the Influence of Turbulent Flow on 
the Anodic and Cathodic Kinetics of X52 Steel Corrosion in H2S Containing 
Solutions. Afinidad: Revista de Química Teórica y Aplicada, Vol. LXII, Issue 519, 
(October 2005) pp. 448-454, ISSN 0001-9704 

Galvan-Martinez, R., Mendoza-Flores, J., Duran-Romero, R., & Genesca-Llongueras, J. 
(2007). Effect of Turbulent Flow on the Anodic and Cathodic Kinetics of API X52 
Steel Corrosion in H2S Containing Solutions. A Rotating Cylinder Electrode Study. 
Materials and Corrosion, Vol. 58, Issue 7, (July-2007), pp. 514-521, ISSN 0947-5117 

Galvan-Martinez, R., Orozco-Cruz, R., & Torres-Sanchez, R. (2010). Study of X52 Steel in 
Seawater with Biocides under Turbulent Flow Conditions. Afinidad: Revista de 
Química Teórica y Aplicada, Vol. LXVII, Issue 550, (November-2010) pp. 442-448, 
ISSN 0001-9704 

Galvan-Martinez, R., Orozco-Cruz, R., Torres-Sanchez, R., & Martinez, E. A. (2010). 
Corrosion Study of the X52 Steel Immersed in Seawater with a Corrosion Inhibitor 
using a Rotating Cylinder Electrode. Materials and Corrosion, Vol. 61, Issue 10, 
(October-2010) pp. 872-876, ISSN 0947-5117 



Study of the Mass Transport on Corrosion of  
Low Carbon Steel Immersed in Sour Solution Under Turbulent Flow Conditions 

 

371 

Garnica-Rodriguez, A., Genesca, J., Mendoza-Flores, J., & Duran-Romero, R. (2009). 
Electrochemical Evaluation of Aminotriazole Corrosion Inhibitor under Flow 
Conditions. J. Appl. Electrochem., Vol. 39 Isuue 10 (October-2009) pp. 1809-1819, 
ISSN 0021-891x 

Garverick, L. (1994). Corrosion In The Petrochemical Industry - Essential Research, ASM. 
International, ISBN 0871705052, Ohio, USA 

Genesca, J., Olalde, R., Garnica, A., Balderas, N., Mendoza, J., & Duran-Romero R. (2010). 
Electrochemical Evaluation of Corrosion Inhibitors in CO2 Containing Brines. A 
RCE and Flow-Loop Comparison, Proceedings of Conferences of NACE-Corrosion, 
Paper 00162, Houston, USA, March-2010 

Johnson, B. V., Choi, H. J., & Green, A. S. (1991). Effects of Liquid Wall Shear Stress on CO2 
Corrosion of X52 Steel Simulated Oilfield Production Environments, Proceedings of 
Conferences of NACE-Corrosion, Paper 00573, Houston, USA, March-1991 

Liu, G., Tree D.A., & High, M. S. (1994). Relationships Between Rotating Disk Corrosion 
Measurements and Corrosion in Pipe Flow. Corrosion, Vol. 50, Issue 8, (August-
1994) pp. 584-593, ISSN 0010-9312 

Lotz, U., (1990). Velocity Effect In Flow Induced Corrosion, Proceedings of Conferences of 
NACE-Corrosion, Paper 27, Houston, USA, March-1990. 

Mellor, W. (1930). A Comprehensive Treatise on Inorganic and Theoretical Chemistry, 
Longmans, London, England 

Mendoza-Flores, J. (1997). Kinetic Studies of CO2 Corrosion Processes Under Turbulent Flow, 
PhD Thesis, University of Manchester, Manchester, UK 

Mendoza-Flores, J., Duran-Romero, R., & Garcia-Ochoa, E. (2002). Effects of Turbulent Flow 
on The Efficiency of Triazole based Inhibitors. Proceedings of Conferences of NACE-
Corrosion, Paper 02491, Houston, USA, March-2002 

Mendoza-Flores, J., & Turgoose, S. (2002). Influence of Electrode Length on the 
Measurement of Cathodic Kinetics of Steel Corrosion In CO2 Containing Solutions, 
under Turbulent Flow Conditions, Proceedings of Conferences of NACE-Corrosion, 
Paper 02490, Houston, USA, March-2002 

Mora-Mendoza, J. L, Chacon-Nava, J. G, Zavala-Olivares, G., Gonzalez-Nunez, M. A, & 
Turgoose, S. (2002). Influence of Turbulent Flow on the Localized Corrosion 
Process of Mild Steel with Inhibited Aqueous Carbon Dioxide Systems. Corrosion 
Vol. 58, Issue 7, (July-2002) 608-619, ISSN 0010-9312 

NACE Publication 1 D196, “Laboratory Test Methods for Evaluating Oilfield Corrosion 
Inhibitors” (Houston. TX: NACE, 1996) 

Nesic, S., Solvi, G. T., & Enerhaug, J. (1995). Comparison of the Rotating Cylinder and Pipe 
Flow Tests for Flow-Sensitive Carbon Dioxide Corrosion. Corrosion Vol. 51, Issue 
10, (October-1995) pp. 773-787, ISSN 0010-9312 

Nesic, S., Bienkowski, J., Bremhorst, K., & Yang., K. S. (2000). Testing for Erosion-Corrosion 
Under Disturbed Flow Conditions Using a Rotating Cylinder with a Stepped 
Surface. Corrosion Vol. 56, Issue 10 (October-2000) pp. 1005-1014, ISSN 0010-9312 

Ogundele, G. I., & White, W.E. (1986). Some Observations on the Corrosion of Carbon Steel 
in Sour Gas Environments: Effects of H2S and H2S/CO2/CH4/C3H8 Mixtures. 
Corrosion Vol. 42, Issue 7, (July-1986) pp. 398-408, ISSN 0010-9312 

Papavinasam, S., Revie, R.W., Attard, M., Demoz, A., & Michaelian, K. (2003). Comparison 
of Laboratory Methodologies to Evaluate Corrosion Inhibitors for Oil and Gas 
Pipelines. Corrosion, Vol. 59, Issue 12, (December-2003) pp. 897-912, ISSN 0010-9312 



 
Hydrodynamics – Optimizing Methods and Tools 

 

372 

Poulson, B. (1983). Electrochemical Measurement in Flowing Solution. Corros. Sci., Vol. 23, 
Issue 4, (April-1983), pp. 391-430, ISSN 0010-938X 

Poulson, B. (1993). Advances in Understanding Hydrodynamic Effect on Corrosion. Corros. 
Sci., Vol. 35, Issue 1-4, (1993), pp. 655-665, ISSN 0010-938X 

Poulson, B. (1994). A Submerged Impinging Gas Jet for Corrosion and Electrochemical 
Studies. J. Appl. Electrochem., Vol. 24, Issue 1, (January-1994), pp. l-7, ISSN 0021-891x 

Pound, B. G., Abdurrahman, M. H., Glicina, M. P., Wright, G. A., & Sharp, R. M. (1985). The 
corrosion of Carbon Steel and Stainless Steel in Simulated Geothermal Media.  Aust. 
J. Chem., Vol. 38 Issue 8(August-1985) pp. 1133-1140, ISSN 0004-9425 

Rahmani, M. & Strutt, J. E. (1992). Hydrodynamic Modeling of Corrosion of Carbon Steel and Cast 
Irons in Sulfuric Acid, Published for the Materials Technology Institute of the 
Chemical Process Industries, Inc. By National Association of Corrosion Engineers, 
ISBN: 1-877914-40-1, United States of America. 

Ross T. K., Wood G. C., & Mahmud, I. (1966). The Anodic behaviour of Iron-Carbon Alloys 
in Moving Acid Media. J. Electrochem. Soc., Vol. 113, Issue 4, (April-1966), pp. 334-
345, ISSN 0013-4651 

Schlichting, H. & Gersten, K. (1979). Boundary Layer Theory. 8th Edition, Springer, ISBN 
3540662707, New York, USA 

Schmitt, G., & Rothmann, B. (1977). Investigations into the Corrosion Mechanism of 
Unalloyed Steel in Oxygen-Free Carbonic Acid Solutions. Part I – Kinetics of 
Hydrogen Evolution. Werkst. Korros., Vol. 28, Issue 12, (December-1977) pp.816-822, 
ISSN 0947-5117 

Schmitt, G., Bruckhoff, W., Faessler, K., & Blummel, G. (1991). Flow Loop vs Rotating 
Probes- Experimental Results and Service Application. Mater. Perform., Vol. 30, 
Issue 2, (February-1991), pp. 85-92, ISSN 0094-1492 

Shoesmith, D. W., Taylor, P., Bailey, M. G., & Owen, D. (1980). The Formation of Ferrous 
Monosulfide Polymorphs During the Corrosion of Iron by Aqueous Hydrogen 
Sulfide at 21-Degrees-C. J. Electrochem. Soc., Vol. 127, Issue 5, (May-1980), pp. 1007-
1015, ISSN 0013-4651 

Silverman, D. C. (1984). Rotating Cylinder Electrode for Velocity Sensitivity Testing. 
Corrosion, Vol. 40, Issue 5 (May-1984). pp. 220-226, ISSN 0010-9312 

Silverman, D.C. (1988). Rotating Cylinder Electrode- Geometry Relationships for Prediction 
of Velocity-Sensitive Corrosion. Corrosion, Vol. 44, Issue 1 (January-1988) pp. 42-49. 
ISSN 0010-9312 

Silverman, D. C. (1990). Rotating Cylinder Electrode -An Approach For Predicting Velocity 
Sensitive Corrosion, Proceedings of Conferences of NACE-Corrosion, Paper 00013, Las 
Vegas, USA, March-1990 

Silverman, D. C. (2004). The Rotating Cylinder Electrode for Velocity-Sensitive Corrosion – A 
Review, Corrosion, Vol. 60, Issue 11, (November-2004) pp. 1003-1023, ISSN 0010-9312 

Turgoose, S., Dawson, J. L., Palmer, J. M., & Rizk, T., (1995). Boundary Layer Effects in 
Turbulent. Flow Testing. Proceedings of Conferences of NACE-Corrosion, Paper 95112, 
Houston, USA, March-1995 

Vedage, H., Ramanarayanan, T. A., Mumford, J. D., & Smith, S. N. (1993). Electrochemical 
Growth of Iron Sulfide Films in H2S-Saturated Chloride Media. Corrosion, Vol. 49, 
Issue 2, (February-1993) pp. 114-121. ISSN 0010-9312 

Widmer M., Schwarzenbach G. (1964). Die Acidität des Hydrogensulfidions HS. Helv. Chim. 
Acta, Vol. 47, Issue 1, (1964), pp.266-271, ISNN 1522-2675 



17 

Mass Transfer Performance of a Water-Sparged 
Aerocyclone Reactor and Its Application 

 in Wastewater Treatment 
Xuejun Quan, Qinghua Zhao, Jinxin Xiang,  

Zhiliang Cheng and Fuping Wang 
College of Chemistry and Chemical Engineering 

Chongqing University of Technology, Chongqing 
P.R. China 

1. Introduction 
Ammonia is one of the most important contaminants impairing the quality of water 
resource. Ammonia is commonly present in municipal and industrial wastewater, such as 
landfill leachate, coke plant wastewater, and petrochemical and metallurgical wastewater. 
The accumulation of ammonia in water results in eutrophication and the depletion of 
oxygen due to nitrification (Tan et al., 2006). Moreover, wastewaters containing ammonia 
are often toxic, which makes their biological treatment unfeasible (Hung et al., 2003). Such 
adverse effects of ammonia promote the development of various techniques for its removal 
for instance, biological nitrification-denitrification (Calli et al., 2005; Dempsey et al., 2005), 
air stripping (Bonmati & Floatats, 2003; Basakcilardan-kabakci et al., 2007; Marttinen et al., 
2002; Ozturk et al., 2003; Saracco & Genon, 1994), struvite precipitation (Jeong & Hwang, 
2005; Lee et al., 2003; Uludag-Demirer et al., 2005; Rensburg et al., 2003), membrane 
separation (Tan et al., 2006), catalytic liquid-phase oxidation (Huang et al., 2003), and 
selective ion exchange (Jorgensen & Weatherley, 2003). 
The air stripping process with relatively low cost and simple equipment is widely used in 
the removal of ammonia from wastewater, and high rates of ammonia removal can be 
achieved (Ozturk et al., 2003). In addition to this process, other processes like absorption can 
recover ammonia that is transferred from the liquid phase to the air stream (Bonmati & 
Floatats, 2003). Therefore, air stripping is a good method for the removal and recovery of 
valuable ammonia from wastewater. In order to get high process efficiency, air stripping is 
usually operated in a packed tower because it can provide a larger mass transfer area 
(Djebbar & Naraitz, 1998). However, in practice, air stripping in packed towers usually leads 
to scaling and fouling on packing because of reactions between CO2 in air and some metal 
ions in wastewater. In order to reduce cost, slaked lime is usually used to adjust the pH 
value of wastewater, thus forming a suspension. But a packed tower is not suitable for the 
air stripping of this kind of suspension because of the presence of solid particles that are 
seen in the suspension. Additionally, air stripping is a time consuming process when using 
some traditional equipments, because of a lower mass transfer coefficient of ammonia from 
the liquid to gas phase.  
In recent years, some new gas-liquid contactors, with high mass transfer rate but without 
packing, have been used for the gas-liquid operation (Bokotko et al., 2005). Because 
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ammonia is a soluble gas with a small Henry’s law constant, the overall mass transfer 
resistance in the air stripping largely lies on the gas film side (Matter-Muller et al., 1981). 
Therefore, decreasing the gas film resistance and increasing the gas-liquid contact area will 
accelerate the mass transfer of ammonia from the liquid to gas phase. A newly designed gas-
liquid contactor, water-sparged aerocyclone (WSA), was developed in this work. The WSA 
is suitable for the air stripping of wastewater with suspended solids and has a higher mass 
transfer rate than some traditional stripping equipment like packed towers and tanks.  
The overall mass transfer performance of the WSA was investigated using the air stripping 
of ammonia from wastewater. Further, in order to reveal the mass transfer mechanism of 
this new mass transfer equipment, the effects of major parameters on the pressure drop of 
gas phase, liquid side mass transfer coefficient kL and specific mass transfer area a were also 
investigated. As a new gas-liquid mass transfer equipment, the WSA was used to 
simultaneously remove NH3-N, total P and COD from anaerobically digested piggery 
wastewater using cheap Ca(OH)2 as the precipitant for PO43- and some organic acids, and as 
pH adjuster for NH3-N stripping. 

2. Experimental setup and methods 
2.1 Design of the WSA reactor 
The WSA reactor is essential equipment for the air stripping of ammonia from water; its 
configuration is shown in Fig. 1. In operation, the wastewater containing ammonia is 
pumped into the water jacket and then sparged towards the centerline of the WSA through 
the porous section of the inner tube wall, thus forming a large gas-liquid contact area. The 
transfer of ammonia from liquid to air is high because of the very small amount of liquid.  
 

 
 

Fig. 1. The water-sparged aerocyclone reactor (WSA). 1-outer tube; 2-porous section of inner 
tube; 3-central gas tube; 4-water tank; 5-circulating pump; 6-valve. 
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The WSA reactor unit consists of two concentric right-vertical tubes and a conventional 
cyclone header at the top. The inner diameter of the inner tube is 0.09 m, which uses the 
upper section design as a porous structure for the jetting of water. 160 small holes with a 
diameter of 2 mm are arranged in axial symmetry on the porous section (8 holes per circle 
and 20 circles with an interval of 10 mm along each axial direction). The outer tube secures 
even distribution of water through the porous tube. The length of the porous tube section is 
0.3 m and the overall length of the inner tube is 0.6 m. Wastewater is supplied through the 
porous section of the inner tube, and sprayed towards the centerline of the WSA. 
Compressed air is tangentially fed into the aerocyclone at the top header of the inner tube. 
Ammonia containing water is kept in the 100 l water tank, and circulated by a centrifugal 
pump. The water in the tank is heated by an electric heating element when needed, and its 
temperature is controlled by a thermocouple and measured accurately with a temperature 
meter. The pressure drop in the WSA is measured with a manometer. The valves located on 
the pipelines to the aerocyclone are used for the control of the gas and liquid phase flow 
rates.  

2.2 Experimental setup design 
The air stripping of ammonia from water is carried out in a specially designed system 
shown in Fig. 2.  
 

 
 

Fig. 2. The flow diagram of the experimental setup and the WSA configuration. 1- water-
sparged aerocyclone; 2- porous section; 3- water tank; 4- circulating pump; 5- gas-liquid 
separator; 6- rotameters; 7-U type manometers; 8- valves; 9- air pump. 

The primary unit is the WSA reactor, in which the separation of ammonia from water 
occurs. Compressed air is produced by an air compressor and tangentially introduced into 
the top header of the WSA, forming a strong rotating air flow field within it. Ammonia 
containing water is kept in a water tank, and pumped into the water jacket between the two 
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concentric tubes of the WSA by a circulating pump, and finally sprayed into the airflow 
field. Waste gas exits out through the center gas tube in the WSA and tangentially enters the 
gas-liquid separator, in which liquid droplets taken out by the waste gas are separated and 
flow back into the water tank. Volumetric flow rates are measured by means of rotameters, 
whereas manometers measured the pressure. Volumetric flow rates of air and water 
entering the WSA is adjusted by the means of valves. The cyclone header is a part of the 
inner tube and has a hight of 0.02 m over the porous inner tube. A rectangular gas inlet gap 
with 0.003 m width and 0.02 m length is tangentially connected with the cyclone header. The 
gas flow rate was controlled within 1.1~1.9 l/s, which was an equivalent of the gas inlet 
velocity of 18.3 ~ 31.7 m/s. 

2.3 Experimental procedure 
In all the experiments, 10 l fresh aqueous Ca(OH)2 suspensions with different ammonia 
concentrations were prepared just before the experiment. Primary experiments indicate that a 
Ca(OH)2 dosage of 4 g/l can be used for maintaining a constant pH value of the suspension, 
which is always 11~12; and lower than 2 g/l of dosage can not maintain a constant pH value, 
causing an unsteady air stripping process. The ammonia equilibrium in the aqueous solution 
is pH and temperature dependent, and the ratio of free ammonia to total ammonia can be 
calculated out (Bonmati & Floatats, 2003). When the pH value is 11~12, the ammonium 
nitrogen is almost all converted into molecular ammonia in an aqueous solution, ensuring the 
air stripping of ammonia. Under this condition, the overall performance of the WSA reactor is 
dependent on the mass transfer rate of ammonia from water to air. 
The experiments were carried out in a batch mode. Each experiment was repeated to get 
experimental data with an error of less than 5 %, and the averaged value was used. Before 
each run, the water tank was filled with the 10 l fresh aqueous Ca(OH)2 suspension. Then 
the compressed air was allowed to enter the aerocyclone at a prescribed flow rate. When the 
pressure reading reached a steady state, the circulation pump at a certain flow rate pumped 
the suspension in the tank into the WSA. During circulation, the total ammonia 
concentration in the suspension is continuously decreasing and is measured at an interval. 
The suspension samples were taken out from the water tank and centrifuged to get a 
supernatant for the determination of ammonia. The ammonia concentration was measured 
using the Nessler’s Reagent (HgCl2-KI-KOH) Spectrophotometry at 420 nm according to the 
Standards of the People’s Republic of China (GB 7479-87).  
In order to understand the overall performance, the effect of major process parameters on 
the air stripping efficiency and mass transfer coefficient of ammonia was investigated, 
including the flow rate of air and suspension, initial ammonia concentration, and the 
temperature of the suspension. At the same time, the scaling and fouling in the WSA was 
observed. 

2.4 The overall mass transfer coefficient of ammonia stripping in the WSA 
The efficiency of ammonia removal η is defined according to the measured results, as  

 
  - in t

in

C C
C

   (1) 

Where Cin and Ct are the ammonia concentrations in the suspension at the beginning and at 
any time, respectively, mg/l. 
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For an air stripping system, the mass transfer rate of volatile compound A from water in a 
batch stripping unit has been derived by Matter-Muller et al (1981) and is shown as follows: 

 - - - 
0

ln [1 exp( )]tA G A L L

A L A G

c Q H K aV
t

c V H Q
  (2) 

where 
tAc and 

0Ac are the liquid phase concentrations of compound A at any time t and at 

the beginning, g/m3; HA is the dimensionless Henry’s constant; KL is the overall liquid mass 
transfer coefficient, m/min; a  is the interface area per unit volume of liquid, m2/m3; VL is 
the total volume of liquid, l; QG is the gas flow rate, l/min and t is the stripping time, min. 

When 1L L
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 , equation (2) becomes: 
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This case happens when the exit stripping gas is far from saturation.  
In the present work, ammonia is an easily soluble gas and the exit stripping gas is possibly 
far from saturation because of the very short residence time of the stripping gas in the WSA, 
so the calculation of the mass transfer coefficient of ammonia removal was tentatively made 
according to the Eq.(3). 

2.5 The determination of liquid side film mass transfer coefficient kL and specific 
mass transfer area a 
It is a very important work to determine the mass transfer coefficient kL and specific mass 
transfer area a for the further understanding of the mass transfer characteristics of the WSA.  
Firstly, the determination method of specific mass transfer area has been well established 
using a chemical absorption of CO2 by NaOH solution (Tsai et al., 2009). In this system, 
when the NaOH concentration is high enough, the reaction between CO2 and NaOH could 
be seen as a rapid pseudo first order reaction with respect to CO2, and the CO2 concentration 
in the bulk solution could be regarded as zero approximately. Thus, the a could be 
calculated out from the following equations: 

 βA L iG k AC  (4) 

Usually β is called chemical absorption strengthening factor; GA is the absorption rate of 
CO2, mol/s; A is the mass transfer area, m2; Ci is the concentration of CO2 on the gas-liquid 
interface in equilibrium with the CO2 fractional pressure. 
According to the related chemical absorption theory and the Henry’s law,  

 ' 2 2
1β / 1 / 1 γL L Lk k Dk k      (5) 

 And i iC Hp  (6) 

And when γ>10, β≈γ, thus, from the equations 4—6, 
1

A

i

G
A

Hp Dk
  and a = A/V, here V is 

the mass transfer volume in the WSA, i.e. the whole inner volume subtracted by that of the 
central gas tube in the WSA. 
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After the specific mass transfer area was obtained, the kL could be determined by a CO2 —
H2O absorption system. This is a physical absorption system; the mass transfer resistance 
mainly lies in the liquid side film, thus,  

 A L iG k aVC  (7) 

The parameters a, V, Ci could be obtained through the above-mentioned process. Thus the kL 
could be calculated from Eq. 7, and a = GA/( kLV Ci). 

2.6 The determination of the pressure drop of gas phase through the WSA 
The pressure drop of gas phase through the WSA, i.e. the two points between the inlet and 
outlet of gas phase, was determined using a U-type manometer, as shown in Fig.2, with a 
water-air system as working medium. In order to know the interaction of the gas-liquid 
phases in the WSA, the liquid content εL in the gas phase at the gas outlet was also 
determined using a gas-liquid cyclone separator. 
In the experimental process, the flow rate of the liquid phase should be larger than 1 m3/h, 
which corresponds to the jet velocity of 0.381 m/s, so as to get an even jet distribution of the 
liquid phase in the jet area. The experimental operation process was similar with that for the 
air stripping of ammonia. In order to fully understand the characteristic of hydrodynamics 
in the WSA, the gas phase inlet velocity was controlled within 4—20 m/s, wider than that in 
a traditional cyclone. 

3. Results and discussion 
As mentioned above, the objective of this work is to develop new air stripping equipment of 
industrial interest for the removal of volatile substances such as ammonia. Firstly, to 
understand the overall performance of the WSA and how the major parameters affect the 
performance is very important. And a comparison between the WSA and some traditional 
air stripping equipment should be done to assess its performance. Then the effects of major 
process parameters on the mass transfer coefficient in liquid side film and specific mass 
transfer area were carried out, so as to reveal the mass transfer mechanism in the WSA. 
Thirdly, the pressure drop of gas phase which can reflect the momentum transfer in the 
WSA was also investigated, facilitating the understanding of the mass transfer process. 

3.1 The mass transfer performance of the WSA 
3.1.1 Effect of initial ammonia concentration on ammonia removal efficiency 
The effect of the initial ammonia concentration on the air stripping efficiency of ammonia is 
shown in Fig. 3. It exhibits a very high air stripping efficiency of ammonia in a wide range of 
ammonia concentration (1200 ~ 5459 mg/l). Ammonia removal efficiency higher than 97 % 
was achieved just with 4 h of stripping time. However, using the same volume of the 
suspension, achieving this efficiency of ammonia removal in a traditional stripping tank 
needed more than 24 h. This also illustrates that the mass transfer rate of ammonia from the 
suspension to air in the WSA is very high compared with some traditional stripping 
processes.  
In order to further understand the mass transfer of ammonia in the WSA, the mass transfer 
coefficients under different initial ammonia concentrations could be obtained using Eq. 3, 
i.e. plotting –ln(Ct/Cin) vs. stripping time t and making a linear regression between –
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ln(Ct/Cin) and stripping time t could get the mass transfer coefficients KLa shown in Fig. 3 
with a very good relative coefficient (R2 =0.9975 ~ 0.9991). It clearly indicates that ammonia 
concentration has little effect on the mass transfer coefficients, i.e. the coefficients vary in 
0.019 ~ 0.021 min-1 even though the ammonia concentration varies greatly (from 1200 to 
5459 mg/l). The reasonable explanation for this phenomenon is that the process is surely 
controlled by the diffusion of ammonia through a gas film. 
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Fig. 3. Effect of initial ammonia concentration on ammonia removal efficiency (left) and 
mass transfer coefficients of ammonia (right) in the WSA reactor. Experimental conditions: 
VL=10 l, UL = 0.77 m/s, Qg =1.9 l/s, Temperature 15 oC, Pressure drop 0.2-0.3 MPa. 

As shown in Fig. 3, the air stripping efficiency of ammonia is almost independent of 
ammonia concentration. This could be further explained according to the analysis of the 
mass transfer process. From Eq. 3, the following equation could be easily obtained. 

 - -  ln(1 η) LK a t   (8) 

Applying Eq. 8 for the air stripping process of a higher and lower concentration of ammonia 
suspension, respectively, ln(1-ηL) = ln(1-ηH), i.e. ηL = ηH can be obtained within a same 
period of stripping time because of the almost constant mass transfer coefficients KLa. That is 
to say, the air stripping efficiency for a system controlled by diffusion through a gas film is 
theoretically independent of the concentration of volatile substances. The higher the 
concentration, the bigger the air stripping rate. Increasing ammonia concentration can 
increase the driving force of mass transfer, leading to a higher rate of ammonia removal. 

3.1.2 Effect of jet velocity of the aqueous phase 
Increase of flow rate of the suspension may result in the increase of jet velocity of the 
suspension, UL, thus changing the gas-liquid contact time and area. So, the effect of jet 
velocity of the aqueous phase on air stripping efficiency and mass transfer coefficient of 
ammonia was investigated. The results are shown in Fig. 4. 
It can be seen that jet velocity of the aqueous phase has little effect on ammonia removal 
efficiency, and that the double increase of the jet velocity did not result in an obvious 
increase of the mass transfer coefficient under the experimental conditions. This illustrates 
that the increase of the jet velocity can not obviously increase the contact area of the two 
phases and can not reduce the mass transfer resistance. In the WSA, the contact area of the 
two phases and mass transfer resistance may be mainly determined by the gas flow rate in 
such a strong aerocyclone reactor, which will be investigated in subsequent section. 
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Fig. 4. Effect of jet velocity of aqueous phase on air stripping of ammonia (left) and mass 
transfer coefficient of ammonia removal (riht). Experimental conditions: VL=10 l, Qg=1.9 l/s, 
Cin=3812 mg/l, Pressure drop 0.2-0.3 MPa, Temperature 14 - 15℃. 

3.1.3 Effect of air flow rate 
The effect of air flow rate Qg on air stripping efficiency and on the volumetric mass transfer 
coefficient of ammonia removal is shown in Fig. 5. It seems that there is a critical value for 
air flow rate, which is about 1.4 l/s under the corresponding experimental conditions. When 
air flow rate is below this value, it has less effect on both the efficiency and the mass transfer 
coefficient of ammonia removal; but when air flow rate is over this value, it can result in an 
obvious increase in the two values.  
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Fig. 5. Effect of air flow rate on air stripping of ammonia (left) and mass transfer coefficient 
of ammonia removal (right). Experimental conditions: VL=10 l, UL=0.55 m/s, Cin=2938 mg/l, 
Temperature 14 -15 oC, Pressure drop 0.12-0.3 MPa.  

The phenomenon mentioned above is probably associated with the effect of the air flow on 
the interface of the gas-liquid phases. As mentioned above, the overall mass transfer 
resistance for ammonia removal is mainly present in the gas film side. The mass transfer 
resistance in the gas film side can be reduced by increasing the air flow rate. When the air 
flow rate is within a lower range (< 1.4 l/s in this work), the increase of the air flow rate has 
almost no effect on the mass transfer coefficient (from 0.013 to 0.014 min-1) probably because 
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of the lower shear stress on the surface of the water droplets. Higher gas flow rate (>1.4 l/s 

in this work), produces larger shear stress on the droplet surface, thus clearly reducing the 
gas film resistance and increasing the mass transfer coefficient greatly (from 0.014 to 0.022 
min-1). On the other hand, a higher gas flow rate can produce larger shear stress, which 
exerts on the surface of the water droplets and along the porous tube surface, to cause the 
breakage of water drops into fine drops or even forming mist, thus leading to an obvious 
increase in mass transfer area. Therefore, the obvious increase in the KLa when the air 
flow rate was over 1.4 l/s may be caused by the combinational effect of this two reasons, 
showing clearly the effect of a highly rotating air field enhancing mass transfer between 
phases. 
In fact, from the viewpoint of the dispersed and continuous phases, the gas-liquid mass 
transfer process in the WSA is similar with that in the impinging stream gas-liquid reactor 
(ISGLR), which enhances mass transfer using two opposite impinging streams (Wu et al., 
2007). In the ISGLR, there is also a critical point of impinging velocity, 10 m/s. The effect of 
impinging velocity on the pressure drop increases rapidly before this critical point, and after 
that the effect becomes slower. The reason for this is not quite clear yet, but it is possible that 
a conversion of a flow pattern occurs at this point (Wu et al., 2007). Likely, the rapid increase 
of the mass transfer coefficient in the WSA after the critical point may be also caused by a 
conversion of flow patterns occurring at this point, but this needs to be further investigated. 
Now there are two kinds of devices that can also enhance mass transfer very efficiently, 
i.e. ISGLR (Wu et al., 2007) and the rotating packed bed (RPB) (Chen et al.,1999; Munjal & 
Dudukovic, 1989a; Munjal & Dudukovic, 1989b). Making a comparison among these 
devices, the WSA, ISGLR and RPB, all have essentially the same ability of enhancing the 
mass transfer between the gas and liquid phases. WSA and ISGLR have no moving parts, 
whereas RPB is rotating at a considerably high speed, and needs a higher cost and 
maintenance fee, and possibly has a short lifetime (Wu et al., 2007). In addition, WSA has 
the advantage of a simple structure, easy operation, low cost and higher mass transfer 
efficiency.  

3.1.4 Effect of aqueous phase temperature 
Both ammonia removal efficiency and the mass transfer coefficient increase with the 
aqueous phase temperature, as shown in Fig. 6. Particularly, when the temperature 
increases over 25 ℃, the effect is more obvious. First, the increase of temperature will 
promote the molecular diffusion of ammonia in a gas film, resulting in the increase of the 
KLa. On the other hand, the gas-liquid distribution ratio K is the function of pH and 
temperature, and can be expressed as the following equation (Saracco & Genon, 1994): 

 
-

-

5 3513/

6054/

1.441 10

1 2.528 10

T

pH T

e
K

e

 


  
 (9) 

Calculation indicates that when ambient temperature exceeds 25 ℃, the increase of 
temperature will lead to a more obvious increase of the distribution ratio K. Provided the 
pH is high enough (such as 11), temperature strongly aids ammonia desorption from water. 
This makes the driving force of mass transfer increase largely. These two effects of 
temperature accelerate ammonia removal from water. If possible, the air stripping of 
ammonia should be operated at a higher temperature.  
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Fig. 6. Effect of aqueous phase temperature on air stripping of ammonia (left) and mass 
transfer coefficient of ammonia removal (right). Experimental conditions: VL =10 l, UL =0.55 
m/s, Qg =1.9 l/s, Cin =2910 mg/l, Pressure drop 0.2-0.3 MPa.  

3.1.5 Comprehensive evaluation and comparison with other traditional equipments 
As stated in the introduction, the main goal of the present work is to solve two problems in 
the air stripping of ammonia, i.e. improving process efficiency and avoiding scaling and 
fouling on a packing surface is usually used in packed towers. Compared with a traditionally 
used stirred tank and packed tower, the air stripping efficiency of ammonia in the newly 
developed WSA is very high because of the unique gas-liquid contact mode in the WSA. In 
operation of the WSA, the major parameters are air flow rate and aqueous phase temperature. 
In order to get a higher stripping efficiency, air stripping of ammonia should be operated at a 
higher air flow rate (> 1.4 l/s) and a higher ambient temperature (> 25 ℃). As for scaling and 
fouling, after many experiments, no scale and foul were observed in the inner structure of the 
WSA although there were Ca(OH)2 particles suspended in the aqueous phase. The self 
cleaning effect of the WSA is probably caused by a strong turbulence of fluids in the WSA. 
It is interesting to make a comparison between different air stripping processes of ammonia 
to understand the characteristics of the WSA. Air stripping of ammonia is generally carried 
out in stripping tanks and packed towers. The mass transfer coefficients of some typical 
stripping processes are compared in Table 1. At the same temperature, using the WSA to 
strip ammonia can get a higher mass transfer coefficient than using other traditional 
equipments; in addition, the air consumption is far less than that of the compared processes.  
 

Equipments Stripping conditions 
Air consumption
QG/VL ( l / l.s )

KLa  
( min-1)

References 

WSA 
VL = 10 l , QG = 1.9 l/s, 

temperature 15 ℃ 
0.19 0.016 This work 

Tank 
VL = 50 ml , QG = 0.08l/s,
pH=12.0, temperature 16 ℃ 1.60 0.008 

Basakcilardan 
-kabakci, et al., 

2007 

Packed tower 
VL= 1000 l , QG =416.7l/s,   
pH=11.0,temperature15℃ 

0.42 0.007 Le et al., 2006 

Table 1. The comparison of the air consumption and the mass transfer coefficients of the air 
stripping of ammonia in different equipments. 
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3.2 The mass transfer mechanism within the WSA 
As discussed above, air flow rate is the major parameter affecting the volumetric mass 
transfer coefficient KLa in the WSA from the viewpoint of hydrodynamics. So the effects of 
the gas phase inlet velocity on kL, a and KLa were all further investigated using a CO2—
NaOH rapid pseudo first order reaction system, to further elucidate the mass transfer 
mechanism within this new mass transfer equipment.  
The results were shown in Fig. 7. It is known from Fig. 7(c) that the overall volumetric mass 
transfer coefficient increases almost linearly with the increasing of gas phase inlet velocity 
with a larger slope until the gas phase inlet velocity increases to about 10 m/s, and then 
almost linearly increases with a slightly lower slope, indicating that when Ug is higher than 
10 m/s, the increasing rate of KLa with Ug was slowed down. From Fig. 7(a), it could be seen 
that the kL increases very rapidly and linearly with the increase of Ug until it reaches about 8 
m/s, and then the change of kL with Ug has no remarkable behavior or even is leveled off. In 
contrast, the specific mass transfer area a increases proportionally with the increase of Ug 
almost in the whole experimental range of the gas phase inlet velocity, as shown in Fig. 7(b). 
Therefore, both kL and a simultaneously contribute to the increase of the overall KLa before 
about 8 m/s of Ug making it increase rapidly; after that only a contributes to the increase of 
the KLa, leading to the slowing down of its increase.  
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Fig. 7. Effect of gas phase velocity on the mass transfer coefficient in liquid side film (a), the 
specific mass transfer area (b)and the volumetric mass transfer coefficient (c) within the 
WSA for CO2—NaOH system. Experimental conditions: UL=0.33 m/s, Liquid phase 
temperature 27~29.7 oC.  
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As a result, it appears that the gas cyclone field in the WSA does intensify the mass transfer 
process between gas-liquid phases. There is a critical gas phase inlet velocity. When Ug is 
lower than this value, the increase of the inlet velocity has a double function of both 
intensifying kL and increasing mass transfer area; whereas when Ug is larger than this value, 
the major function of Ug increase is to make the water drops in the WSA broken, mainly 
increasing the mass transfer area of gas-liquid phases. From the viewpoint of 
hydrodynamics, increasing the Ug will intensify the gas cyclone field in the WSA and 
increase the shear stress on the water drops, thus resulting in the thinning of the gaseous 
boundary layer around the water drops and facilitating the increase of kL. However, when 
the thinning of the boundary layer is maximized by the increase of Ug, the change of kL will 
become leveled off with increasing the Ug. So theoretically, there should be a critical value, 
as mentioned above, which could make the kL maximized.  

3.3 The pressure drop characteristic of gas phase through the WSA 
The pressure drop of gas phase ΔP and the liquid content εL through the WSA were 
simultaneous measured in this work, so as to more clearly understand the transport process 
occurring in the WSA. The changes of ΔP and εL with Ug under different water jet conditions 
are shown in Fig. 8. 
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Fig. 8. Effect of inlet gas velocity on pressure drop and liquid holdup at different jet 
velocities. 

It could be seen that when there was no liquid jet in the WSA, i.e. UL = 0, the ΔP increased 
continuously with the increase of Ug, exhibiting the pressure drop characteristic of a 
traditional cyclone. Further it was observed that the data could fit the pressure drop 
formula, Eq.10 very well, and the resistance coefficient ξ= 3.352.  
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where ΔP—pressure drop, Pa; ξ—resistance coefficient; Ug —gas phase inlet velocity, m/s; 
ρg —gas phase density, kg/m3. 
Meanwhile, it could be also seen that when there was jet in the WSA, the change of the ΔP 
with Ug was obviously different from that for a traditional cyclone. When Ug＜6.728 m/s, 
εL  ≈0, the ΔP in this area was higher than that for a traditional cyclone; when Ug ≥7.690 
m/s, εL increased rapidly with Ug, and ΔP also increased continuously with the increase of 
Ug but had an additional pressure drop value higher than that for a traditional cyclone 
under a certain Ug. Here it is worthy of noting that the gas inlet velocity for εL rapid 
increase (Ug ≥7.690 m/s) is very close to that for kL maximization (about 8 m/s, as 
mentioned in section 3.2). So this again indirectly indicated that this value should be the 
critical gas inlet velocity at which water drops and jets were broken into a large number of 
small droplets or fog, simultaneously increasing εL and a. Interestingly, it can be seen that 
when Ug =6.728 ~ 7.690m/s, εL increased rapidly from zero and the ΔP jumped from a 
lower to a higher pressure area, the jumped height seems to equal the additional value as 
just stated before. It could be believed that the pressure drop jump was caused by the 
transformation of liquid flow pattern when the Ug increased to a critical value. And this 
could be justified by the abrupt increase of εL at Ug =6.728 m/s. Thus the pressure drop 
within the overall experimental range of Ug could be roughly divided into three areas, 
respectively called low pressure drop area, pressure drop jump area and high pressure 
drop area. In fact, the three pressure drop areas corresponded respectively to the 
observed three kinds of liquid flow pattern, here respectively called steady-state jet (Ug 
＜6.728 m/s), deformed spiral jet (Ug = 6.728~7.690 m/s) and atomized spiral jet (Ug 
≥7.690 m/s).  
Further it could be seen from Fig. 8 that when Ug ＞6.728 m/s, the liquid jet velocity had 
little effect on the ΔP, thus indicating the dominant role of the gaseous cyclone field in the 
WSA. This is in agreement with the conclusion that the gas phase inlet velocity is the major 
process parameter, as stated above. From the experimental results and the related discussion 
mentioned above, the ΔP, KLa and εL all increased with the increase of Ug, this further 
indicated that the mass and momentum transfer processes in the WSA were closely 
interlinked and occurred simultaneously. 
The major factors affecting the ΔP include gas density ρg, gas viscosity μg, gas inlet velocity 
Ug, liquid density ρL, liquid jet velocity UL, the diameter of jet holes d, liquid surface tension 
σL, the inner diameter D. The following dimensionless equation could be obtained using 
dimensional analysis: 

 (Re , , )g g L
d

Eu f We
D

  (11) 

Here, 2g
g g

p
Eu

U


  is the Euler number; 0ρ
Re g g

g
g

U d


  the Reynolds number of gas phase; 

2ρL L
L

L

U d
We


  the Weber number of liquid phase and dimensionless diameter, d/D.  
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Using the experimental data to fit Eq. 11 could obtain the following equations: 

1. For the low pressure area: 0163.02353.14 Re103685.1 Lgg WeEu -×= , with R2=0.98;  

2. For the high pressure area: 0022.02233.15 Re103131.4 Lgg WeEu -×= , with R2=0.99. 

The dimensionless diameter d/D does not appear in the two equations because it was 
maintained at a constant value in the pressure drop experiments. But this will be further 
investigated in the near future to optimize the structure of the WSA. From these two 
equations, it could be seen that the power of the WeL number is too small to be neglected 
compared with other powers in the same equation, indicating that WeL has little effects on 
the ΔP. This is in agreement with the experimental result mentioned above that the jet 
velocity had little effect on the ΔP, and it was mainly controlled by gas inlet velocity. So 
ignoring the WeL in Eq.11 and using the experimental data to fit it again, the following 
equations could be obtained: 

1. For the low pressure area: -4 1.23531.4111 10 Reg gEu   , with R2=0.98;  

2. For the high pressure area: -5 1.22344.3371 10 Reg gEu   , with R2=0.99.  

These equations apply for 33 107.11~103.2Re ××=g  and 3.98 ~ 10.21LWe  , and the 

relative deviation between the experimental and calculated values using the above 
equations, is less than 7.7 % in the whole range of experimental data, showing a satisfactory 
prediction, as shown in Fig. 9.  
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Fig. 9. Compares of regression values and experimental values, (left) low pressure drop area 
(right) high pressure drop area. 

4. The application of the WSA in wastewater treatment  
As a mixer and stripper, the WSA could be used for the precipitation of some hazardous 
materials and for the stripping of volatile substances in wastewaters. As an example, the 
WSA and the experimental setup as shown in Fig. 2, was used for the treatment of an 
anaerobically digested piggery wastewater (Quan et al., 2010).  
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Pig farms with hundreds to several thousands of animals are in operation in many 
countries without adequate systems for waste treatment and disposal (Nikolaeva et al., 
2002). A large amount of piggery waste is discharged from the cages every day. This 
waste is a mixture of feces, urine and food wastage (Sanchez et al., 2001). Piggery waste is 
characterized by a high content of organic matter and pathogenic microorganisms. 
Anaerobic digestion could be considered as one of the most promising treatment 
alternatives for this kind of waste. In practice, many large scale pig farms in Chongqing 
area collect the liquid and solid fractions of piggery waste separately in pig cages to 
minimize the amount of piggery waste. This collection mode is a water-saving process 
and is beneficial to subsequent treatment. The solid fraction is directly transported to an 
anaerobic digester for fermentation to make organic fertilizer. The liquid fraction, a 
mixture of pig urine, manure leachate and washing wastewater, flows into an anaerobic 
digester after passing through a simple screen mesh. Practice illustrates that anaerobic 
digestion can greatly reduce the COD of piggery wastewater (Nikolaeva et al., 2002) . 
Practical operation of anaerobic digestion in many pig farms in Chongqing area can make 
the COD of piggery wastewater to be reduced to lower than 500 mg/l. But the 
anaerobically digested liquor usually still contains more than 160 mg/l of NH3-N and 
more than 30 mg/l of total P. The national discharge standards of pollutants for livestock 
and poultry breeding stipulated that the COD, NH3-N and total P must be lower than 400 
mg/l, 80 mg/l and 8.0 mg/l, respectively (GB 18596-2001). So the anaerobically digested 
liquor of piggery wastewater needs to be further treated to make its COD, especially NH3-
N and total P to be decreased to lower than the required values stipulated by the national 
standards.  
The further removal of NH3-N and total P from anaerobically digested liquor can be 
conducted using air stripping (Bonmati & Floatats, 2003; Basakcilardan-kabakci et al., 2007; 
Marttinen et al., 2002; Ozturk et al., 2003; Saracco & Genon, 1994) and struvite precipitation 
(Jeong & Hwang, 2005; Lee et al., 2003). Similar with the struvite precipitation, it was 
reported that calcium ions can be also used as a precipitant to form CaNH4PO4.4H2O (Li et 
al., 2007). This work presented an efficient integrated process, which consists of chemical 
precipitation and air stripping, for the simultaneous removal of NH3-N, total P and COD 
from anaerobically digested piggery wastewater. In the process, cheap Ca(OH)2 was chosen 
as the precipitant for NH4+ and PO43-, as pH adjuster for the air stripping of ammonia. The 
WSA was used to validate the large scale application possibility of the suggested 
simultaneous removal process.  
The anaerobically digested liquor of piggery wastewater used in this experiment was taken 
from the effluent of the largest pig farm in Chongqing city, China. The pig farm is located in 
the Rongchang County, the modern animal husbandry area of China, about 100 km 
northwest of Chongqing city. The liquid and solid fractions of piggery waste are separately 
collected in the pig farm. The liquid fraction (a mixture of urine, leachate of manure and 
washing water) flows into an anaerobic digester after passing through a simple plastic 
screen. The effluent generally contains COD 150~500 mg/l, more than 160 mg/l of NH3-N 
and more than 30 mg/l of total P and its pH is 7.3~8.0.  
The simultaneous removal of N, P and COD from the anaerobically digested liquor was 
conducted in the new WSA, as shown in Fig. 2. For every run, 12 l of the digested liquor was 
poured into the water tank in the experimental setup and then added different dosages of 
Ca(OH)2 powder under proper stirring to form a suspension with a pH higher than 11. Then 
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the air was pumped into the aerocyclone at a prescribed flow rate. When the pressure 
reading reached a steady state, the circulation pump at a certain flow rate pumped the 
suspension in the tank into the WSA. During circulation, the concentrations of NH3-N, total 
P and COD in the suspension were continuously decreased because of the chemical 
precipitation reaction, air stripping of residual ammonia and adsorption. The suspension 
samples were taken out from the water tank and centrifuged to get supernatants for the 
determination of NH3-N, total P and COD. All the experiments were carried out at ambient 
temperature (28~30℃). Each experiment was repeated to get experimental data with an 
error of less than 5 %, and the averaged value was used. 
The effects of process parameters, including Ca(OH)2 dosage, air inlet velocity (Ug) and jet 
velocity of liquid phase (UL), on the simultaneous removal of NH3-N, total P and COD 
were investigated for the optimization of operation conditions. All the results were shown 
in Figs. 10-13. 
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Fig. 10. The effects of Ca(OH)2 dosage on NH3-N (a), total P (b) and COD (c) removal. 
Experimental conditions: VL =12 L, Ul = 0.37m/s, Ug = 4.81 m/s , Temperature: 28~30 oC. 
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Fig. 11. The effects of air inlet velocity on NH3-N (a), total P (b) and COD (c) removal. 
Experimental conditions: VL =12 L, Ul = 0.37 m/s, Ca(OH)2 dosage =3 g/l, Temperature 
28~30 oC. 
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Fig. 12. The effects of jet velocity of the suspension on NH3-N (a), total P (b) and COD 
removal (c). Experimental conditions: VL =12 L, Ug = 4.81 m/s, Ca(OH)2 dosage =3g/l, 
Temperature: 28~30 oC.  
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Fig. 13. The effects of stripping time and sedimentation time on NH3-N, total P and COD, 
PO43- removal. Experimental conditions: VL =12 L, Ug = 4.81 m/s, Ul=0.37 m/s, Ca(OH)2 
dosage =3 g/l, Temperature: 28~30 oC. 

It could be seen that the physicochemical process occurring in the gas-liquid-solid 
multiphase system in the integrated process could be conducted and operated very well in 
air stripping equipment without any packing. The WSA could be effectively used for the 
simultaneous removal of NH3-N, total P and COD. 3 g/l of Ca(OH)2 is a proper dosage for 
the simultaneous removal. A higher air inlet velocity is beneficial to the removal rate of 
NH3-N. A higher jet velocity of the liquid phase results in a faster removal of the total P. 
Selecting the air inlet velocity and the liquid jet velocity is needed for a better simultaneous 
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removal of NH3-N, total P and COD. Nevertheless, in all the cases, the removal efficiencies 
of the NH3-N, total P and COD were over 91 %, 99.2 % and 52 % for NH3-N, total P and 
COD, respectively. 

5. Conclusions 
Air stripping of ammonia is a widely used process for the pretreatment of wastewater. 
Traditionally, this process is carried out in stripping tanks or packed towers. In practice, 
scaling and fouling on a packing surface in packed towers and lower stripping efficiency are 
the two major problems in this process.  
In order to enhance process efficiency and avoid scaling and fouling in long run operations, 
new equipment that is suitable for air stripping of wastewater with suspended solids was 
developed. Air stripping of ammonia from water with Ca(OH)2 was performed in the newly 
designed gas-liquid contactor water-sparged aerocyclone (WSA). WSA exhibited a higher 
air stripping efficiency and an excellent mass transfer performance, and consumed less air 
compared with stripping tanks and packed towers. In addition, no scaling and fouling was 
observed in the inner structure of the WSA. The stripping efficiency and mass transfer 
coefficient in the WSA obviously increases with the liquid phase temperature and air flow 
rate. An efficient air stripping of ammonia should be conducted at a higher ambient 
temperature and a higher air flow rate. 
In order to reveal the mechanism of the mass transfer process in the WSA, the effect of the 
major parameter—gas phase inlet velocity, on the liquid side film mass transfer coefficient 
kL, and specific mass transfer area a was separately investigated using a CO2—NaOH rapid 
pseudo first order reaction system. The results indicated that there is a critical gas phase 
inlet velocity. When Ug is lower than this value, the increase of the inlet velocity has a 
double function of both intensifying kL and increasing mass transfer area; whereas when Ug 
is larger than this value, the major function of Ug increase is to make the water drops in the 
WSA broken, increasing the mass transfer area of gas-liquid phases. 
The pressure drop of gas phase ΔP was also investigated in this work, so as to more clearly 
understand the transport process occurring in the WSA. It was observed that when there 
were jets in the WSA, the change of the ΔP with Ug was obviously different from that for a 
traditional cyclone. And the pressure drop within the overall experimental range of Ug 
could be roughly divided into three areas, which could be called low pressure drop area, 
pressure drop jump area and high pressure drop area, respectively. In fact, the three 
pressure drop areas corresponded respectively to the observed three kinds of liquid flow 
pattern, i.e. the so called steady-state jet (Ug ＜ 6.728 m/s), deformed spiral jet (Ug = 
6.728~7.690 m/s) and atomized spiral jet (Ug ≥ 7.690 m/s). The following equations,  

-4 1.23531.4111 10 Reg gEu    and -5 1.22344.3371 10 Reg gEu   , 

could be used for the prediction of the gas phase pressure drop, respectively, for the low 
pressure area and for the high pressure area, with a satisfactory degree. 
As an example, the WSA was used for the treatment of an anaerobically digested piggery 
wastewater. Practice showed that the WSA could be effectively used for the simultaneous 
removal of NH3-N, total P and COD from the wastewater. 3 g/l of Ca(OH)2 is a proper 
dosage for the simultaneous removal. A higher air inlet velocity is beneficial to the removal 
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rate of NH3-N. A higher jet velocity of the liquid phase results in a faster removal of the total 
P. Selecting the air inlet velocity and the liquid jet velocity is needed for a better 
simultaneous removal of NH3-N, total P and COD. In all the cases, the removal efficiencies 
of the NH3-N, total P and COD exceeded 91 %, 99.2 % and 52 % for NH3-N, total P and 
COD, respectively. 
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1. Introduction 
Electrometallurgy is based on the electrolysis of fused chemical compounds of the metals. 
The process of electrolysis is not a simple chemical reaction of mix and match. As electricity 
is involved in this process, care is taken to understand and set up the apparatus as required. 
In view of this, basic requirements for theoretical, experimental understanding and 
following set up procedures are to be studied. The process inherent features, which define 
the hydrodynamics of the melt are:  
 high-strength electric current, which generates a large amount of Joule heat; spatial 

distribution of the volumetric power may be nonuniform 
 chemical reactions, which change the compound and generate a large amount of the gas 

bubbles; this may result in gradients of the melt density and current density 
 bubble rising, which strongly defines the velocities at the melt. 
The experimental explorations in the electrometallurgy are usually difficult or impossible 
because of the high temperature and hostile environment. For this reason electrometallurgical 
processes are the application field of CFD. The aim of this chapter  to demonstrate such 
application based on well developed and widely used methods of numerical analysis. The 
object of the development is an electrometallurgy of aluminium. The presented mathematical 
model of vertical electrode cell takes into account the electric field and current density, 
chemical composition, heating, natural convection, bubble flows. The integrated model of 
such kind may be used for the detailed 3D numerical simulations of the new installations. 

1.1 Aluminium electrolysis as the task for electrochemical hydrodynamics  
It should be noted that for today's aluminium electrolysis cells (AE) CFD modeling unlikely 
gives essentially new results. One obvious reason is that modern aluminium production 
technology exists already several decades. To explain the other reasons and the problem 
statement let's consider the typical multielectrode electrolytic cell for aluminium production. 
The advantages and disadvantages of the modern AE will be evident from this 
consideration. 
The earth's crust contains about 9 percents of aluminium. But because of high chemical 
activity of this metal alumina (Al2O3) is highly stable and so cannot be reduced by 
conventional reducing agents like coke, carbon monoxide or hydrogen. To detach the metal 
from the oxygen the sodium aluminum fluoride is used, which is named cryolite (Na3AlF6). 
Actually the industrial electrolyte contains also the additions of aluminum, calcium, 
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magnesium fluorides (AlF3, CaF2, MgF2), which allow to decrease the melting temperature 
(Borisoglebsky et al., 1999). For the sake of simplicity this composition in the electrolyte will 
also be referred as cryolite. Molten aluminium is deposited under a cryolite solution with 3-
5% alumina.  
The metal arises during the well known Hall-Heroult process (Grjotheim et al., 1982 ). The 
main products of the reactions are the aluminium and oxygen. The latter is generated at 
anode. Anodes of modern aluminium reduction cells consist mainly of the coal, which is 
inert with respect to cryolite. But oxygen joints the carbon, and carbon dioxide with small 
amount of carbon monoxide are the main gaseous reaction products. This results in the 
ecological problem involved with atmospheric pollution. The second technological problem 
is involved with the necessity of periodical changing of the spent electrodes because the coal 
anodes are consumed very quickly. While anode diminishes distance between the cathode 
and anode plates should be maintained constant. The only way to keep this distance is to 
make the working space horizontal as it is depicted at left in figure 1. Usually the aspect 
ratio of the horizontal working space has the order of 1/30. This horizontality causes the 
next two features. One is in the nonoptimal use of the area of the aluminium plant. The next 
feature is involved with so called anode effect: the rising of voltage, which can be caused by 
unsufficient rate of diffusion of alumina to the anode surfaces and also by accumulation of 
the generated gas in horizontal gap. This effect temporarily blocks the current and may 
result in stopping of the electrolysis in several cells.  
 

    
Fig. 1. Electrolytic cells with horizontal and vertical working spaces. 1 anode, 2 cathode, 
3 electrolite, 4  liquid aluminium. 

The mathematical modeling of modern horizontal AEs is used mainly for the optimization 
of their thermal conditions and electricity consuming. This is done by solution of heat 
conduction equation and Laplace's equation for electric potential. In general CFD may be 
also used for the flow prediction and optimization of horizontal AE functioning. The flows 
in vertical gaps between the electrodes can be modeled successfully. But in the working 
space, the high gas content in combination with low velocities results in the conditions, 
which are beyond the application area of the commonly used multiphase models. The 
dynamics of the growth and coalescence of the large bubbles in the narrow horizontal 
interelectrode gap too much depends on the local conditions, which are not well known. 
The flow in working space is found too complex, and "physical" accuracy of the numerical 
model is a priory insufficient for the detailed numerical study. Nevertheless, that doesn't 
mean that we cannot to model anything in the horizontal electrolytic cells. There exists 
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many works on simulation in the electrometallurgy of Aluminium (see, for example, Purdie 
et al., 1992, Laszlo et al. 2005). One of the earlier works on numerical simulation by Fluent 
code was issued at 1993 (Purdie et al., 1992). But present-day AEs with horizontal working 
space are less predictable then those with vertical anode cells. 

1.2 Perspective designs. Possibilities and aims of their numerical simulation 
During the latest decades metallurgists tried to develop permanent anode for the AEs 
instead of the graphitic. It is also referenced as inert anode (La Camera et al., 1995, Dawless 
et al., 1999). The possibility of stable geometry of the working space allows vertical 
configuration of the anode and cathode plates as it is shown on right picture of fig.1. The 
above mentioned disadvantages of the existing AEs will be reduced to minimum. We don't 
concern here with the problem of chemical stability of inert anode, which is very complex, 
and consider the vertical AE as an object of application of computational fluid dynamics. In  
assumption of the anode's chemical stability the tasks of the numerical simulations of VAE 
conditions by the methods of the theory of continuous medium will be the following: 
 Estimation and optimization of electric current distribution for effective use and 

uniform spending (through erosion) of the anodes. 
 Estimation of spatial distribution of alumina concentration for effective functioning of 

VAE. The problem of alumina feeding of AE exists: alumina is more dense than the 
melt and tends to sink and be accumulated on the bottom; this requires the modeling of 
solution of alumina and its consumption in working space. 

 Removal of volumetric Joule heating from the melt, which would be much more for 
vertical configuration. This heat is removed out through the installation's walls. The 
spatial temperature distribution and its extremes are the result of convectional heat 
removal to the installation's sidewall, and stationary temperature may be too large for 
electrochemical process. 

These tasks demand the conjugated solution of the problems from different topics: 
 Calculation of spatial distribution of electric potential and current density. 
 Simulation of multicomponent chemistry in the melt (species transport and reactions) 

or development of well grounded simplifications about the melt composition and its 
properties. 

 Heat transfer in solid structures and liquid electrolyte by heat conductivity and 
convective motion. 

 Modeling of twophase bubble flow: bubbles affect the spatial distribution of current 
density and strongly define the flow pattern and velocity. 

The space and time requirements for industrial applications are: 
 3D model in realistic geometry. 
 Modeling of steady states and transition regimes; modeling of unsteady physical 

processes (like alumina solution in a moving electrolyte). 
In contrast to horizontal AEs the vertical electrolytic cells weren't widely used for 
aluminium production, there is no practical experience for them. Although the vertical 
configuration of the electrode plates is commonly used structure in electrolytic cells, the 
extreme parameters of aluminium production in VAEs demands intensive study. Due to 
complexities of the experimenting with new apparatus dealing with hostile environment at 
high temperatures such apparatus are the object of numerical investigation. The example of 
mathematical model of such kind, which can be realized in commercial code by means of 
user's defined functions is presented below.  
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2. Mathematical model  
2.1 Identification of the phenomena to be modeled and choice of the approaches  
Let's briefly outline the physics to be described (or in some cases  to be neglected). The 
elementary electrolytic cell is sketched in Fig.2. Due to applied electric field the current 
passes through the electrodes and cryolitealumina solution. Because of finite conductivity 
and flatness of the electrodes the electric potential distribution and the current density may 
be nonuniform (terminal effect, Tobias and Wijsman, 1953). Electric current in the electrolyte 
is the ion's motion that results in the deposition of aluminium at the cathode and oxygen  
at the anode. The oxygen forms bubbles that rise to upper surface where they eliminate from 
the electrolyte. The bubbles affect the electrolyte conductivity  greater the gas 
concentration (upper region), less  the electrolyte conductivity. The size of bubbles 
increases as them float to the surface (due to decreasing of hydrostatic pressure) and due to 
their coalescence. The bubbleliquid interaction results in volumetric forces (mainly  drag 
forces) that strongly affect the liquid motion. The volumetric Joule heating (mainly at the 
electrolyte) results in heat expansion, volumetric buoyancy forces and natural convection of 
the liquid. Tangent forces from wall friction and bubble motion make the flow turbulent. 
Since the alumina is spent at the electrodes and is injected at some distant place (feed point) 
the concentration of the solution is nonuniform that may affect the current density near 
electrode and, hence  bubble generation. 
 

 
Fig. 2. Full and elementary calculation domains. 

We see that even schematic representation of the alumina process requires conjugated 
modeling of several different phenomena, which occur in the flow. Each of them is 
described by its own equation(s). The mathematical model is based on the flow equations 
for multicomponent and multiphase medium with the specified particular terms, 
coefficients, boundary conditions, and model assumptions/simplifications. The electrolyte 
flow is partially a natural convection, and partially is a forced convection due to bubble 
driven forces. The flow is practically always turbulent. Hence, the equations describing heat 
transport, electric field, concentrations of electrolyte components, and turbulence are also 
necessary in the model. The energy equations and electricity equations are solved both in 
the melt and in a solid domains. 
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Note about electromagnetic forces and possible magnetohydrodynamics wave effects. 
These effects can really be observed in horizontal AEs at the free interface boundary of 
liquid aluminium and cryolite. In such conditions (see fig.1) the conducting medium having 
large sizes in two dimensions can be waved in electromagnetic field like shallow water 
(Dupuis & Bojarevics 2005). In the case of vertical AE the accumulated liquid aluminium is 
practically outside the electric field, and due to electroneutrality of the electrolyte (except 
the molecular double layer near electrode) the only possible electromagnetic force may be 
the ponderomotive force in magnetic field of direct current, which may be shown to be 
sufficiently small and may be taken into account like a source term in the momentum 
equation. 
The efficient computation may be achieved using the Eulerian twofluid model with RANS 
turbulence model for simulation of the two-phase gas-liquid flow. In what follows kε 
model is used for the turbulence. Electrochemistry effects in the hydrodynamic model are 
taken into account by addition the convective diffusion equation(s) for scalar function(s) 
describing the composition of the melt, and source/sink terms for these scalar(s). The effects 
of magnetic field aren't taken into account in following formulations because they don't 
dominate in the flow dynamics. The material equations deal with the definite material 
models. The choice of them postulates definite properties and actually is one of the 
assumptions of the whole numerical model. 

2.2 Media: Material models  
The following types of materials with corresponding properties should be taken into 
consideration in simulation of AE: 
 Solid structure materials  that of cathode, anode, walls and other solid structures of the 

facility. These materials don't move – the flow equations aren’t solved for them. The 
material properties, which should be specified for solid material are: density, heat 
capacity, heat conductivity, electroconductivity. 

 Liquid material  electrolyte, which solidifies at temperature about 970oC or lower 
depending on composition. It consists of several constituents, which can be schematized 
as two basic components: alumina and criolyte. The liquid is referred as a primary 
carrier phase in two-phase model, and gas – as a dispersed secondary phase, for which 
the bubble parameters are to be defined. The bubbles are assumed spherical. Both fluid 
and gas are modeled as incompressible liquid because the flow velocities are not greater 
than ~1m/s (the speed of sound us at the gas should be close to that of the air, usg 
~330m/s, us for the dense electrolyte should be of the order of that of water i.e. usf 

~1000m/s, hence Mach number for carrier flow is of the order of 103102). Both liquids 
may be modeled as Newtonian and their material properties are: density, heat capacity, 
heat conductivity, viscosity, diffusivity (which actually is phenomenological coefficient 
for considered averaged mixtures), electroconductivity. 

 (optional) Melting/Solidification. It is usually described on the base of porous media 
model by introduction of effective sink terms for momentum and enthalpy within a 
solidusliquidus temperature interval (Fluent Inc., 2005). The alternative way is in 
introducing the effective capacity and viscosity within a solidusliquidus interval of a 
phase transfer. In such approaches the solidified material is modeled as liquid, i.e. the 
flow equations are solved for such material. 
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2.3 Twophase flow equations 
The continuity equation for gas phase: 
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where the source term Sg describes the electrochemical gas generation, g – gas density. 

Momentum equation: 
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Here ig  – components of gravity vector, fg
iR  models interfacial momentum transfer (drag 

force), lift g W g vm g O,g
i i i iF F F F, , ,, , ,  are a lift force, wall force preventing from bubbles 

reattachment, virtual mass force, and other body forces, respectively.  
The continuity equation for fluid: 
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u
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Momentum equation for fluid: 
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                  

   

 (4) 

where f f f    , vector gf
iR  models drag force, O,f

iF  corresponds to other body forces. The 

main contribution to the viscosity coefficient is due to turbulent viscosity. 

The equations (1)-(4) are closed by the definition of drag force gf
iR . There exists a number of 

the closure equations (Loth, 2008), built for different conditions. The spherical particle 
(bubble) having the diameter pd  and moving relative to carrier flow with velocity gfu , is 

characterized by the particle Reynolds number  and particle relaxation time: 

 

gf
p g p

p p
f f

u d d2

Re ,
18


  

 
 (5) 

The drag force is written through the relative velocity: 

 
gf gf gf
iR K u  (6) 

where interaction coefficient gfK is defined through the drag coefficient 
DC : 
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ggf

D p
p

K C
(1 )

Re
  




 (7) 

The common form of the drag coefficient of the deformable bubble may be taken as linear 
interpolation between the extreme cases as, in particular at (Filippov, Drobyshevsky et al., 
2010): 

  p p pWe We We
D DD D DC C C C C

0 0       (8) 

where We
DC 0   drag coefficient of the spherical particle having almost zero Weber number, 

pWe
DC


  drag coefficient for large Weber numbers and D D p pC C (We ,Re )    is some 

interpolation function. The forms of pWe
DC

0
, pWe

DC


 and DC  are defined for bubbles in 

contaminated liquid. The value of We is limited by We<12  that corresponds to the 
fragmentation of the bubbles.  

One of the most commonly used relation for pWe
DC

0
 is SchillerNaumann equation for 

spherical solid particle: 
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
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The coefficient We
DC   is expressed as 

 
pWe

D
p

C
Re

8 24
3


   (10) 

being an interpolation between the solution  for spherical segment and Stokes law for a 

sphere. For a contaminated liquid (that is the case for the electrolyte) coefficients pWe
DC

0
 

and pWe
DC


 are defined as for a solid spherical particle in accordance with eqs. (9) and (10). 

The introduction of the expressions for the other forces ( lift g W g vm g
i i iF F F, , ,, , ) acting on the 

rising bubble is more complex because the influence of these forces is more complex. In 
particular, the lift force can depend strongly on bubble position and be oppositely directed 
in close points. All these forces require comprehensive experimental data for particular 
cases. Because of the natural convection and bubble rising the flow in working space of VAE 
should be directed upward and spatial distributions of gas volume fraction and vertical 
component of velocity may be close to that of rising bubbles injected from bottom into 
isothermal upward water flow in a vertical tube (see Figs.3-4). The near wall maximum of 
void fraction is the result of opposite action of lift force and wall force. Essential feature in 
the case of bubbles in VAE is the absence of the bottom gas injection and generation of gas 
in the vertical wall. That should result in not such deep minimum of volume fraction near 
the wall and its smaller values at the opposite side (i.e. near the cathode). 
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Fig. 3. Radial profiles of void fraction. Points  experiment (see Wang, 1987), line  
simulation (Filippov, Drobyshevsky et al., 2010). 

 

 
Fig. 4. Radial profiles of liquid velocity, m/s. Points  experiment (see Wang, 1987), line  
simulation (Filippov, Drobyshevsky et al., 2010). 

Note that the attempts to introduce the lift force and wall force in the full numerical model 
of VAE were based on the methodology outlined in (Filippov et al., 2010). As a whole these 
attempts didn't give a stable and robust algorithm in full model of VAE, although the 
separate tests on bubble motion with such model implemented in OpenFOAM code were 
successfully performed (Filippov, Alipchenkov et al., 2010). Since the model of VAE is 
seemed to be overloaded by another physics, the simple phenomenology with effective 
horizontal force was introduced, which should integrally simulate the effect of 

lift g W g vm g
i i iF F F, , ,, , . The expression for such effective force and important question about the 

bubble size and polydispersity of secondary phase are discussed lower. 
The boundary conditions for carrier flow are the common wall conditions for channel flows. 
No free surfaces are considered (that actually corresponds to crust formation at the upper 
boundary of electrolyte). The conditions for the secondary gas phase are stated as: 
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- the flux condition at the anode surface, in which gas is generated in accordance with the 
Faraday’s low; 

- the elimination conditions at the upper boundary:  =0; 
- slip conditions at the other boundaries. 
Note that in the case of crust of solid electrolyte situated atop the moving liquid the gas 
removal from the upper boundary of vertical working space meets with difficulties that may 
result in more wide area of bubbles expansion in the flow. In that case the simple condition 
of gas elimination  =0 may be substituted by more appropriate in accordance with the 
available empirical data. 

2.4 Turbulence equations  
For simulation of turbulent flows in multiple narrow gaps of working space of VAE only 
RANS models can be effectively used. The terms describing the generation of turbulence by 
buoyancy and bubble motion are better developed and tested for twoequation k    model 
which is used by authors in all simulations. The equations for TKE and its dissipation rate 
(Pope,2000, Wilcox, 1994) in common form taken from Fluent's theory guide as follows: 

 k T
T b k

k k T k

kuk k
G G S

t x x x
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    
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 (12) 

The turbulent viscosity  

 T
k

C
2

 


 (13) 

where C  is model constant. The density in these equations can be the density of mixture, 

the density of a carrier flow (dispersed turbulent model) or the density of a particular phase 
(if they are simulated as symmetric), dependently on the kind of the taken multiphase 
turbulent model.  
The source terms T bG G,  describe the production of k and   due to velocity gradient and 

buoyancy, Sk, Se  stand for other possible production processes, T C C C1 2 3, , , ,      are the 

model constants.  
Additional terms are introduced in modifications of k    model for multiphase flows, 
which describe the effect of bubble presence, in particular, pseudo-turbulence induced by 
bubble wakes (van Wijngaarden, 1976). The question about effect of a turbulence even in the 
dispersed multiphase flows is even more complex matter than the above mentioned 
problem of modeling the body bubble forces. In absence of reliable experimental data the 
default data of the used commercial code are taken as the starting point. 

2.5 Enthalpy equations  
The enthalpy equations for primary and secondary phases include the balance of transport, 
diffusion, heat sources and (optionally) viscous heating: 
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 (15) 

The enthalpy sh  of s-th phase (where s=f, g)  is: 

 

s

ref

T

s s
T

h T c T dT( ) ( )   (16) 

where Ts is the temperature, fV  is viscous heating, fgQ  is interphase heat exchange, fS   
other heat sources, c T( )  is constant pressure heat capacity. Heat conductivity coefficient s  
takes into account turbulent heat transfer. The interphase heat exchange term fgQ  depends 
on the phase temperature difference. It is written through the heat transfer coefficient fgH : 

 fg fg f gQ H T T( )   (17) 

which for dispersed flows usually is calculated with the aid of the well known Ranz-
Marshall correlation. 
The temperature of the generated gas in AE should be equal to that of liquid and there is no 
reasons for these temperatures to be different in an incompressible liquid. Since there is no 
significant evaporation at the electrolyte, there is no significant interphase heat- and mass 
exchange between the primary and secondary phases. Therefore, interfacial heat-mass 
transfer doesn't play significant role in AEs. 
Practically all generated gas erases from the system. It is interesting to compare the heat 
removal due to gas outlet with the total heat generation. The mass generated from 1 m2 of 
the electrode plate is given by Faraday' lows: 

 O Om K j  (18) 

where 

 O
O

O

A
K

F Z
1

   (19) 

and j is normal component of current density. The temperature of the generated gas is equal 
to that of its environment, hence, the rate of gas enthalpy generation can be estimated as: 

 O f ref O f ref OH C T T m C T T K j( ) ( )      (20) 

where reference temperature Tref  corresponds to room temperature, Tref =300K. 
Let the distance between the electrode plates is b. The Joule heat generation in working 
space per 1m2 of electrode plates is 

 
j

W b
2




 (21) 
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The ratio: 

 

O f ref O

j bW
H C T T K( )




  (22) 

Substituting the typical values: Cm m j A m b m2200 / , 2,000 10,000 / , 1 / 20     , and 
constants for oxygen we obtain the ratio W H/ ~ 10 50 . We see that for rough simulations 
in many cases the heat removal by the gas may be neglected and energy equation for the 
secondary phase – be omitted. 
Boundary conditions for the enthalpy equations, which for incompressible flows are often 
solved for the temperatures, are the usual BCs for heat conduction equation. These BCs are 
set the same for both phases. On a coupled boundary between the solid and liquid materials 
the conjugation condition of continuous normal heat flux is stated. The same condition is 
stated on a boundary of different materials for electric potential equation considered below. 

2.6 Electric field and current density 
In conducting material the distribution of electric potential   is related with current density 
by Ohm's low: 

 i
i

j
x


 


 (23) 

Due to electro-neutrality of the all media div =0j  or  

 

i ix x
0

 
 

 
 (24) 

This equation defines the spatial distribution of electric potential. The current density is 
used for calculation of the source term of volumetric Joule heating in the energy equation 
Eq. (15) for liquid phase.  
The gas bubbles occupy the significant part of the volume that reduces correspondingly the 
cross-section of the interelectrode space, i.e. partially screens electric current. In the case of 
relatively small gas volume fractions (approximately  <0.2) the decrease of conductivity   
due to decreasing of effective conducting section depends on the bubble concentration 
through the Bruggeman's equation (Bruggeman, 1935): 

  3 2
0 1     (25) 

where 0  is the conductivity of homogeneous electrolyte.  
When gas volume fraction is close to 0.5 or larger the flow is poorly predictable. In such a 
case the equation (25) or similar to it may be used like phenomenology that gives right result 
in extreme case  =1. 
The boundary conditions for potential equation (24) are specified in the places of current 
input/output, i.e. in a poles of the electric circuits. The values of current density at one pole 
P and electric potential at other pole P+ are specified: 

 nj x P x P
n

, ; 0 , 


     


 (26) 
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At the coupled boundary of electrode and electrolyte the condition for normal component of 
current density is specified  

 

ES

S E
S En n 

 
  

 
 (27) 

On the other boundaries  insulation condition (default BC): 

 
d
dn

0

  (28) 

The overpotential effect (Newman & Thomas-Alyea, 2004) in the case of small potential 
drop along the electrodes may be taken uniform for all anode boundary and thus may be 
easily modeled. In general, the overpotential have to be determined for every definite 
installation with use of the detailed data on the electric resistance.  
In calculation sequence of electrical part of full model Eq. (24) is solved first, then the 
current is defined from Eq. (23) and source term (15) for the enthalpy equation as well. Since 
the current density depends on spatial distribution x( )  of secondary phase, the common 
integration scheme for the full system with sequential solution of flow equations, energy 
equation and equations for field, concentration etc. will be explicit. But owing to slow 
change of x( ) obtaining of stable numerical solution is possible. 

2.7 Electrolyte composition  
The effect of nonuniform distribution of alumina concentration is of importance for 
consideration of the influence of the local deficiency of alumina on the current density and 
aluminium/gas generation. If the local concentration is greater than the definite minimum 
value (about 2%) the process is ruled by the electric potential and conductivity. The 
variations of electrolyte composition weakly influence the flow in comparison with the 
bubble motion (see below). But variations of the concentration of alumina can violate the 
electrolysis (the value of alumina concentration  <2% results in anode effect) and thus 
maintaining of   is of primary importance. From such point of view the modeling of 
electrolyte composition is important but somewhat separate problem, which may be solved 
with different levels of detailing. The zero level corresponds to neglect of electrolyte 
composition. A such model was outlined above. The following level of detailing is 
twocomponent model of composition and we will try to show that the possibility of such 
simplification really exists.  
Actually the cryolite and alumina dissociate during their solution and form several charged 
ions. But this microscopic structure isn't exhibited macroscopically. The average distribution 
of concentration of the ions smoothly varies in space, except the very narrow double layer at 
anode surface, which cannot be modeled macroscopically (Borisoglebsky et al., 1999). In 
some extent the local stoichiometric composition depends on the dissolved alumina 
concentration only. It is important that having at the input of Hall-Heroult process one mole 
of Al2O3 we obtain two moles of Al and one and half moles of oxygen O2 (or 1.5CO2), i.e. no 
new chemical compounds arises in the solution during the process of aluminium reduction. 
All that allows to consider the alumina electrolyte as the neutral idealized compound of 
alumina and cryolite only. The properties of such system (in particular, the density) will 
depend on its composition  the empirical data should be used. Note that electrolyte of 
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industrial AE can contain up to 10% of additions (Borisoglebsky et al., 1999). The 
generalizations of the idealized case of twocomponent mixture that is considered below 
depend on particular application of the numerical model. For example, we don't concern 
here the problem of alumina dissolution since this complex process depends on the details 
of technology and apparatus of alumina feeding.  
The two components of the electrolyte are described by the alumina mass concentration  . 
Correspondingly, the criolyte concentration will be 1   . The transport equation for   is 
the equation of convective diffusion (Newman & Thomas-Alyea, 2004). In more or less 
general form this equation can be written as follows  

 i M A
i j

u D S
t x x

   
     
    

 (29) 

Actually this is a balance equation for the alumina/cryolite masses, which are together form 
the primary phase. Since the gas density is negligible the density   in this equation may be 
the mean density of gas-liquid flow, which carries the concentration parameter  . The 
relation of actual density of electrolyte (primary phase) f  with   should include the 

temperature and is taken from the empirical data. Note that here the diffusion coefficient 

MD  has the dimensionality of dynamical viscosity, Pas. It is equal to common diffusion 
coefficient D, multiplied by mean density. It includes the laminar and turbulent diffusion 
coefficients: M A TD D D  . TD  is calculated through the turbulent Schmidt number and 

turbulent viscosity (13): T T TD Sc  . For mixture gas jets TSc 0.5 0.7   (Abramovitz, 1981). 
The places of sources and sinks of alumina mass i.e. the sources and sinks of concentration 
for Eq. (29) are the alumina feed places and vertical working space of AE respectively. If we 
don't model the chemistry in electrolyte, the place of the sink of the averaged component 
(alumina) is not exactly positioned in the working space, and it is naturally to set this sink at 
the electrode surface. Both cathode and anode areas may be taken as the boundaries of 
concentration sinks, since due to intensive bubble motion the electrolyte composition should 
be effectively smoothed. The mass flux boundary condition describing the sink of alumina 
during the electrolysis at the boundary out  is ruled by Faraday’s lows, analogously to that 

of gas generation (18-19). The generation/elimination of x t( , )  at every from the two 
electrode surfaces is defined as: 

 

out

out M
j x

m x t D
x

( , ) 0.5






  (30) 

where function outm x t( , )  is the given spatial distribution of alumina feed sources or is the 
sink at the electrode, which is calculated from the Faraday’s lows using the calculated 
normal component of current density: 

 out nm x t K j x t( , ) ( , )  (31) 

The source term of alumina feed may be specified both through the volumetric source SA 
and the analogous flux boundary condition in a some part of the AE walls.  
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The velocity field ui(x) in the convective term is known from the flow equation. The 
transport of species in the liquid should be referred to the velocity f

iu x( )( )  of a primary 
phase, which carries the species. Since the gas density is small, the velocity f

iu x( )( )  is close 
to the centre of mass velocity in a mixture. 

3. Further simplification, adaptation and verification of the integrated model 
The equations presented above are well known and widely used. For real application of 
them to VAE the source/sink terms, coefficients, and boundary conditions should be 
specified. For the sake of effective solution of these conjugative equations some 
simplifications should be done. Some of them are discussed below. The possibilities of the 
simplifications are to be checked by verification and validation of the numerical models.  

3.1 Some features of heatmass transfer in horizontal and vertical AEs 
The thermal regime of AE installations can be characterized by the averaged volumetric heat 
generation per unit volume fA Ap ApS W V/  , where ApW  is the total heat generation in the 

cell, ApV  is the estimated heated volume. As it was mentioned, vertical AEs may have the 

parameter fAS  some times greater than that of horizontal AEs. The reason is in their 

geometry as it can be seen from Fig.1: considerable volume of the horizontal AE is occupied 
by the electrodes and electrolyte lying out of working space. The heat scattering in 
horizontal AEs is successfully calculated with use of common heat conductivity equation, 
the areas of the electrolyte flow are taken into account in such a simulations through 
effective heat conductivity coefficients. Since the working space in horizontal AE is situated 
downward, the alumina granules being introduced in the electrolyte dissolute near the 
bottom and reach the working space without considerable problems. 
In vertical AEs the fAS  parameter is larger since the working space occupies relatively 

larger volume. The dominant physical process in heat removal is the convection. Let's 
compare the mass flow rates resulting from the natural convection and from bubble driven 
forces. The cause of the motion in both cases may be characterized as an averaged density 
gradient in mixture. In case of natural convection in a single-phase liquid the gradient arises 
due to thermal expansion and nonuniform composition. The latter factor gives the relative 

density variation   less than 210 (taking into account that variations of alumina 
concentration in working space are normally not much greater than 2%). Assumed 
temperature drops in working space shouldn't be greater than T~100K , heat expansion 

coefficient 40.5 10   K1, thermal volumetric deformation: T~ 210 , the volumetric 

buoyancy force: Tf g T+ )0~ (    .  

The averaged buoyancy force involved with presence of the gas bubbles is Gf g0~   . 

Usually gas volume fraction   has an order of 0.1, i.e. in that case we have G Tf f . Hence, 

in working space bubble driven (drag) force should dominate and mainly defines the flow at 
the installation. This allows some roughness in determination of the density through the 
temperature and composition, but requires to pay larger attention to modeling of interfacial 
momentum exchange, namely to drag force. 



 
Hydrodynamical Simulation of Perspective Installations for Electrometallurgy of Aluminium 409 

3.2 Simplifications in multiphase model 
The gas flow at the lowest part of vertical electrolytic cell consists of separate bubbles, gas 
volume fraction through the width of the gap is relatively small. The problem of description 
of a dispersed bubble flows in the vertical gap is satisfactory studied to this day for 
monodisperse bubble flow with 0.1 0.2   . There exists several models for polydisperse 
flows (see, for example (Krepper et al., 2007), (Silva & Lage, 2011), (Guan Heng Yeoh & 
Jiyuan Tu, 2010). Since the gas volume fraction in VAE may amount to the values of some 
tens percents, the bubble flow in the vertical working space may be really polydisperse due 
to various departure diameters and coalescence as it is sketched in Fig.5.  
   

 
Fig. 5. Bubble accumulation and evolution. 

The implementation of the model of polydispersity in the whole numerical model of VAE 
will result in the increasing of the number of equations, because several additional 
equations will be added, which describe the introduced size ranked groups of bubbles 
(usually  34 or more). We should add the model of coalescence, probability density 
function (PDF) for bubble diameters. These equations and models require the experimental 
data, which for bubbles in cryolite are rather poor. The result of the such sophistication will 
be in an improvement of the model of dispersed bubble flow for the range of gas volume 
fraction of the order of 0.1-0.2. For higher volume fraction the applied MCFD methods will 
be essentially phenomenological, and here we have the common dilemma: before the 
implementation of a new improved approach the researcher should decide whether the 
improvement be really reached and what is the calculation cost of  the work. 
Because of complexity of the full numerical model of VAEs and the lack of the experimental 
data the models of polydispersity were not considered for them by authors. In all 
simulations the bubble size was taken as an averaged value, which may be varied during 
serial quality assurance calculations. The effects of the variable bubble size in a working 
space may be investigated numerically as a separate effects and be taken into account 
through the model coefficients. 
Another important question to MCFD model concerns with the above mentioned body 
bubble forces. They influence the distribution of   across the vertical gap, that defines the 
cross profile of vertical component of a velocity and in somewhat may effect the mass flow 
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rate in the interelectrode gap. There exists several forms of equations for the lift force (see 
Antal et al., 1991, Legendre & Magnaudet, 1998), which were validated and used by many 
authors. The testing and identification of the models of the lift force and wall force (Antal et al., 
1991, Lopez de Bertodano, 1994, Troshko & Hassan, 2001), which prevents from the bubbles 
reattachment, is usually performed in the bubble column with downward bubble injection. 
Airwater flows are commonly considered in such experiments. The analogous experiments 
for wall generation of the bubbles in fused cryolite are unknown to authors. The experience 
shows that implementation of new correlations in multiphase models always requires some 
fitting of the coefficients during the model verification. Since the using of lift force model in 
common form often reduces the stability of numerical calculations, more simple form of 
horizontal component force was taken for simulation of bubble motion across the gap. The 
robustness of simulations is an argument to develop and use the simplified “engineering 
level” models, which have to be tested and studied for prototypical conditions. 
Another argument to use the simplified form for simulation of the bubble body force is in the 
above mentioned relatively small established range of the validity of disperse models. The 
experiments with bubble flows are conducted usually for airwater mixtures in conditions 
of clean and even walls of bubble columns and low gas volume fractions. In conditions of 
the aluminium reduction cell the wall roughness, the bubble size and gas volume fraction 
are usually relatively high, and the model validated on the water experiments may be 
incorrect in the conditions of VAE working space. 
 

  
Fig. 6. To introduction of effective force. 

In the experiments with vertical wall gas generations (see, for example, Cheung & Epstein, 
1987, Ziegler & Evans, 1986) the average thickness of the near-wall bubble layer increases 
with the height. The proposed phenomenology takes into account only this fact. An effective 
body force is introduced for the gas phase, it acts in the secondary phase normally to wall, in 
which gas is generated (Fig. 6). 
The simplified phenomenological forms of expressions for effective body force, acting on the 
bubbles in a narrow vertical channel and causing their horizontal drift, were introduced by 
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different authors in different forms. This approach was previously used to model vertical 
electrolysers in a 2D formulation, in particular, using discrete particle model of Fluent code 
(Mandin et al., 2006, Bech et al., 2003), where the horizontal drift of bubbles rising along the 
vertical wall was caused by additional effective force. Bech et al., (2003) considered such 
horizontal force as being a function of the distance to the vertical wall and expressed it via 
the force potential as 

  
n

grx A
x

 
    

 
 (32) 

where A and n are constants and g gr d 2  is the bubble radius. The effective body force 

acting on the gas phase is as follows: 

   n n
gf x A r n x 1        (33) 

Mandin et al., (2006) assumed the horizontal force to be independent on the distance across 
the gap and to be such that its ratio to the drag force was equal to the assumed slope of the 
bubble trajectory. 
A significant disadvantage of expressions (32) and (33) for the effective horizontal force is in 
their dependence on the domain geometry and the independence of the local gas 
concentration that can restrict applicability of this model for high gas content and leads to 
nonphysical effects. The effective force is better to be expressed only through local 
characteristics of a two-phase flow. During introducing this force it is natural to assume that 
the interaction between bubbles and turbulent flow, which is caused partially by other 
bubbles depends mainly on bubble’s spacing and their average size. A simple assumption is 
that this force depends explicitly only on the gas volume fraction, while the dependence on 
the liquid velocity, viscosity, etc. can later be introduced via the corresponding multipliers. 
Then, it is also natural to introduce a gradient of   into the expression for the effective 
force, since, as it may be assumed, the gradient should be involved with the bubble 
repulsion direction in a case of high gas content. A simple expression for such an effective 
force is as follows: 

 
nA /| |   f  (34) 

where A and n are some constants. This formula takes into account the direction of the gra-
dient of the gas volume fraction  . In the region of homogeneous   (which usually 
corresponds to the uniform distribution of bubble velocities), the effective force vanishes. At 
the edge of the bubbly region, the effective force (34) acting on the gas phase decreases with 
the concentration. The particle relaxation time ( pτ ) and corresponding length ( pl ) are small. 

For a bubble diameter of d = 3 mm, we obtain 

 g g
p

e

d
τ

μ

2

18


 ~104s,  p g pl u τ  ~ 105104m. (35) 

Therefore, when a bubble leaves the two-phase zone, its motion related to the effective body 
force is rapidly terminated. In the region of small  , the motion of a gas phase is 
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determined only by their buoyancy and the carrier flow. The vertical component of gradient 
of   may be or may be not taken into account. 

3.3 Numerical implementation and solver options 
The modern CFD codes at parallel computers can solve all the equations presented above, 
on the meshes of the order of ten million cells even for transient problems. The minimal set 
of the equations includes usually the flow equations (1-4) with equations of turbulence 
model and energy equation (14-15) for all phases. The additional equations of convective 
diffusion type describing definite physical scalar values (such as concentration equation (29) 
or electric potential equation (24)) may be added together with their coefficients (user’s 
defined scalar, UDS in Fluent code). Handling with coefficients of all equations is possible 
due to user’s defined functions (UDF). 
The particular attention should be paid to choice of solver’s options since the numerical 
diffusion may distort the results. The problem of non-uniqueness of the obtained numerical 
solutions also exists. These issues lead authors to the following preferences in CFD code 
options which seem to be more or less general to all complex simulations of VAES: 
 steady problems is commonly solved as transient by relaxation to steady state  
 pressure-velocity coupling procedure uses SIMPLE (Versteeg & Malalasekera, 1995) 

algorithm for steady problems and PISO or Coupled (simultaneous solution of four 
flow equations for pressure and velocity components) solvers for really transient 
statements. The Coupled solver is preferable because of its better numerical stability 

 second order spatial approximation in all solved PDEs 
 realizable or RNG versions of k    turbulence model. 

3.4 Verification 
The verification of the model was done for the separate phenomena, the modeling of which 
isn't included in standard possibilities of the used CFD code. For the models in 
consideration such verification set should include the tests concerning with: 
 electroconductivity problems 
 natural convection of heat generating liquid 
 rising of spherical bubbles generated at the vertical walls 
 convective diffusion. 
It is essential that the verification of twophase procedures should be done in prototypical 
conditions, close to that of AEs as it was discussed above. 
To this day the following problems were passed: 
 electroconductivity problems: 

a) simple simulative problem;  
b) the problem of terminal effect (Filippov, Korotkin, Urazov et al. 2008) 

 natural convection of molten salt with solidification at cooled boundary (Filippov et al. 
2009) 

 conjugated simulation of effect of rising bubbles on the electrical conductivity (Filippov, 
Korotkin, Kanaev et al. 2008). 

The verification and identification of the coefficients of the described model of effective 
body forces is not yet satisfactory performed because of luck of data on bubbles motion in 
vertical generating channels. One performed test concerned with CFD calculations is briefly 
outlined in what follows. 
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4. Simulation of elementary electrolytic cell 
The elementary electrolytic cell (see Fig.7) was considered in 2D geometry: cross section by 
vertical plane, which is normal to the electrode plates was considered. Thermal boundary 
condition of third kind  

 m b
T

H T T
n

( )


  


 (35) 

was set on the top boundaries of the electrodes. Here the heat exchange coefficient 
H W m K200 /( )   corresponded to the estimated heat removal. The bottom and vertical 
lateral boundaries were adiabatic that should be close to the condition in the elementary cell 
in the middle section of VAE. The potential difference was equal to 1V.  
The results of two calculations are considered below, which were performed for the cases: 
(a) the absence of gas generation, and (b) the presence of gas generation. 
 

 
Fig. 7. To problem statement. 

Figure 8 shows the vertical profiles of the current density, which were obtained numerically 
for problems (a) and (b) in comparison with the corresponding results of estimations using 
formulae presented in (Filippov, Korotkin, Urazov et al. 2008). In analytical solution the 
plates occupy all the height of the cell. The potential difference in analytical calculation was 
taken at a half-height of the electrode plates. Note that the partial screening of potential in 
the upper part of the working space promotes leveling of the current distribution along the 
vertical axis. 
The effect of a gas phase in the flow is illustrated by Fig. 9, which shows the path lines for 
cases (a) and (b). Gas phase distribution is shown in Figs. 10 and 11. The introduction of the 
gas phase increases the maximum flow velocity (see Table 1) and changes the flow pattern.  
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Fig. 8. Current density jx profiles along the axis: 1 case (a), no gas deposition; 2 case (b) gas 
deposition; 3  case (a), analytical solution; 4   case (b), analytical solution. 

 
 

    
 

Fig. 9. Pathlines for cases (а) and (b). 
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Fig. 10. Gas volume fraction 

 
 
 
 

 
 
 

Fig. 11. Profiles of gas volume fraction: 1  along the anode (distance=1mm), 2  along axis 
of symmetry. 
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Table 1 presents some integral characteristics of the flow regime in the two cases under 
consideration. Here, the average gas volume fraction m  was determined as the ratio of the 
volume occupied by the gas phase to the total volume of the calculation domain. The data of 
Table 1 show that both the maximum temperature and the temperature drop through the 
domain in case (b) are smaller that in case (a). This is related to a more intense motion of 
liquid and more intense heat exchange in the presence of the gas phase. Note that the 
temperature variation through the calculation domain is relatively small. 
 
 
 
 
 

Case Тmax, K ТmaxTmin umax m 

a 1144,2 144,2 0,024 0 

b 1087 87 0,16 0,014 
 
 
 

Table 1. Mean values. 

5. Conclusions 
 The physical state of the media at the aluminium electrolysis may be described in terms 

of two-phase hydrodynamics, heat transfer, electric current, and convective diffusion 
with definite assumptions on chemical compositions. 

 The uncertainties of models, material properties, boundary conditions and others limit 
the multiphase model’s accuracy, therefore, in the integrated model of VAE including 
simulation of the bubble motion in cryolite, only the "engineering" level accuracy can be 
achieved. This means on the one hand that we shouldn't try to achieve the "excellent 
agreement" with the results of the precise airwater experiments. On the other hand 
this allows some simplifications in the integrated model for the sake of its robustness 
and effectivity. From such point of view –  

 The integrated mathematical model of the processes in VAE was developed and 
realized on the base of Fluent code. Some reasons and the ways of simplifications were 
discussed in the chapter. 

 The model was verified for the separate phenomena in simple geometrical 
configurations. The set of the tests includes heat transfer, natural convection, electric 
current distribution. The verification and identification of the introduced simple 
correlations for body forces defining the bubble’s motion is required. 

 Because of the simplifications made during the development, the validation of the full 
model on the integrated experiments with AE installations is required. 

 The simulations carried out with the built integrated model demonstrated the 
robustness and efficiency of the calculations.  
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6. Nomenclature 
А Atomic mass, multiplier in equations 
сp Heat capacity: J¯kg-1K-1 
dp Bubble diameter: m 
DM "Dynamical" diffusion coefficient: Pas 
f Body force: N/m3  
F Faraday’s constant: F= 96500 C/mol 
g Gravity: m/s2 
H Heat transfer coefficient: W¯m-2K-1 
I Electric current, А 
j Electric current density: А¯m-2 
k turbulent kinetic energy: m2s-2 
K Electrochemical equivalent: kg/mol 
m, M Mass: kg 
m  M,   Mass generation: kg/s 
p Pressure: Pa 
S Volumetric source 
T Temperature: К 
u Velocity: m/s 
x Coordinates: m 

Greek letters 

  Gas volume fraction 

  Turbulence dissipation rate: m2s-3 
  Thermal conductivity: W¯m-1K-1 
 Kinematic viscosity: m2s-1 
 Dynamical viscosity: Pas 
  Density: kg/m3 
  Electric conductivity: Cm/m=1/( m) 

p  Particle relaxation time: s 

  Electric potential: V 
  Alumina concentration 
  Calculation domain 
  Outer boundary of   

Subscripts 

A Alumina (source, mass etc.) 
E Electrolyte region 
f Fluid 
g Gaseous 
i, j Components of vectors, i,j =1,2,3 
n Normal direction 
O Oxygen 
p Particle 
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S Solid region (electrodes) 
w Wall 
0 Initial value 

Abbreviations 

AE Aluminium electrolysis cell 
BC Boundary conditions 
CFD Computational Fluid Dynamics 
MCFD Multiphase CFD 
VAE Vertical AE 
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